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Preface

This book! introduces the main ideas and fundamental methods of differ-
ential and integral calculus for functions of several variables.

In Chapter 1 we discuss differential calculus for functions of several
variables with a short excursion into differential calculus in Banach spaces.

In Chapter 2 we present some of the most relevant results of the
Lebesgue integration theory, including the limit and approximation theo-
rems, Fubini’s theorem, the area and coarea theorems, and Gauss—Green
formulas. The aim is to provide the reader with all that is needed to use
the power of Lebesgue integration. For this reason some details as well as
some proofs concerning the formulation of the theory are skipped, as we
think they are more appropriate in the general context of measure theory.

In Chapter 3 we deal with potentials and integration of differential
1-forms, focusing on solenoidal and irrotational fields.

Chapter 4 provides a sufficiently wide introduction to the theory of
holomorphic functions of one complex variable. We present the fundamen-
tal theorems and discuss singularities and residues as well as Riemann’s
theorem on conformal representation and the related Schwarz and Poisson
formulas and Hilbert’s transform.

In Chapter 5, we discuss the notions of immersed and embedded sur-
face in R"™, and we present the implicit function theorem and some of its
applications to vector fields, constrained minimization, and functional de-
pendence. The chapter ends with the study of some notions of the local
theory of curves and surfaces, such as of curvature, first variation of area,
the Laplace-Beltrami operator, and distance function.

In Chapter 6, after a few preliminaries about systems of linear ordi-
nary differential equations, we discuss a few results concerning the sta-
bility of nonlinear systems and the Poincaré-Bendixson theorem in or-
der to show that dynamical systems with one degree of freedom do not
present chaos, in contrast with the one-dimensional discrete dynamics or
the higher-dimensional continuous dynamics.

1 This book is a translated and revised edition of M. Giaquinta, G. Modica, Analisi
Matematica, IV. Funzioni di piu variabili, Pitagora Ed., Bologna, 2005.



vi Preface

The study of this volume requires a stronger effort compared to that of
[GM1],[GM2],and [GM3]? both because of intrinsic difficulties and broad
scope of the themes we present. We think, in fact, that it is useful for the
reader to have a wide spectrum of contexts in which these ideas play an im-
portant role and wherein even the technical and formal aspects play a role.
However, we have tried to keep the same spirit, always providing exam-
ples, illustrations, and exercises to clarify the main presentation, omitting
several technicalities or developments that we thought to be too advanced.

We are greatly indebted to Cecilia Conti for her help in polishing our
first draft and we warmly thank her. We would like to thank also Paolo
Acquistapace, Timoteo Carletti, Giulio Ciraolo, Roberto Conti, Giovanni
Cupini, Matteo Focardi, Pietro Majer, and Stefano Marmi for their com-
ments and their invaluable help in catching errors and misprints and Ste-
fan Hildebrandt for his comments and suggestions concerning especially
the choice of illustrations. Our special thanks also go to all members of
the editorial and technical staff of Birkh&user for the excellent quality of
their work and especially to Rebecca Biega and the executive editor Ann
Kostant.

Note: We have tried to avoid misprints and errors. But, as most authors,
we are imperfect. We will be very grateful to anybody who wants to inform
us about errors or just misprints, or wants to express criticism or other
comments. Our e-mail addresses are

giaquinta@sns.it giuseppe.modica@unifi.it

We shall try to maintain any errata and corrigenda at the following web
pages:
http://wuw.sns.it/ giaquinta

http://www.dma.unifi.it/ modica

Mariano Giaquinta
Giuseppe Modica
Pisa and Firenze
July 2007

2 We shall refer to the following sources as [GM1], [GM2], and [GM3], respectively:
[GM1]: M. Giaquinta, G. Modica, Mathematical Analysis, Functions of One Variable,
Birkhéauser, Boston, 2003; [GM2]: M. Giaquinta, G. Modica, Mathematical Analysis,
Approzimation and Discrete Processes, Birkhauser, Boston, 2004; [GM3]: M. Gia-
quinta, G. Modica, Mathematical Analysis, Linear and Metric Structures and Con-
tinuity, Birkh&user, Boston, 2007.
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1. Differential Calculus

In this chapter we discuss the basic notions of differential calculus of func-
tions of several variables.

1.1 Differential Calculus of Scalar

Functions

1.1.1 Directional and partial derivatives, and
the differential

a. Directional derivatives

Given 2y € R™ and a direction v € R™, the map r(t) := zo+vt, t € R, is the
parameterization of the line through x¢ and xq + tv, called the parametric
equation of the line through xo with direction v. It represents the motion
of a point that at time ¢ = 0 is at 0 and moves with constant velocity v.

Let A C R™ be an open set, 29 € A, and suppose that the ball B(zg, €p)
of center zp and radius ¢ is contained in A. For each v € R™, then r(t) :=
xo + tv belongs to A for |t| < eg/|v] if v # 0 or for all t € R if v = 0.
Consequently, given f : A — R, the composite function

Go(t) := flzo +tv),  ter (A, (1.1)

called the restriction of f to the line through x with direction v is well
defined in the interval |¢t| < €/]v| (R if v = 0).

1.1 Definition. We say that f has a directional derivative at xg in the
direction v if the following limit exists and is finite

lim f(vCO + tv) o f(fC()) = lim d)v(t) - ¢7J (0)

t—0 t t—0 t ’ (12)

i.e., if ¢y is diferentiable at 0. The number ¢, (0) is called the derivative
of f at z in the direction v and is denoted by one of the following symbols

M. Giaquinta and G. Modica, Mathematical Analysis: An Introduction to Functions 1
of Several Variables, DOI: 10.1007/978-0-8176-4612-7 1,
© Birkhduser Boston, a part of Springer Science + Business Media, LLC 2009



2 1. Differential Calculus

Figure 1.1. The restriction of the graph of f to a line.

0
o D) o )
v
Notice that g{) (xg) =0ifv=0.
Let (e, €2,..., e,) be a basis of R” and let (z!, 22,..., 2™) be the
corresponding system of coordinates. For i = 1, ..., n the partial derivative

of f in the direction z? is defined as the derivative of f in the direction of
the corresponding direction e; of the basis,

af _of
8xi (xo) T aei (xo)ﬂ
if this directional derivatives exists. The partial derivative g 1); (x0) is also
denoted by
Dif(xo)  or  fui(wo).

1.2 9 Fermat’s theorem. Suppose that f: A — R has a maximum point or a mini-
mum point at an interior point xg € A and that f has a derivative at zo in the direction
v. Show that

of -
o (z0) = 0.

b. The differential

The mere existence of all directional derivatives has no further conse-
quences such as continuity. The following example illustrates the situation
and motivates the introduction of the stronger notion of differentiability
of functions of several variables.

1.3 Example. (i) The function f : R? — R, which is defined to be zero at points
in the coordinate axes and one outside, has zero derivatives in the directions of
the axes and is not continuous at (0, 0).
(ii) The function
1 ify=a2 2#0,

0 otherwise

fz,y) =

is discontinuous at (0, 0) even though all its directional derivatives vanish at (0, 0).
Similarly, the function



1.1 Differential Calculus of Scalar Functions 3

Figure 1.2. The graph of a function similar to the graph of the function in (ii) Exam-
ple 1.3.

flay) = (L27)" i ) # 0,0),

0 if (xv y) = (07 0)

has vanishing directional derivatives at (0,0) and is not continuous, see Figures
1.2 and 1.3.
(iii) The function

22y .
Flo,y) = w2 +v? ifx#0,
0 ifz=0

is continuous at (0,0), all its directional derivatives vanish at (0,0), but the so-

called tangent map v — gi (z0) is not linear since the partial derivatives of f are
zero at (0, 0)

0

/ of of
a(1,0) (0,0) #

0=1 (0,1) a(1,1)

(0,0)4—1(9 (0,0) =1/2,
see Figure 1.4.

(iv) It can happen that all directional derivatives of a function f vanish at (0,0), the
function f is continuous, and there exist two different paths through (0,0) that
are tangent at (0,0) and, along those paths, we arrive at (0,0) with different
slopes. For instance, all directional derivatives at (0,0) of the function

xz ify=x2

f(z,y) =

0 otherwise

vanish and f is continuous at (0,0); however, along the curves  — (x,22) and
z — (z,0) we find
z—0 of
i -1 0,0) = 0.
220 7 8(1,0)( )

In particular, there is no way of defining the slope of the graph of f at (0,0) in
the direction (1, 0).

1.4 Definition. Let f : A — R be a function with domain A C R", and
let xg be an interior point of A. We say that f is differentiable at zq if
there exists a linear function L : R™ — R (depending on xo) such that

i @0+ 1) = £ (@) = L(h)

=0. 1.3
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Figure 1.3. Moving along a straight line toward the precipice, we end up at the top.
Moving instead along a sufficiently curved path, we end up at the bottom.

Here |h| denotes the Euclidean norm of h.

The linear map L is unique provided it exists, by Proposition 1.5 below.
L is called the differential or the linear tangent map of f at zg and will
be denoted by df., or df (xg). Whenever a domain A is given, we say that
f is differentiable in A if f is differentiable at every point of A.

1.5 Proposition. Let f: A — R, A C R", and let xy be an interior point
of A. If f is differentiable at xq, then

(i) f is continuous at xo,
(ii) f has derivatives at xo in every direction and

gi (z0) = dfs,(v) Vv € R™ (1.4)

In particular,

o the tangent map v — gfj (x0), v € R™, is linear,
o the differential is unique, if it exists.

Proof. (i) Let h € R™, h # 0. We have

0,

[7a0+0) = o) - 20| < | /€0 FW 7T TEW g

Al

and, since L(h) — 0 as h — 0 (since linear maps of R™ are continuous), we conclude
that f(xzo + h) — f(zo) — 0.

(ii) Let L be a differential of f at zo and let v € R™, v # 0. From the definition of
differential and because of the theorems of the limits of composite function, we infer

that
f(zo +tv) — f(zo) f(@o +tv) — f(zo) — L(tv)
t t
as t — 0. Therefore f has derivative at xg in the direction v; moreover,
0
/ (20) = L(v),
ov

and the uniqueness of the differential follows at once from the uniqueness of the direc-
tional derivatives. O

— L(v) — 0
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Figure 1.4. The restriction of the graph of f(z,y) = (23 — 32y?)/(2? + y2) to a line
through the origin is a line; nevertheless, G; has no tangent plane at (0,0).

1.6 Remark. We can write (1.3) in Landau’s notation as
f(zo+h) = f(zo) + dfzy(h) +o(|h])  [h] — 0. (1.5)

As we have just seen, if (1.5) holds, f is continuous. Therefore we can
assume that o(|h|) is defined and continuous at 0 by setting o(0) := 0.

For functions of one variable, differentiability is equivalent to existence
of the derivative, see [GM1]. For functions of two or more variables, Propo-
sition 1.5 shows that differentiability implies continuity of the function,
existence of all directional derivatives, and linearity of the thangent map,

, (1.4). None of the opposite implications holds. This should not be
surprising. In fact, differentiability is a property of approximation with a
linear map expressed by a limit in several variables, whereas a directional
derivative involves the restriction of f along a line through x¢ and a limit in
one variable. Finally, we repeat, in general the behavior of a function along
a curve 7 through zy and along the tangent line to v at xy can be very dif-
ferent. Indeed, the function in (ii) Example 1.3 has directional derivatives,
but it is discontinuous; the function in (iii) Example 1.3 has directional
derivatives but does not satisfy (1.4); the function in (iv) Example 1.3 is
continuous at (0,0), has vanishing directional derivatives, satisfies (1.4),
but is not differentiable at (0, 0).

c. The gradient vector

Suppose that R” is endowed with an inner product e . By Riesz’s theorem,
see [GM3], to every linear map L : R” — R we can associate a unique
vector x7, € R" characterized by

L(h): hexp, Vh € R".

In particular, to the differential of f at xy we can associate a unique vector
of R™, called the gradient of f at x¢ and denoted by V f(x¢) or grad f(zo),
such that
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HENRI CARTAN

CAHIERS SCIENTIFIQUES
FASCICULE v

FONDEMENTS DE COURS DE
L’ANALYSE MODERNE CALCUL

DIFFERENTIEL

rrmans Qb Collection
_"_J_\---. b e

Figure 1.5. Frontispieces of two well-known treatises on the differential calculus of func-
tions of several variables.

dfzy(h) = heV f(x0) = hegrad f(xo) Vh € R™. (1.6)

Notice that
ker df,, = grad f(zo)*.

d. Direction of steepest ascent

Let f: A C R™ — R be differentiable at an interior point xg of A. Cauchy’s

inequality yields
i

oy (@0)| = [ve V(o) | <[]l [[Vf(zo)ll

and, if V f(zg) # 0, with equality

of
ov

holding if and only if v is a positive multiple of V f(x¢); here ||z]| := /z oz
is the norm induced by the inner product. In other words, the maximum of

(o) = [[v[[ [[V £ (o)l

the tangent map v — df,,(v), when v varies in {v|||v|| = 1} is ||V f(x0)]]
and, if V f(zo) # 0, the maximum is attained at
V£ (o)
v= . (1.7)
IV f (o)l

Let v :]—1,1[— A be a differentiable curve with v(0) = z¢ and 7/(0) =
v. It is easily seen that if f is differentiable at xq, then the curve t — f(v(t))
is differentiable at 0 and
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d(f o~y

V2D 0) = 9f(ao) 7/ 0), (1)
see also Theorem 1.22. In particular, the growth of f at zo along every
regular curve v through ¢ depends on vy only through its velocity at zero,
~'(0) = v. Consequently, for a differentiable function f at xp, we may
introduce the notion of slope at xy in the direction v as the real number

gﬁ (x0) = dfy,(v), and state, compare Example 1.3 (iv), the following.

1.7 Proposition. Let f : A C R" — R be differentiable at an inte-
rior point xo of A and suppose that ¥V f(xg) # 0. Then the direction of
mazimum slope of f at xog among all directions v such that ||v]| = 1 is

Vf(@o) /|IV f (o).

1.1.2 Directional derivatives and differential
in coordinates

a. Partial derivatives

Let (e1, e2,..., e,) be a basis of R™ and let (2!, #2,..., 2™) be the corre-
sponding coordinate system.

1.8 Definition. The derivative of f at wo in the direction e; is called the
partial derivative of f with respect to z* and will be denoted by one of the
symbols

of )

o1 70 = i o (ao).

f(xo) = Dif(xo) = fri(xo) := e,

By (1.2) the partial derivative of f with respect to z' at zg
(zd, x3,..., 2%) is the derivative of the function of one variable

i—1 i+1
t— f(ah, ... xy Lt abth )

at t = x}. In other words, the partial derivative with respect to z' is com-
puted by taking the remaining variables (z!, ..., 2'~!, 2"T! 2™) as constant
and differentiating with respect to x*.

1.9 Example. If we want to compute gi (1,1) where f(z,y) := 22 + y?, we consider
p(z) := f(x,1) = 22 + 1 and then gi (1,1) = ‘;i(l) =2.
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b. Jacobian matrix

Recall that if (e, ea, ..., e,) is a basis of R”, and L : R — R is a linear
map, then L(h), h € R™, can be written as the product rows by columns
of the 1 x n matrix L := (L(e1), L(e2),...,L(ey)) and the vector of the
coordinates of h,

hl

n . n ] h2

L(h) = L()_h'e;) =) L(e;)h' = L .
=1 =1 .

hn

In particular, if f: A C R™ — R is differentiable at an interior point
xg of A and if we introduce the 1 x n matrix,

0 0 0
Df(zo) := (851{1 (20), amfz (xo),...,ale (x0)>,

called the Jacobian matriz of f at xg, (1.4) can be rewritten as

N f

=2 gy (z0)h' = Df(xo) h (1.9)

dfiﬂo (h) = Z dfiﬂo (el)hz
=1

for all h = (b, h%,..., AT € R™.

1.10 9. Notice that f : A C R? — R is differentiable at an interior point zo of A if
and only if there exist a,b € R such that

F(uo + hyvo + k) — f(uo,vo) = ah + bk + o(v/h2 +k2)  as (h, k) — (0,0)
and moreover,
3] 0
a= 8£(uo,vo), b= 8£(uo,vo).
c. The differential in the dual basis

Let (e1, ez,..., €,) be a basis of R” and let 2* : R” — R be the linear
maps that associate its ith component to each h € R”. Since the map z*
is linear, it agrees with its differential (at any point),

dai (h) =a'(h) = h',  VheR"

0
Therefore, for and any linear map L : R™ — R we can write

n

L(h) = L(e:)h' = L(e;) da' (h)
i=1

i=1

or, equivalently, as maps
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L= ZH:L(ei)dxi. (1.10)

In particular, if f is differentiable at xg, then

2 o (wo)dz". (1.11)

dfzo =

d. The gradient vector in coordinates

Writing (1.6) in coordinates with respect to a basis (e, ea,..., €,), we
find the relation between the components of the gradient vector and the
components of the Jacobian matrix. If we denote by G = (G;;) the metric
tensor defined by G;; := e; e¢j, see, e.g., [GM3], then we find

V/(z0) = G 'Df(z0)7.

In particular, if (eq, ea,..., e,) is an orthonormal basis, then G = 1d,
hence "
of of of
Vi) = (g @ pla) o @) (L12)

e. The tangent plane

1.11 Graphs of linear maps. Recall that the graph of f : A CR™ — R
is the subset of R**! defined by

Gy = {(x,y) e R" x R’ x €A, y:f(x)}
and trivially
Gr = {(z. /(@) €R" x R|w € A} =Tm (1d x f)(4)

i.e., Gy is the image of the injective map z — Id x f(z) := (z, f(z)), z € A.
The graph Gy, of a linear map L : R" — R, {(z,y)|y — L(z) = 0} is

therefore a linear subspace of R™ xR of dimension n, and, if (e1, €2, ..., e,)
is a basis of R™, then the vectors
(el’L(el))’ (627 L(GZ))a cey (en’L(eﬂ))

of R"™ x R form a basis of Gr..

Let f: A C R" — R be differentiable at an interior point xg € A.
The graph of the tangent map to f at xg is called the tangent space to the
graph of f at xo and denoted by

Tan o, 1(20)) 97 = {(x,y) €R" xR ’ y = dfa, (x)}~
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Figure 1.6. (Vf(z0),—1) is perpendicular to the tangent plane to the graph of f at
(z0, f(z0)).

If we choose a basis (e1, €2, ..., €,) of R, Tan (5, ¢(2,))9y is a linear space
of dimension n since a basis is given by the column vectors of the (n+1) xn
matrix

1 0 0
0 1 0
: : ) : (1.13)
0 0 1
2 (o) Pl (wo) ... 2 (x0)
The translate to (zo, f(20)) of Tan 4y, (20))9r
{(2.,9) €R" x R|y = f(wo) + Df(wo) (@ —z0)}  (1.14)

is called the tangent plane to the graph of f at xq.

f. The orthogonal to the tangent space
Let o denote the inner product in R™. Then

9((z1,91), (22,92)) = 21022 + Y192
for all (z1,y1), (x2,y2) € R™ X R defines an inner product ¢g( , ) in R® x R
for which the factors R™ and R are orthogonal. If x € R" is given and
L(h) := xeh Yh € R", clearly the vector in R™*!
vi=(z,—-1)

is g-orthogonal to the graph of L, i.e., to all vectors of the form (h, L(h)) €
R™ x R, h € R™, since

9(v, (h, L(h))) = woh — L(k) = L(h) — L(h) = 0.

We therefore conclude the following.
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Figure 1.7. (e;, L(e;)), i =1,...,n, is a basis for Gy,.

1.12 Proposition. Let f: A C R" be differentiable at an interior point
of A. Then the vector

Veo i= (Vf(20), —1)T € R™ !
1s g-orthogonal to the tangent space to the graph of f at xg.

g. The tangent map

Suppose that f : A C R™ — R possesses a directional derivative at an
interior point xo of A in the direction v. From (1.2), we easily infer that
for all A # 0 we have

of _ v flxo+tAv) — f(zo) _ \Of
o) ®0) = t = gy (0)

i.e., f has directional derivative in the direction Av. In other words, the
set S of directions with respect to which f has directional derivative is a
cone, and the map

13}
v o— 8£(x0)’ ves,

called the tangent map to f at xp, is defined on S and is homogeneous of
degree one. Its graph

f

v

{mﬂ65xkh=g(mﬁ

is a (piece of) cone S x R and trivially reduces to a (piece of) plane if and
only if the tangent map is linear. This does not always happen, see (iii)
Example 1.3 and Figure 1.4.

When f has directional derivative in any direction and the tangent map
is linear, we say that f is Gateauz-differentiable and the tangent map is also
called the Gdteauz-differential of f at x and is still denoted by dfs, (v).
There is no ambiguity in doing that since the Gateaux-differential agrees
with the ordinary differential if f is differentiable, see Proposition 1.5.
Notice that the converse is instead false, see (iv) Example 1.3.

Of course, the Gateaux-differential can be written in coordinates and,
for a Gateaux differentiable map, the Jacobian matrix, the gradient vector,
and the tangent plane are well defined and we have
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dfzy(h) = Df(zo)h = Vf(xo)eh,  heR"

moreover, the column vectors of the matrix (1.13) form a basis of the
graph of the Gateaux-differential of f at xg, and the vector (V f(zg), —1)
is orthogonal to the graph of the Gateaux-differential of f at zg.

h. Differentiability and blow-up

The difference between Gateaux-differentiability and ordinary differentia-
bility is not geometric but analytic: it has to do with the meaning we
may attribute to the claim “the tangent plane is a good approximation
of the graph of f”. The directional derivatives are the result of a blow-
up procedure, see [GM1]: we imagine looking at the graph of f through
a microscope of higher and higher power centered at (zq, f(z¢)). In the
observer’s coordinates,

XZA($—$O)7 Y:)‘(y_yo)7

where X is the magnification factor, the graph y = f(z) of f looks like the
graph of the map

F(X) = A(f(:vo n f) - f(:vo)).

1.13 9. Show the following.
(i) f has a directional derivative g£ (z0) in the direction v if and only if F)(v) —
g£ (o) as A — 4oo. Therefore f has directional derivative in all directions if
and only if Fy(v) — gi (z0) pointwise in R™ as A — oo.
(ii) The limit map of F)(v) for A — oo, that is, by (i), the tangent map of f, is linear
if and only if f is Gateaux-differentiable at xg.
(iii) f is differentiable at z¢ if and only if the limit map as A\ — oo of F)(v), i.e.,
v — gi (z0), is linear, and the maps {F)(v)}, converge uniformly on compact

sets of R™ to v — g£ (z0) as A — oo.

Therefore it is the way the blow-ups Fy(v) converge to g{ (o) that
distinguishes the Gateaux-differentiabity from the differentiability. Finally,
we notice that the notion of slope is meaningless for Gateaux-differentiable
functions, see also the discussion that precedes Proposition 1.7. As a conse-
quence, the chain rule Theorem 1.22 does not hold in general for Gateaux-
differentiable functions.

1.2 Differential Calculus for
Vector-valued Functions
The notions of calculus discussed in the previous section easily extend to

maps from an open set A C R™ into R™, n,m > 1. Examples of vector-
valued maps, m > 2, are
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S

177
1717

Y iatiiese

Figure 1.8. One sees a rectangular mesh pulled into the upper hemisphere: on the
left, (i), by the graph map, i.e., (z,y) — (z,y,/1—22 —y?), 22 + 32 < 1 and on
the right, (ii), by the spherical coordinates, i.e., (6,¢) — (cosf sin p,sin 8 sin ¢, cos @)
where 6 € [0,2n[ and ¢ € [0, 7/2].

(i)
(i)

(iii)

maps from an interval I C R into R™, m > 1, i.e., curves in R™,
maps A C R2 — R3 that parameterize 2-dimensional surfaces in R3,
as for instance,

(m,y) - (.Z‘,y, \/1_‘T2_y2)’ (J?,y) EB(O71) CRQa

which parameterize the unit upper hemisphere in R? centered at the
origin, or the map

0,0) — (x,y, 2), r=cosfsiny, y=sinfsiny, 2z = cosyp,

which, when defined on [0, 27[x [0, 7], parameterizes the unit sphere of
R3, § having the meaning of longitude and ¢ of latitude, see Figure 1.8,

in general, transformations R” — R™, n > 1, or nonlinear changes of
coordinates as

(pvo)ﬂ(xay), prCOSG, y:pSin07

which, when defined in [0, +00[Xx [0, 27[, yield the polar coordinates in
R?, see Figure 1.10, or as the map

x = rcosfsin p,
(r,0,0) = (z,y,2), y = rsinfsin g,

Z = COs ¢

which transforms the parallelepiped [0, 1[x [0, 27[x [0, 7] into the unit
ball B(0,1) of R?.
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Real and Complex

Analysis | water ituiin Functions of
Pro_heaqr of Maﬂnml_lin =
Kk A S Several Variables

Boek Campany WENDELL H. FLEMING
New York St. Louis Bevas Univervity

San Francisco Toronto

Loudon  Syduey

Figure 1.9. Frontispieces of two books about functions of several variables.

1.2.1 Differentiability

a. Jacobian matrix

1.14 Definition. A map f : A C R" — R™, n,m > 1, is said to be
differentiable at an interior point xo of A if there exists a linear map
L :R"” — R™, called the tangent linear map of f at x¢ such that

f(zo+h) = f(zo) — L(h)
A

When A is open and f is differentiable at every point of A, we say that f
is differentiable in A.

— 0 as h — 0. (1.15)

If we fix an (ordered basis) in R™, (1.15) is in fact the system of m
limits

fH@o +h) = fH(w0) — L'(h) =

f2(@o + h) = f2(20) — L2(h) =

(|h]) as h — 0,
(|h]) as h — 0,

(o +h) = f (o) — L(h) = of[h]) s h— 0

for the components f!(z), f2(x),..., f™(z) of f and L', L2 ..., L™ of
L. Therefore f is differentiable if and only if all components of f are
differentiable at x(, and, in this case, the tangent map to f is L =
(LY, L?,..., L"™)T where for every i = 1,...,m, L' : R® — R is the
differential of f? at xg. In particular, the differential is unique, if it exists,
and for all h = (h', h2,..., h™) we have
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L'(h) = df;,(h) =

L2(h) = df;,(h) =

L™(h) = df 5 (h) =

In terms of the Jacobian matrix of f at x¢ defined by

D = 2] -

Of!
ox!
Of?
ozt

ofm
ozt

_om
oh

a 1
aJ;L (w0) =,
Jj=1

of?

on 7o) =

(zo)
(o)

(o)

(o)

_N O

oxJ
1

j=

ofm
0x2

(o)

the system of equations (1.16) can be rewritten as

LY(

h)

Lm(h)

D f(z)h.

(xo)hj .

15

(1.16)

Summarizing we have: if f : A C R® — R™ is differentiable at x¢, then
the linear tangent map to f at xo defined by (1.15) and denoted by one of

the symbols

Afy

T$Of7
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1S uNique; moreover,
df o (h) = D f(xz0)h, h € R". (1.17)
If we choose an inner product in R™, so that
Df'(zo)(h) = Vfi(zo)eh  Vi=1,...,m,

then we have
Vi (zo)eh
L) =Dfoh= | VI @o)eh |
V™ (zo)eh
in particular,

L
ker L = ker D f(zo) = Span{Vfl(a:O), . .,me(xo)} .

Finally, in the case n = m, the determinant of the Jacobian matrix
D f(x0) is called the Jacobian determinant or simply the Jacobian of f at
xo and is denoted by one of the symbols

8(f15f25’fn)

(x0) := det D f(z0).

b. The tangent space
Let f: A CR"™ — R™ be a differentiable map at an interior point zy of
A. As in the scalar case, we call the graph of the linear tangent map to f
at xo the tangent space to the graph of f at (xo, f(z0))

Tan (sq, f(20)) 91 = Yz,

and its translate at (xo, f(x0)),

{@y) R xR™ |y = f(w0) + dfuy (2 — 0) },
the tangent plane to the graph of f at xg.
Clearly, the tangent space to the graph of f at zg is the image of the

injective linear map & — (x, dfy, ), hence its dimension is n. With respect
to bases respectively in R™ and R™ we have

Tan (4, f(20))9F = {(%y) eER" XR™ |y = Df(xo)x},

and the n-tuple of column vectors of the (n +m) x n matrix
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Id

A= (1.18)

D f(xo)

form a basis of the tangent space to the graph of f at (xo, f(x0)).
1.15 The normal space. Clearly
Tan ;o (20)9f = {(Jc,y) ER" X R™ |y —Df(xg)r = O} =kerB

where B is the n x (n + m) matrix
B:=| Df(xo) —1Id

If the target R™ and the product space R™ x R™ are endowed with inner
products, then by the alternative theorem,

1
(Tan (x07f(x0))gf) = ker B = Im B*,

i.e., the m column vectors of the (n + m) x n adjoint matric B* span the
orthogonal subspace to Tan (, ¢(20))9f-

1.16 q. Assuming that R™ and R are endowed with inner products respectively g1( , )
and g2( , ), then
9((z, 2), (y,w)) := g1z, y) + g2(2,w)  Va,y €R™, Vz,w € R™,

is an inner product on R™ x R™ for which the factors R"™ and R™ are orthogonal.
Choose now an orthonormal basis in the target R™ to compute the components of
£=(f f2%..., f™). Show that

vl

‘ vm

B* =

—1Id

where V f? denotes the gradient of the component f* of f with respect to metric gi.
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T

A

\>

Figure 1.11. A curve in R2.

1.17 Example (Curves in R™). The maps r : [a,b)] C R — R™, m > 1, r(t) =
(rX(t),...,7™(t)) in the standard basis are called curves in R™. The map r parameterizes
the image or the trajectory of the curve r. The map r is differentiable at ¢ if and only
if its components r = (%, r2,..., r™) in a given basis are differentiable at to, and in
this case the Jacobian matrix is the m x 1 matrix
’
! (to)
Dr(tg) = =: T/(to),

r™ (o)
i.e., Dr(to) is the velocity vector at the time tg. The linear tangent map is the map
t — r'(to)t and yields the parametric equation of the tangent line to the curve r(t) at

each point r(tg) at which r is injective and r/(tg) # 0.
The graph of r is the curve in R x R™ given by

t— ( t )
r(t)

and its tangent space at tg is the line in R x R™ through the origin image of the map

(o) = (ot0):
T’(to)t ’r‘/(to)

while the normal plane to the graph at (¢,r(t)), assuming we are using an orthonormal
basis in R™ | is generated by the m row vectors of the matrix

' -1 0 0
@) 0 -1 0
rm () 0 0 -1

1.18 Example (Immersed surfaces). A map r: A C RZ2 — R3,

T(“? U) = (I(uv ’U), y(“v v)v Z(“v U))T7

may be regarded as a parameterization of the surface r(A) C R3, see Figure 1.12.
If r is differentiable at (uo,vo), its Jacobian matrix is

Ty Ty
DT(uo,’Uo) =\ yu o
Zu 2
where we shortened
ox ox
Ty = _ (uo,v0), ®v:= _ (uo,v0),
ou ov
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Figure 1.12. The hemisphere parameterized by (u,v) — (cosusinv,sinusinv,cosv),
u € [0,27], v € [0,7/2].

The column vectors of the Jacobian matrix 7y := (Tw, Yu, zu)T and 7y := (Tv, Yo, zv)T

are the velocity vectors respectively, of the curves u — r(u,v9) at v = uo and v —
r(up,v) at v = vo. In turn the curves v — r(u,v0) and v — r(ug,v) are the images
respectively of the lines u — (u,vg) and v — (up,v) di R

The tangent space to G, at (uo,vo) is the 2-dimensional subspace of R? x R3 given
by

(u,v,z,y,z) € RZ x R®

N < 8
I
N1
g g
< 8
< <
7N
e
~_

Zu Zv

and a basis of it is given by the two column vectors of the matrix

1 0
0 1
Ty Ty
Yu Yo
Zu  Zv

while the three rows of the matrix

form a basis of the normal space (assuming that we are using orthonormal bases).

1.19 Example. Affine transformations, i.e., maps of the form
f(z) :==z0 + L(x) L :R™ — R" linear

provide simple examples of transformations from R into R™. They are differentiable
with dfy, = L.

1.20 Example (Vector fields). A wvector field in A C R™ is the datum of a vector
f(z) € R™ at every point x of A; it can be regarded at first glance as a map f: A C
R™ — R™, f = (f1,..., f™). The field of velocities of particles in a fluid, the electrostatic
field, or the gravitational field are all examples of vector fields. Two operators acting
on vector fields are particularly important: the divergence operator

. " Oft
divf=Vef ::;8:1:1"
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and, for n = 3, the curl operator, denoted by curl or rot

ors o2 oft  of ofr  oft
curlf = rotf =V xS = (8z2 T 023 0a3  0xl Ozl 022)

We say that a field f: A C R™ — R” is solenoidal if div f = 0, and irrotational, if
curl f = 0.

1.2.2 The calculus

The following is easily verified.

1.21 Proposition. Let f and g : A — R be two differentiable maps at an
interior point xo of A and let ¢ € R. Then cf, f + g, fg, and f/g provided
g(xo) # 0, are also differentiable at xo and we have

o D(cf)(zo) = ( 0);

D(f +g)(z ) = Df(x0) + Dg(xo),

D(fg)(z0) = (ff( 0)D g f(x(o) ;r f;ilzo)])jg(ilzo) )

9(xo)D zo)Dg(zo
D(f/9) o) = e
It is also easily seen that if f and g : A C R™ — R™ are differentiable,
then fori=1,...,mand j =1,...,n, we have
af+g) of’ g’

opi @)= g @+ o (@),
or in matrix notation
D(f +g)(z) = Df(z) + Dg(x).

Similarly, if f : A C R®” — R™ and A : A C R” — R are differentiable,

then fori=1,...,mand j =1,...,n, we have
o), | af’ iy OA
o @) =M@ o @)+ £ (@)
D(\f)(x) = A@)Df(z) + f(z)DA(x). (1.19)

Notice that f(z) € R™ is a column vector and DA(x¢) is a row vector with
n entries, hence f(z)DA(z) is an m X n-matrix.
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1.2.3 Differentiation of compositions

1.22 Theorem. Let U C R"™ and V C R™ be open sets, and let f : U —
R™ and g : V — RP be such that f(U) C V. Suppose that f and g are
differentiable respectively, at xo € U and f(xo). Then go f is differentiable

at xo and
d(g © f)wo = dgf(wo) ° dfﬂfo (120)
or, in terms of Jacobian matrices,
D(g o f)(zo) = Dg(f(x0))Df (o). (1.21)

Notice that (1.21) is the natural extension of the formula (1.8) for the
calculus of the derivative of a function along a curve. Notice also that
in order for (1.21) to hold, g needs in general to be differentiable, see
Example 1.3 (iv).
Proof. Since f(U) C V, the map go f: U — RP is well defined and, by assumption,

f(x) = f(z0) + Df(zo0)(z — 20) + o(|x — xo])  as z — xo,

9(y) = g(f(z0)) + Dg(f(z0))(y — f(20)) +o(ly — f(o)])  asy— f(xo).
We then infer, since f is continuous at xg, that

9(f(x)) = g(f(x0)) + Dg(f(z0))Df(z0)(x — x0) + Dg(f(w0))o(|z — zol)
+o(IDf(z0)(x — z0) + o(|lz — zol)]),

hence, noticing that |Bh| = O(|h|) as h — 0 for any matrix B, we have

g(f(z)) = g(f(zo) + Dg(f(z0))Df(z0)(z — x0) + o(|z — zo|).  asz — wo.
0

1.23 Chain rule. Suppose that y: A C R" — R™ and g : R™ — R are
differentiable at, respectively, x¢ and y(xo). If y(x) = (y'(x),...,y™(x))T,
computing row by columns, (1.21) yields

dgoy 0 m
b @ = 9" w2, . y™)| = Dy(y(x))Dy(x) (1.22)
_zm: dg dy' _ dg oy'  0g dy* g Oy
N — Oyt Oz Oyl 0xd — Oy? Oz’ Oy™ OxI
for j = 1,...,m, where, of course,
dg g oyt oy’

oyl oy (y(z)) and 9wi = i (x).

Formula (1.22) is the so-called chain rule for the calculus of the derivatives
of the composition.

1.24 Example. Let r:[0,1] — R™ and g : R™ — RP. If s(t) := g(r(¢)), then
s'(t) = Dg(r(t)) ' (1)

Consequently, if r’(t9) and s’(tg) are nonzero, the Jacobian matrix of g maps the tangent
line at to to the curve r(¢) into the tangent line to the curve image s(¢) at t¢o.
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\g/' ‘
A
) L
' (t) s'(t)

Figure 1.13. The map g and its tangent map.

1.2.4 Calculus for matrix-valued maps

Of course, the calculus for functions t — A(t) with values m x n matrices
can be subsumed to the calculus for curves in R™". However, for its rele-
vance it is convenient to state a few formulas explicitly. Operating on the
entries, one can easily prove:

(AW (1)) = A(E)r(r) + A (1),
AEBE) = KB + GG (1.23)
MOAW) = N (DA + MDA (),
(trA(t))': A1), (1.24)
() eylt) = 2 (1) ey(t) + a(t) 3/ (1),

We also have the following.

(i) Starting from A(t)A(t)~! = Id, we infer, on account of (1.23), that
A(t)~1 is differentiable if A(t) is differentiable, and

(A1 = —A@) TA (A1) (1.25)
(ii) By induction, from (1.23) and (1.24) we infer that

D(tr A(t)?) = tr (2A(t)A’ (1)),
D(tr A(t)%) = tr (3A(t)*A’ (1)),

D(tr A(t)") = tr (nA(t)" "' A’ (t))
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Therefore, if p is a polynomial, then
d _ / /
o (trp(a®) = (' (A1) A'(1)). (1.26)

(iii) Again from (1.23) and (1.24) we infer that, if A(t) and A’(t) com-
mute, we have
D(A(H)™) =nAt)" TA'(t)  Vn;
hence for any polynomial p we have
D(p(A(t)) = p'(A(t) A'(t) (1.27)

provided A(t) and A’(t) commute. Notice that the chain rule does
not hold in general; in fact, (A(t)?) = A(t)A’(t)+ A’(t)A(t). Hence
(A(t)?) = 2A(t)A’(t) if and only if A(t) and A’(¢) commute.

(iv) Since the determinant of a matrix A is multilinear in the columns of

A, we infer for A(t) = [A1(t) | A2(t)] ... | An(t)] € M, 4, that
;lt det A(t) = det[A] | A2 | ... | 4]

+det[A [Ay ] ... | Ap] 4+ det[A1 [ Aa| ... [ A7)
Thus, if A(0) = Id, we have
det[A(0) | A2(0) | ... | An(0)] = (47)"(0),

det[A1(0) | A2(0) | ... [ A7, (0)] = (47)(0),

from which

A
ddegt Doy wa©) i A©)=1d (1.28)
More generally, if Y(s) € My, is invertible at s = ¢, then (1.28)
yields
1 ddetY(s) ddet(Y ()=t Y(s)) .
t) = t)=tr(Y(t Y'(t))-
det Y (t) ds ®) ds ®) r( ®) ( ))

(1.29)

1.25 9. Some typical facts relative to real-valued functions extend to matrix-valued
functions. For instance, we have:

(i) If A(t) is self-adjoint, then A’(t) is self-adjoint.

(ii) If A’(t) > 0, then A(s) < A(t) if s < t.

(iii) If R and S are self-adjoint, and 0 < R < S, then R~! > S~! and VR < V/S.

(iv) If A and B are self-adjoint, A > 0 and AB + BA > 0, then B > 0; notice

however that A, B > 0 does not imply AB + BA > 0.

[Hint: To prove (iii), apply (ii) to A~!(t), where A(t) := R+ (S —R), t € [0,1]. To
prove (iv), consider B(¢) := B 4+ tA and S(t) := AB(¢) + B(¢)A, and apply (iii).]



24 1. Differential Calculus

1.3 Theorems of Differential Calculus

1.3.1 Maps with continuous derivatives

a. Functions of class C'(A)

As we have seen, the existence of partial derivatives does not imply dif-
ferentiability. We shall see later that the existence of partial derivatives
in conjunction with convexity does imply differentiability, see Section 2,
Chap. 2 of Vol. V. Here we state a general theorem.

1.26 Theorem (of total derivative). Let f : B(xg,r) C R" - R, r >
0, be a map. Suppose that all partial derivatives of f exist at every point
of B(xg,r) and are continuous at xg. Then f is differentiable at xg.

Proof. We shall deal with the case n = 2, leaving to the reader the task of convincing
himself that the argument extends to any dimension. It is convenient to slighty change
notation: we assume that f is defined in B(FPp,r) where Py := (wo,y0) and we let
P := (z,y) € B(Po,r). We have

f(P) - f(PO) = f(x7 y) - f(l’o,yo) = f(ﬂ?, y) - f('rvyo) + f(x7 yO) - f(:to,yo)- (130)

Since by assumption the function g1 (t) := f(¢, yo) is differentiable in the closed interval
with extremal points zo and z, Lagrange’s theorem yields a point £ = £(z) with 0 <
[€ — z0| < |x — xo| such that

f(m7y0) 7f(x07y0) :fz(f’yo)(fffﬂﬂo) (131)
= fa(z0,90)(® — 20) + [f2(§; ¥0) — fz(w0, y0)|(= — @o).
Similarly, for any z the function g2(t) = f(z,t) is differentiable in the interval of
extremal points yo and y, and again Lagrange’s theorem yields n = n(z,y) with
0 < |n —wyo| < |y — yo| such that
fla,y) = f(@,y0) = fy(z,n)(y—yo0) = fy(zo,y0)(y —yo) + [fy(z,1) — fy(zo, y0)](y —yo).
Of course the distance of the points (£,yo) and (z,n) from Py = (z0,y0) is less than
|P — Pp|, hence
(é-vyo) = (g(x)v yO) - (3;07 y0)7 (337 77) = (33, 77(337 y)) - ('7:07 yo)? as P — POv

and, on account of the continuity of the partial derivatives at (xo,yo),

F2(€90) = fal0,30)| & = 20l + | £y (@, m) — fu(@0,0) | Iy = vo| = o(IP = Po])
as P — Py. We therefore conclude from (1.30), (1.31) that
f(P) = f(Po) = fo(Po)(x — z0) + [f2(£, y0) — fa(z0,y0)](z — z0)

+ fy(Po)(y — wo) + [fy(z,m) — fy(20, y0)(y — o)
= fz(Po)(z — zo0) + fy(Po)(y —yo) + o(|P — Pol) as P — Py.

1.27 Remark. Notice that in Theorem 1.26 the function f as well as the
derivatives of f may not be continuous in any neighborhood of zy. However,
the partial derivatives gji (', 2%,..., 2™) are assumed to be continuous
at xo not only as functions of the variable of differentiation z*, but as

functions of several variables.
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(z,v)

(w0,y0) (z,y0)

Figure 1.14. Illustration of the proof of the theorem of total derivative.

1.28 9. Let zg be an interior point of the domain A of a function f : A C R™ — R.
Suppose that f is continuous at zg, all partial derivatives of f exist in A\ {zo}, and,
for all i =1,...,n, we have f () — a; € R as v — x0. Show that f is differentiable
at ®o and dfyz, (v) = D1 a;v".

1.29 9. Show that

(i) polynomials in several variables are everywhere differentiable,
(ii) if L : R™ — R is linear, then dL., = L,

(iii) if A = (A;;) is an n x n-matrix, then the quadratic form ¢(z) = Avex =
i Ajjx*ad, x € R™, is a homogeneous polynomial of degree 2 and D¢(z) :=
(A4 AT)z.

1.30 Definition. We say that f : A C R® — R™ is of class C' in the
open set A and we write f € CY(A,R™), or f € CY(A), if all partial
derivatives of [ exist and are continuous in A.

Every map f € C'(A) is differentiable in A by Theorem 1.26, hence
continuous by Proposition 1.5, i.e.,

CH(A) c C(A);

moreover, by Proposition 1.21, C1(A) is a vector space over R.

b. Functions of class C*(A)

1.31 Definition. Let A be an open subset of R™. We say that f : A — R
is of class C1(A) if there exists an open set U D A and an extension

F:U—RofftoU, F=f on A, of class C*(U).

The differential of f in « € A is defined as the differential at = of one of its
Cl-extensions, as the differentials of two different C'!-extensions necessarily
agree at x.

Hassler Whitney (1907-1989) has given a definition of function of class
C! that is less naive than Definition 1.31 and that it is worth mentioning.

1.32 Definition (Whitney). Let E be a closed set in R™ without isolated
points. We say, according to Whitney, that f : E — R is of class C1(E) if
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(i) f is differentiable at every point of E, i.e., for every x € E there is
a linear map L, : R™ — R such that

lim R(y;z) =0

yeE

where

[f(y) = f(z) = La(y — 2)]
ly — =

(i) the gradient vector V f(x) associated to L, is continuous in E,

(iil) R(y;z) — 0 as y — x uniformly on the compact sets of E.

R(y;x) ==

)

It is easily seen that if A is an open set and f : A — R has a C!
extension in a neighborhood U of A, then f is of class C'(A) according to
Whitney’s definition. A celebrated theorem of Whitney’s claims that the
converse also holds. We state it without proof.

1.33 Theorem (Whitney). Let E C R™ be a closed set without isolated
points. Suppose that f : E — R is of class C*(E) in the sense of Whitney.
Then there erists F : R™ — R of class C*(R™) that extends f, i.e., F = f
in E. Moreover, the extension has the following properties:

(i) if Ly is the Whitney differential of f at x € E, then DF(x) = L,,
(ii) we have

1E oo rn < C[flloo, 2,

|DF| oo rnv < C max (HLxHOO £, Max |f () = f(y)\)
’ TayeE  |r— vy

where C' is a constant depending only on the dimension n.

c. Functions of class C?(A)

Suppose that f : A — R, where A C R™ is open, has first derivatives
in a neighborhood of zy € A, and that the first derivatives have par-
tial derivatives at xg, then we say that f has second derivatives at zq. If

(2t 2% ..., ") are the coordinates in R™, the partial derivative of f first
with respect to 27 and then to z* is denoted by one of the symbols:
0% f

Ozidyi (o), D;Dj f(xo), or  Djjf(wo).

The n x n matrix of the second derivatives of f,
Hf(z0) := [DiD; f (x0)];

is called the Hessian matriz of f at xg.
In general it may happen that

D;Djf #D;D;f  fori#j,
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as for instance with the function

y? arctani if y # 0,
0 ify=0

flz,y) =

for which 8‘1ng (0,0) =0 and aa:gx (0,0) = 1. However, the following holds.

1.34 Theorem (Schwarz). Let f : B(xo,7) C R® — R, r > 0. Suppose
that for i # j the mized derivatives
0% f
Oxtdxl

2 f

(x) and 9 D (x)

exist in B(xo,r) and are continuous at xq, then they agree at xg.

Proof. We deal here with functions of two variables, leaving to the reader the task of
convincing himself that the proof extends to functions of more than two variables.

Let Py := (z0,y0) and P = (z,y) € B(Py,r). Consider the so-called second differ-
ential quotient

At) = f(zo +t,yo +1) — flzo +t,y0) — f(zo,yo +1t) + f(zo,0)
= .2
that is well defined for 0 < [¢| < r. Now introduce

g(ﬂf,‘) = f(a;v Yo + t) - f('rvyo)v h‘(y) = f(CUO + tv y) - f('rov y)7

so that
A(t) =t (g(zo +1t) — g(z0)) = t>(h(yo +1) — h(y0))-
As a consequence of the mean value theorem for functions in one variable, we can
write

At) =t71g' () =t (fa (& 90 + 1) — fa(€,90))

for some & between xg and xo + ¢; again the mean value theorem then yields
9% f
A(t) = s
() o &mn)

where 77 is between yo and yo + ¢, and, similarly we can write

2f

AW =t E) =

(a7 ﬂ)
where « is between xg and xo + t, and ( is between yo and yo + ¢.

When ¢ — 0, both points (a, 3) and (£,7n) (that depend on t) tend to (zo,yo). On
account of the continuity of the mixed derivatives at (zo, yo), we conclude when t — 0
that

82f 82

(w0.w0) = 2 3 (@0.w0).
Oyox 0xdy

]

1.35 Definition. If all second derivatives of a function f exist and are
continuous in an open set A, we say that f is of class C%(A) and we write

feC?A).
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1.36 §. Let |z| := \/Z?:l x2. Compute for z # 0 the first and second derivatives of
|z|, and, more generally, of |z|*, a € R.

1.37 4. Let A € M, . Compute the first and second derivatives of the linear map
r — Ax and of the quadratic form z — Azex.

A trivial consequence of Schwarz’s theorem is the following.

1.38 Corollary. Every function f € C?(A), A open in R™, has equal
mized second derivatives, D;;f(x) = Dj;f(x) Ve € A, Vi,j=1,...,n. In
other words, the Hessian matriz Hf (x) is symmetric Vo € A.

d. Functions of classes C*(A) and C*°(A)

By induction we now define the partial derivatives of order k. We say that
a function f : A — R has partial derivatives of order k, k > 2, at an
interior point xg of A if f has first partial derivatives in a neighborhood
of xg that in turn have partial derivatives of order k — 1 at xzp. The partial
derivatives of order k of f are defined as the derivatives of order k — 1 of
the first-order partial derivatives of f. By taking into account at each step
of the induction the theorems of total differentiation and of Schwarz, we
easily infer if f has derivatives of order k at xo that

o f has all partial derivatives of order less than k in a neighborhood of
o, and these derivatives are continuous at xg,

o the derivatives of order h with 2 < h < k—1 do not depend on the order
of differentiation.

1.39 Definition. If all derivatives of order k of a function exist and are
continuous in an open set A, we say that f is of class C*(A) and we write
f € CK(A). If f has continuous derivatives of any order in an open set A,
we say that f is of class C*°(A) and we write f € C*(A).

Clearly,
O (A) Cc C*(A) c C*1(A) c--- c C*(A) Cc CH(A) c CO(A),

and again by Schwarz’s theorem we have:

1.40 Corollary. Let A be an open set of R™ and let f € C*(A). Then the
derivatives of f of order less than or equal to k do not depend on the order
they are taken.

Consequently, in order to specify a derivative of order k of a function of
class C*, it suffices to specify the number of derivatives we take in each
variable; for instance, if f € C®(R?), its sixth derivative 3 times with
respect to x, 2 times with respect to y, and one time with respect to z at
(0, Y0, 20) is denoted by

of

a$38y282 (1’07y0720)'
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1.3.2 Mean value theorem

a. Scalar functions

1.41 Theorem. Let A C R™ be open and let f : A — R be a function
that has directional derivatives at all points of A. Suppose that xo,x are
two points of A such that the line segment joining xg to x is contained in
A, and let h := x — xo. Then the function g(t) := f(xo + th), t € [0,1], is
well defined and differentiable in [0, 1] and

gt = gi (zo+th) Vel 1]. (1.32)

Moreover we have:

(i) (MEAN VALUE THEOREM) There exists s €]0, 1] such that

af

= o (0 + sh), (1.33)

f(zo +h) — f(zo) = g(1) — g(0)

(ii) (INTEGRAL MEAN VALUE THEOREM) If ¢/(t), t € [0, 1], is continuous,
then

1 af

f(zo+h) = flzo) = . Oh

(zo + th) dt. (1.34)

Proof. (i) If z := xg + th we have
gt +7) = g(t) = f(zo + (t +7)h) — flwo + th) = f(z + 7h) — f(2);
hence
gt+7)—g(t) _ fztrh)~ f(z) _ of
T T oh
Therefore g is differentiable and (1.32) holds.

(i) and (ii) follow respectively from Lagrange’s theorem and the fundamental theorem
of calculus, see [GM1], applied to g(t), t € [0, 1]. O

(=) as 7 — 0.

Theorem 1.41 applies of course to functions that are Gateaux-differen-
tiable. In this case

ar . O
on (@) =D =3 o (a)h

for all h € R™. For future use we restate it as follows.

1.42 Corollary. Let f : A — R be Gateaux-differentiable in an open set
A CR"™ and let xg € A. Then for all x € B(xg,r) we have

(1) f(z) — f(zo) =D f(xo+ s(z — x0))(x — x0) for some s €]0,1],
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(i) if the functions s — ggl (xo+sh), s€[0,1],i=1,...,n, are contin-
uous, then

1
flzo +h) = f(xo) = /o Df(xo + s(x — z0))(x — z0)ds  (1.35)
= Z ( ; ggl (xo + s(x — x0)) ds) (z — xo)i.

A trivial consequence, see also Corollary 1.51, is the following.

1.43 Proposition. Let f : A — R, where A C R" is open, be a function
that has directional derivatives at every point of A and let

M := sup of

(x)‘ < 4o00.
z€eA,v|<1 } dv

Then f is continuous in A. Moreover, if A is convex, then f is Lipschitz-
continuous in A and

fy) = f@) <Mly—=z[  Vo,yeA (1.36)

1.44 9. Show that (1.36) does not hold in general if A is not convex. Show instead the
following.

Corollary. Let f € CY(Q), Q C R™ open. Then f is Lipschitz-continuous in every
compact subset K of Q.

1.45 Corollary. Let f : A — R, where A C R™ is open, be a function
that has directional derivatives at every point of A. If A is connected and
% (x) =0VYv e R" and Vz € A, then f is constant in A.

Proof. Let zp € Q2 and let
B := {x SXY) ‘ flz)= f(a:o)}

By Theorem 1.41 B is open, while Proposition 1.43 yields that f is continuous, hence
B is closed. Hence B = A since A is connected. [}

1.46 Remark. Of course, in Corollary 1.45 the assumption A connected
is essential. We notice also that the assumption A open is needed. In fact
one can show, though this is not trivial, the existence of a nonconstant
function in a connected set with zero differential.’

L H. Whitney, A function not constant on a connected set of critical points, Duke
Math. J. 1 (1935), 514-517.
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For all z,y € A, where A C R™ is open, let v : [0,1] — A be a curve of
class C! such that v(0) = 2 and v(1) = y, and assume that f: A — R is
as above. Then

1 1
f) = f@) = [ Grema= [ Drawmea

1
1f(y) = f2)] < /0 DY) ()] dt < M L(7)

where M = sup,c 4 |Df(z)| and L(vy) is the length of 7. If 4 (, y) denotes
the infimum of the lengths of the curves in A joining x to y, i.e., the minimal
connection of x to y in A, we then have

|f(y) = f(@)] < Méa(z,y).

Consequently, we infer the following.

hence

1.47 Proposition. Let f € C'(A) with [Df(z)] < M Vx € A. If there
exists C' > 0 such that

(5A($,y)§0|l‘—y| Vx,yEA,
then f is Lipschitz-continuous in A.
If A = B(xo,r) or A is convex, then clearly d4(x,y) = |z —y| Vz,y € A.

1.48 9. Show that for any compact F' C A there exists Cr such that da(z,y) <
CF |z —y| Vz,y. In particular, every function of class C1(A) is Lipschitz-continuous on
the compact subsets of A.

b. Vector-valued functions
The mean value theorem in the form (1.33) does not hold for vector-valued
maps f: A—R™ m> 1.

1.49 Example. For instance, if f(¢)

= (cost 1nt), t € (0,2, we have 0 = f(27) —
£(0) but f'(s) # 0 Vs € [0, 2] since |f'(s)| =

It instead holds in the integral form (1.34). In fact, recalling that for f €
C([a, 0], R™), f:= (f', f2,..., f™)T, we have

/abf(s)ds = (/abfl(s)ds,/abf2(s)d(s:,...,/(:)J””(s)al5>T7

we easily infer the following.

1.50 Theorem (Mean value). Let f : B(xg,r) C R™ — R™ be a map of
class C1. Then for all x,y € B(zo,r) the following integral mean formula
holds

f(z) = f(y) :/o Df(y+t(xz—y))(z—y)dt.
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This allows us to estimate finite increments of f in terms of the Jacobian
matrix of f. For A € M,, »(R) recall that

_ h)l
A]] = sup{ A |n 0}
is a norm in M, ,(R) and that |Ah| < [|A]||k| VR € R™.

1.51 Corollary. Let f : B(zg,r) C R®™ — R™ be a map that has direc-
tional derivatives at every point of B(xo,r) and let
K = sup{|Df(2)|| | = € Blao, 1) }.

Then
[f(@) = fy)l < K|z —yl. (1.37)
Proof. Of course,
Df(2)(h)| < [Df(2)Il[h] < K [h]  VheR™
Thus

1 1
If(ar)—f(y)lé‘/o Df(y+t(m—y))(w—y)dt‘§/0 IDf(y + tla — )@ — ) dt

1
< / IDf(y+ t(z — y)l| dt |z — y| < K = —y].
0

1.3.3 Taylor’s formula

Let A be an open set in R” and let f : A — R be a function of class C*,
k > 1. Suppose that the segment joining two points zq,z is contained in
A and let h := x — xg. The function

F(t) := f(2° + th)

is well defined for ¢t € [0,1] and F'(0) = f(x¢) e F(1) = f(z). Moreover
F € C*([0,1]), and we may compute for ¢ € [0, 1]

zn: (2o + th)h; 7ZDf (zo + th)h;

=1
F'(t) = [Dif(zo + th)]'h ZDDf(onrth)hh
i=1 1,j=1
F"(t)= Y DpD;Dif(xo + th)hih;hy, (1.38)
i,7,k=1
F®O@) = > DD, ...Dj f(zo+ th)hi hi, .. hi,.

11,82,..,0 =1
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Here, as in the rest of this section, we denote the components (hy,...,h,)
of h with lower indices.

Notice that F()(0) is a homogeneous polynomial of degree j in the
components hi, ..., hy, of h.

a. Taylor’s formula of second order
We can write F’ and F"” in (1.38) as

F'(t) = Vf(zo+th)eh, and  F"(t)= Hf(zo+th)heh, (1.39)

where Vf and Hf are respectively the gradient and the Hessian of the
function f, and zey is the standard inner product in R".

1.52 Theorem (Taylor’s formula). Let f € C?(B(xo,7)), r > 0. For
h € R"™, |h| < r, we have

(i) (TAYLOR’S FORMULA WITH INTEGRAL REMAINDER)

Flwo+h) = f(zo) + Vf(x0)oh +/0 (1 — ) [Hf (a0 + shyheh ] ds
= f(@o) + Vf(wo)

0 f
+ Z (/ (1=s), iaxj(xOJrsh)ds)hihj,
(ii) (TAYLOR'S FORMULA WITH LAGRANGE’S REMAINDER)

F(wo+h) = F(zo) + VF(xo)oh + .  HL o+ sh)heh

2
= o)+ Vf(ao)eh £ 3 838 (2o + sh)hih,

1,j=1

for some s €]0,1],
(iii) (TAYLOR’S FORMULA WITH PEANO’S REMAINDER)

Fwo+h) = f(a0)— V[ (20) o h — ; Hf(zo)hoh = o|B2) as h — 0.

Proof. (i) and (ii) are Taylor’s formulas for F(t) := f(xzo + t(z — o)), t € [0, 1], see
[GM1], taking into account (1.39). Then (iii) follows at once from (ii). O
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b. Taylor formulas of higher order

It is convenient to rewrite (1.38) in a more convenient form. An n-tuple of
nonnegative integers is called a multiindex

a= (a1, ag, ..., ap), a; € N
The length of « is the number
la] == a1 + s+ + ay,

and it is convenient to define

ali=alag!. . ap!,
and, for z = (21, za,..., ¥,) € R",

=t ed? o ah.
Notice that |z®| < |z|!*!. Finally, if & = (a1, ag,. .., a,) is a multiindex
with n elements, the derivative of f of order a; times with respect to x1,
o times with respect to zo, ..., a, times with respect to x,, is denoted
by

ol
Def or /

Oz 0xs? ... Oz’

Grouping in each of the equations in (1.38) the terms containing the
derivatives of order a, || < j, we may rewrite the equation in (1.38) as

FU(t) = Z CoD®f(zo +th)h®,  j=1,... .k, (1.40)

ler|=4

where C,, is the number of lists of || differentiations, o times with respect

to x1, ao times with respect to xo, ..., a,, times with respect to x,.
Computing C,, is now a combinatorial problem, see, e.g., [GM2, 3.2.4].

There are (071) ways of disposing «; objects of type 1 in a list of n elements;

«

type 2 in a list of n, .... Thus

C. — lal\ (laf — a1 (la] — a1 —as Qn\ la! _al!
o . = = s
o1 o Qs an arlas! ... ap! a!

and (1.40) becomes

hence (071) ("7;)‘1) ways of disposing a; objects of type 1 and as objects of

jl!F(j)(t) = |Z' D2 (o J;f(x “T0) gy, =1,k (141)
al=j
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1.53 Definition. Let f € C*(B(xg,r)), r > 0. Taylor’s polynomial of f
centered at xo of order k is the polynomial in R™ of order at most k

Py (x;x0) = Z D f(wo) (x — )™,

al
|| <k

Taylor formulas for F(t) := f(xo + t(x — x0)), t € [0, 1], give rise, on
account of (1.41), to Taylor formulas for f.

1.54 Theorem (Taylor’s formula with Lagrange’s remainder). Let
f be a function in C*(B(xg,r)), r > 0. Then

D= f(zo + s(z — 20))
al

f(x) = Pe—1(z520) + Z

|l =k

(x — xp)®

for some s €]0,1[. Moreover, if we set

Ry—1(z;20) := f(x) — Pe—1(2520),
My, := sup sup |Df(2)],
|| =k z€B(xo,r)
we have
kMk
k!
Proof. Taylor’s formula for F(t) := f(zo + t(x — z0)), t € [0,1], yields
15

‘Rk_l(x;xo)‘ < |z — zo|". (1.42)

k—

F(1) = 2 VL)

for some s €]0,1[. This yields the result computing FU)(0) with (1.41). From F(¥)(s)
in (1.38), we infer for ¢ € [0, 1]

n

PO < (3 1) = at

1,00, ip=1

]

1.55 Corollary (Taylor’s formula with Peano’s remainder). Let f
be a function in C*(B(zo,r)), 7 > 0. Then

Da
10 =Y DT 6 s oo —aol)  asw—
o<k &
Proof. In fact,
f(a:) _ Z Da£$z0) (Q?-Q?O)a + Z Daf(ajo Zf(zfxo)) (Q?—Z‘(])a
la|<k—1 : la|=k )
-y D"‘f(ﬂﬁo)(gﬁixo)aJr 3 D"‘f(wo+8($—ﬂf0))—D“f(wo)(xfm)a

! !
ol al
lal=k la|=k
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for some s = s(x) with |s — zg| < |z — zg|. When & — 0, also zq + s(z)(z — z0) — o0,
hence
| D f(xzo + s(x — xz0)) — D¥f(z0)| — 0.

Since |h®| < |h|1®l, this yields

> D f(zo + s(xz — x0)) — D* f(z0)

o (z — 20)* = o(|z — z0|®) as x — g.

la|=Fk

O

1.56 9. Show that Taylor’s polynomial Py (x;zo) of degree k centered at zq of f is the
unique polynomial Q(z) of degree less than or equal to k such that

f(z) — Qx) = o]z — wo|") as T — zg.

1.57 §. Show the following.

Proposition (Taylor’s formula with integral remainder). Let f be a function in
C*t1(B(xo,r)), 7 > 0. Then

1
f(@) = Pu(aszo)+(k+1) > (/(lft)kDD‘f(onrt(:pfmo))dt) (@ :TO) . (1.43)
0

|a|=k+1

1.58 9. Applying Taylor’s formula with integral remainder with & = 0 and k& = 1, show
the following.

Lemma (Hadamard). If f is of class C* near 0 € R"™, then there exist functions
gi(x) and g;j(z) of class C*° such that

n

f@) = f0) =) gi(@)z’,  fl@) = F0) =D [z’ + Y gij(a)z’a’ (1.44)
i=1

i=1 ij=1

in a neighborhood of zero.

c. Real analytic functions

Let f be a function of class C* in an open set A of R™. Then f has Taylor
polynomials of any order at every point zy of A. The sequence of Taylor
polynomials Py (x;x0) of f, equivalently the series of functions

kz:% (ng Daigwd (z — xo)a)7

is called the Taylor’s series of f centered at xg € A.

1.59 Definition. We say that f € C*°(A) is an analytic function if every
point xo € A has a neighborhood in which f agrees with the sum of its
Taylor’s series with center .
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There exist functions of class C'°° in an open set that are not analytic.
For instance, compare [GM1], the function

f(z) = e 17 if >0,
- o if 2 <0

is of class C*° and nonzero, but all its derivatives exist and vanish at zero,
consequently the sum of its Taylor’s series is zero. However, the following
holds.

1.60 Proposition. Let A be an open set of R™ and f € C*(A). Suppose
that for every xog € A there exist C and r > 0 such that B(zo,r) C A and

sup sup |D°f(x)| < CFE! Vk e N,
|a|=k B(xo,r)

then f(x) is analytic in A.

1.61 9. Prove Proposition 1.60. [Hint: Use (1.42).]

d. A converse of Taylor’s theorem
The following theorem may be read as a converse of Corollary 1.55.

1.62 Theorem (Marcinkiewicz—Zygmund). Let Q be an open set of
R™ and let f(x) and aq(x), |a| < k, be continuous functions in §2. Suppose
that, for x € Q and |h| < dist (z, 052), we have

favh)y =Y “C’Off) h® + g(x, h) (1.45)

la| <k

where g(x, h)/|h|¥ — 0 as h — 0 uniformly with respect to x on the compact
subsets of Q. Then f is of class C*(Q).

Proof. We convolute the two sides of (1.45) by means of a family of mollifiers, see
Section 2.3 Chapter 2, to get

felz+h)= > <““Z;($) b + ge(x, h).
la|<k )
Since f. € C*(Q) for all @ CC Q and
llge(@, P)ll o & < Mgz, )]s,
we infer from Exercise 1.56

Do fe(z) = (aa)(z) Vz € ﬁ, Vo, |a| <k

and letting e — 0, see Section 2.3 Chapter 2, we conclude D®f(x) = an(x) Va € Q.
This concludes the proof as €2 is arbitrary. O



38 1. Differential Calculus

1.3.4 Critical points
Let ACR™ and let f: A — R be a function. A point zy € A such that
f(zo) < f(x) VoeeA (1.46)

is called a minimum point or an absolute minimizer of f in A, the value
of f at a minimum point

f(xzo) = min{f(x) ‘ S A}

is called the minimum (value) of f in A. In case the inequality in (1.46) is
strict (except for = x) we say that zq is a strict absolute minimizer. As
we know, functions may or may not have minimizers: for a given f : A — R,
they exist if A is bounded and closed and f is lower semicontinuous in A,
see, e.g., [GM2, Chapter 2] and [GM3, Chapter 4].

We say that zg is a local (or relative) minimizer for f: A — R if there
is a neighborhood Uy, of xg in which it is a minimizer for f, i.e.,

flzo) < f(2) VaoeU,NA.

If the previous inequality is strict for x # xg, we say that xg is an iso-
lated local minimizer for f. Similar definitions of course hold for maximum
points. Local minimizers and local maximizers of f are both called extremal
points and the values of f at extremal points are called extremal values.

Sometimes the research of extremal points reduces to a simple inspec-
tion. For instance, clearly f(x) := |z|, # € R™, has an absolute minimizer
at 0, as well as the function log(1 + 22 + 2y?): since both functions are
nonnegative and vanish if and only if (x,y) = (0,0). In other cases it is
easy to conclude by looking at the level lines of the function. However, it
is useful to develop some general remarks.

Suppose xg is an extremal for f. Then xg is also an extremal for the
restriction of f to any line through zq. It follows from Fermat’s theorem:
Suppose that z( is interior to A and that f has directional derivative in
the direction v at xg. Then D, f(z¢) = 0. Of course, both assumptions
xo interior to A and f has directional derivative in the direction v are
essential as shown by the function f(z) = |z|.

When A is an open set of R and f € C1(A), we can state more.

1.63 Proposition. Let f : A — R be a function that is differentiable at
an interior point xg to A. Then xg is an extremal point for [ if

dfzy =0 equivalently Vf(xo) =0. (1.47)

1.64 Definition. Let A be an open set of R™ and let f : A — R be
differentiable in A. The points x € A such that df, = 0 (equivalently
Vf(x) =0) are called critical points of f in A.
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Figure 1.15. Two saddle points.

As for functions of one variable, whereas all interior extremal points are
critical points, not every critical point is an extremal point. For instance,
(0,0) is a critical point of the function f(z,y) = 2? —y?, (z,y) € R?, but
it is not a local minimizer or a local maximizer for f. Looking at level lines
of f, one readily infers that (0,0) is a saddle point for f.

At this point we should warn the reader that the intuition relative to
critical points for functions of several variables is not as reliable as for
functions of one variable. The following example may be useful.

1.65 Example. The function f(z,y) = y(y — 22), (x,y) € R2, has a critical point
at (0,0). The point (0,0) is a minimizer for the restriction of f to any straight line
through the origin, but it is a maximum point for the restriction of f to the parabola,
see Figure 1.16.

1.66 Example. The function
f(.’ﬂ, y) = "ES — 3z + (ey - 1)27 (xay) € R27
has a unique critical point at (1,0) that is a local minimizer, see Figure 1.17, moreover

1]1§2ff(1‘7y) = =00,

though f has no relative maximum point.

Figure 1.16. Illustration for Example 1.65.
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Figure 1.17. f(z,y) = 22 — 3z + (e¥ — z)2 has a local minimizer at (1,0), tends to —oo
along the curve y = 2% as © — —oo, and has no relative maximizers.

Let f € C*(A), with A open in R™, and let o € A be a critical point
of f. Taylor’s formula with Peano’s remainders tells us that

Flawo+ 1) = Flao) + | HF(woheh +o(hP)  as b 0,  (148)
Hf(xo) = [D;j f(z0)] being the Hessian matrix of f at xo.

1.67 Proposition. Let f € C?(A), with A open in R"™, and let o € A be
a critical point of f. Then

(i) if zo is a local minimizer, then Hf(xg)§e& > 0 VE € R™,
(i1) if Hf(z0)€e& > 0 VE #£ 0, then xg is an isolated local minimizer.

Proof. (i) From (1.48) we have
02 (o +26) — flao) =, [FHF o)) « (A6) ] +0002)
as A — 0, A € R, and, dividing by A2 we get

Df(z0)fef +0(1) >0  asX— 0,

i.e., the claim.
(ii) Let ¢(&) := Hf(z0)€ o . Since ¢(&) is a homogeneous polynomial of degree two in
the components of ¢, the restriction of ¢ — Hf(zo)¢e& to the unit sphere S?~1 :=
{¢]|¢] = 1} C R™ is continuous. Weierstrass’s theorem then yields a point & € S™~!
such that

Hf(z0)¢e& > Hf(zo)so oo =:mo V&€ 5™ (1.49)
while the assumption implies that mg > 0 and, using 2-homogeneity of § — Hf (z0)§ e &,
we get the estimate

Hf(z0)§ o€ 2 molé]®  VEER™

From Taylor’s formula we then infer
1 my
@) = f@o) =, Hf@o)heh +o(h?) > |n* (") +0(1)),  hi=a—a0.

Since mo > 0, the theorem of constancy of sign provides us with a ball B(zg,d) on
which mg/2 4 o(1) > 0, so that f(x) > f(zo) for all z € B(zo, d), x # xo. O
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Figure 1.18. The Hessian matrix of the paraboloid on the left has two positive eigenval-
ues, the Hessian matrix of the saddle has eigenvalues of opposite sign, and the Hessian
matrix of the cylinder has a positive and a vanishing eigenvalue.

1.68 Quadratic forms. We recall that the positivity of a quadratic
form ¢(h) = Aheh associated to a symmetric matrix A € M, , can
be checked in terms of the signature of the metric (h,k) — Ahek, see
[GM2, Chapter 2], that is, writing ¢ as a sum of squares

Aheh = zn:mzwf
i=1

Several methods are available to do this: for instance by computing the
eigenvalues of A. Since A is symmetric, the spectral theorem tells us that
there exist an orthonormal basis (uy, ug, ..., u,) of R and real numbers
A1, A2, ..., Ay such that

Ah:zn:)\ih-uiui Vh,

i=1
which says in particular that uy, us, ..., u, are eigenvectors of A and, for
every i = 1,...,n, )\; is the eigenvalue of A corresponding to u;. Conse-

quently,
Aheh => X heuju;  Vh.
i=1
Since |h|? = Y7, [heu; |2, we get
Ao |B)> < Aheh < Ay |R|>  VheR™
where A, = min;(\;) and \y;y = max;(\;). We can therefore restate

Proposition 1.67 as follows.

1.69 Proposition. Let f € C?(A), with A open in R™ and let xo € A
be a critical point of f and let Hf(xo) be the Hessian matriz of f at xq.
Then we have the following.

(i) If xo is a local minimizer for f, then the eigenvalues of Hf (xo) are
nonnegative,
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(i) If the eigenvalues of Hf (xg) are positive, then xo is an isolated local
minimizer.

1.70 €. Show that, in R?, the quadratic form Ah eh is positive if and only if tr A > 0
and det A > 0.

1.3.5 Some classical partial differential
equations

1.71 The Laplace operator. The differential operator

Au :=divgradu = Z D;D;u
i=1
is called the Laplace operator or Laplacian. The functions u € C?(€2) for
which Au =0 in  are said to be harmonic in Q.

1.72 9. Show that, in dimension two, and in polar coordinates (p, 0), Au writes as

1 1 1[0 0 1
Au=1upp+ up+ ugg = pfp)+ ,( fe)]
ot et p 8p( RPN

whereas, in dimension n = 3 and in spherical coordinates, Au writes as

1 o o 1 o
Au = 2 ¢ si i .
u psin%{ap@ fosing) + (0 fo) + &p(smwfw)}

1.73 9 Laplacian and gravitational forces. The gravitational force acting on a
unit mass at the point (z,vy, z) due to the interaction with a mass placed at the origin
is given, according to Newton’s gravitational law, by

M r
F:_g 2 ) g>07 T:Z(Z‘,y72).
2 |r|
If
_9M
T2

denotes the gravitational potential, observe that F' = —VV. Moreover, show that
(i) V is harmonic in R3\ {(0,0,0)}, i.e., AV =0 in R?\ {(0,0,0)}.
(ii) The unique spherical symmetric harmonic function in R™ \ {0}, i.e., the unique
harmonic functions of the type u(z) = ¢(|z|), are

logr ifn=2,

Avy(|z]) + B where A,B€R and ~(r):=
if n > 3.

rn—2
(iii) The functions e** cos ky and e sin ky are harmonic in R2.
(iv) The function e3*+4¥ sin 5y is harmonic in R3.

(v) If f(z,y) is harmonic in R2, then also f(xzin, inyz) is harmonic.

1.74 §. Show the following theorem.
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Figure 1.19. Frontispieces of two works respectively by Constantin Carathéodory (1873~
1950) and Richard Courant (1888-1972).

Theorem (Maximum principle). Let u € C9(Q) N C2%(Q) be harmonic in Q. Then

sup |u| = sup |u|.
Q oQ

[Hint: Let zo € Q and, for € > 0, let uc(z) := u(z) — €|z — xo|?. We then have
Au — €|z — xo|?) = —2ne < 0;

hence zg cannot be a maximum point for ue since in this case Hue(xzg) > 0.]

1.75 9. Consider the following problem, called Dirichlet’s problem: find u € C?(Q) N
C9(Q) such that

Au=f inQ,

u=g on 012,

where g is a given continuous function on 9. Infer from the maximum principle, see
Exercise 1.74, that it has at most one solution.

1.76 §. Functions u : 2 C R™ — R such that —Au < 0 in 2, are called subharmonic,
whereas functions u such that —Awu > 0 in Q are called superharmonic. Show that

(i) subharmonic functions in © have no (interior) maximum point in £,
(ii) superharmonic functions in  have no (interior) minimum point in Q,
(iii) if w is subharmonic in €, and v is superharmonic in Q and u < v on 9%, then
u < vin Q.
Finally, show that, if w is harmonic and f € C?(R) satisfies f”(t) > 0, then f(u) is
subharmonic.
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Figure 1.20. Frontispieces of two monographs respectively by Joseph Fourier (1768
1830) and Jean d’Alembert (1717-1783).

1.77 The wave equation. If f and g are two functions of class C2, the
function

u(t,z) = f(x —ct) + g(z + ct) (1.50)
satisfies the 1-dimensional wave equation
Pu  ,0%u
oz~ ¢ ax?

This equation is supposed to describe the vibrations of a string pulled tight
between fixed ends: u(x, t) represents the height at time ¢ and it is assumed
that the longitudinal displacement is negligible. Notice that f(z — ct) and
g(x + ct) represent waves that propagate respectively, to the left and to
the right with velocity c.

1.78 §. Show that by the change of variables r = x + ¢t, s = x — ct, the wave equation
transforms into
0%u
=0
ords
Infer from this that (1.50) represents a general solution of the 1-dimensional wave
equation.

1.79 §. Show that the initial value problem
uee(w, t) = Cugy(z,t),
u(z,0) = p(x),
ut(z,0) = q(x)

admits as solution the function
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Figure 1.21. Olga Ladyzhenskaya (1922—
2004) and the first page of a celebrated
paper by Jean Leray (1906-1998) on
Navier—Stokes equations.

u(z,t) = ; (p(x —ct) +plx + ct)) + 210

1.80 The heat equation. The heat diffusion in a bar is described ac-
cording to Joseph Fourier (1768-1830), by the heat or diffusion equation

Ut = Ugy-

Here u(t, x) is the temperature in z at time ¢ in suitable units. One checks
that the function ¢~/2¢=*"/4t is a solution for ¢ > 0 and x € R.

1.81 Schroédinger’s equation. A complex variant of the heat equation
is Schrodinger’s equation in quantum mechanics

ih

ot = =A%+ V@),

where V() is a potential, & is Planck’s constant, and ¢ = v (x,t), x € R?,
t >0, is a “wave function”, i.e., ¢ € C*(Q x R,C) with [ |[¢(z,t)]*dz =1
for all ¢ > 0.

1.82 Euler’s equation. The velocity field of a perfect fluid solves Eu-
ler’s equation

1
v+ (veV)v=f— pr
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where p is the pressure, f the exterior force and p the density of the fluid.
The density is transported by the velocity field according to the continuity
equation

pt + div (pv) = 0.

In particular, for incompressible fluids, p(t) =cost, Euler’s equation reduces
to
dive = 0.

1.83 The Navier—Stokes equations. If the fluid is viscous, Euler’s
equation modifies into Navier—Stokes equations in which the diffusion term
vAv appears, v being the wviscosity coefficient

1
vt—i-(v-V)v—VAv:f— Vp.
p p

In both Euler’s and Navier—Stokes equations the notation is v = (v, v?, v3),

veV)v:= (veDv')j—1 03, veDv = 3 wiDt
145 7j=1 J

1.4 Invertibility of Maps R — R"

Let f: Q C R®" — R™ be a map. When f is linear, f(z) = Az, A €
M, (R), its invertibility, i.e., the possibility of solving in z the system
Az = y for all y € R", is equivalent to the invertibility of the matrix A,
and, in turn, this is equivalent to det A # 0.

When f: R — R is a differentiable function of one variable, we know,
see, e.g., [GM1], that the condition f’ > 0 (or f’ < 0) implies monotonicity,
consequently invertibility of f, and also the differentiability of the inverse
function. Actually, if f is of class C and f'(x) # 0 at some point o,
there exists an interval I(zg, r) in which f’(z) has the same sign of f’(zo),
consequently (f] 7)~ ! is strictly monotone, continuous with differentiable
inverse, and

Vy € f(I(zo,7)).

In Section 1.4.2, we state and prove (another proof will be presented
in Section 1.4.4) a similar local invertibility theorem, known as the Inverse
Function Theorem, for mappings f of class C': the condition f'(xg) # 0
will be replaced by the nondegeneracy condition det D f(zg) # 0, which
may be seen as an invertibility condition for the linear tangent map to f
at xg, or as the nondegeneracy of the first-order Taylor expansion of f at
o

f(z) = f(z0) + Vf(x0) e (x —x0) + 0(|x — 20]) as & — Tg.
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1.4.1 Banach’s fixed point theorem

For the reader’s convenience we begin by stating a few facts about Banach’s
fixed point theorem, see, e.g., [GM3, 9.5.1].

Let X be a metric space with distance d. A map T : X — X is said to
be a contraction or a contractive map if there is a constant k, 0 < k < 1,
such that d(T'(z), T (y)) < kd(x,y), Vz,y € X. In this case we also say that
T is k-contractive. In other words a contraction is a Lipschitz-continuous
map with Lipschitz constant strictly less than one. A point x € X for
which T'(z) = z is called a fized point for T.

1.84 Theorem (Banach’s fixed point theorem). Let X be a complete
metric space and let T : X — X be k-contractive, 0 < k < 1. Then T has
a unique fived point x. Moreover, given xog € X, the sequence {x,}, n > 0,
defined recursively by xp41 := T(xy), converges with an exponential rate
to the fized point x, and the following estimates hold:

k’n

<
d(zn,x) < |k

d(l’l, ZU()),

-

d(mn_,_l,m) 71— kd(xn-&-lvxn)

d(xpi1,2) < kd(zy,x).

Proof. (i) (Uniqueness) If x and y are two fixed points, from d(z,y) = d(Tz,Ty) <
kd(z,y) we infer d(x,y) = 0 since 0 < k < 1.

(ii) (Ezistence) Let zo € X and for n > 0 let zp41 := T'(zy). We have
d(@n+t1,2n) < kd(zn,zn-1) < k"d(z1,20) = k"d(T(x0), z0),
hence, for p >n
p—1 En
d(mp,mn)gz (Tjq1,25) Ekjd T1,%0) l—k

j=n

d(z1,x0).

Therefore d(xp,xn) — 0 as n,p — oo, i.e., {xn} is a Cauchy sequence, hence it has a
limit x € X and x is a fixed point as it is easily seen passing to the limit in z,,+1 = T'(xn).
We leave the proof of the convergence estimates to the reader. [}

Notice that the first estimate in Theorem 1.84 allows us to evaluate the
number of iterations that are sufficient to reach a desired accuracy; the sec-
ond estimate allows us to evaluate the accuracy of z, 1 as an approximate
value of x in terms of d(xp41,zp).

1.85 Example. Let ¢ : X — X be a (nonlinear) map, X being a Banach space. Given
y € X we would like to solve

6(z) = . (151)
We may write this equation as © = x — ¢(z) + y so that, setting g(z) := z — ¢(z) + v,
(1.51) is equivalent to finding a fixed point of g. If g is a contraction, we infer from the
Banach fixed point theorem the existence of a fixed point and exponential convergence
of the sequence {x,} defined by
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zo € X, (1.52)

Tntl = Tn — O(Tn) +y

to the fixed point of g, hence to the solution of (1.51).

In the special case of X = R™ and ¢(z) = Lz, i.e., ¢ is linear, we have g(z) =
(Id—L)x+y and g is a contraction if and only if L is close to the identity, || Id—L|| < 1;
in fact,

— Id-L —
qp 19@2) —g(@) _ ez =zl _ gy
z1,m0€R" |2 — 21| ©1,29€RT |z2 — 1]

Moreover, (1.52) can be written as
Tpi1 = (I1d —L)"tlgg = Z(Id L)"

hence, when n — oo, we have

oo

z=> (Id—L)*y

k=0

1.86 Example. A slight variant of the previous remark is the following. Suppose as
in Example 1.85 we want to solve ¢(z) = y given y € X. For any invertible map
M : X — X, the equation ¢(z) = y can be written as Mz = Mz — ¢(z) + y; thus =
solves ¢(x) = y if and only if z is a fixed point for

T(x) =2 — M 1o(x)+ Mty

Assuming T a contraction on X, we then infer that ¢(z) = y has a unique solution
defined as the limit point of the sequence {z,} defined by

zo € X,

ITn+l = Tn + M_1¢($n) + M_ly.
1.87 q. Let X be a Banach space and let 7' : X — X be a Lipschitz-continuous map.
Show that, for p sufficiently large, the equation

Tx+ pr =1y

has, for any y € X, a unique solution.

1.4.2 Local invertibility

Let f = (f', f2,..., f*) be a map of class C! from an open set 2 C R",
n > 1. We recall that the Jacobian of f at xy € Q is the determinant of
the Jacobian matrix

det D f (),

that fj denotes the restriction of f to U C (2, and, finally, that zo + U
stands for {z € R™ |2 — x¢ € U}; for instance, xg + B(0,7) = B(xo, ).

1.88 Definition. We say that f : Q@ C R™ — R"™ is locally invertible if
for every x € Q there is a neighborhood U of x such that fi is injective.
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Pulish or Farish e oidn 1970 PRINCETON, NEW JERSEY

Figure 1.22. Frontispieces of two celebrated volumes.

1.89 Theorem (Inverse Function Theorem). Let f : Q@ — R” be a
map of class C*, k > 1, from an open set Q C R™ into R", let g € Q and
assume det D f(xg) # 0. Then there exists an open neighborhood U of xq
such that
(i) fiu is injective,
(ii) V := f(U) is open, (f|U)’1 : V. — U is continuous, i.e., fiy is an
open map,
(iii) (f‘U)’1 :V — U is of class C*, moreover, ¥V y €V

D)) = [Pf@)] w= (o)) (15

Therefore a map f : Q — R™ from an open set of R™ into R™ of class
Ck, k > 1, such that det Df(x) # 0 Vo € Q is locally invertible, open with
local inverses of class C*.

Proof. Without loss of generality we may assume xzo = 0 and f(zo) = 0.
Step 1. We set
M:=Df(0)"" M:==|M| and F(z)=f(z)~ Df(O),
and we write the equation f(z) =y as
s =2+ M(~f(z) +y).
Therefore f(x) =y if and only if z is a fixed point of the map
Ty(2) = 7 — Mf(z) + My = —MF(x) + My.
Since f € C1(Q,R™) by assumption, there exists 7 > 0 such that

1
Df(z) — Df(0)]] <
H:ETH f(z) 70| AM
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and, from the mean value theorem, see Corollary 1.51,

1
|F(z) — F(2)] < |z — 2| Vz,z € B(0,r). (1.54)
4 M
We now set X := B(0,7) C R"™ and prove that Ty is a contraction in X for every
y € B(0, 5}, )- In fact, Ty maps X into X since for all x € X we have

|Ty(z)| = My — MF(z)| < [My| + |[MF(z) — DF(0)]
r 3

1 r
<M M —0] = =
SMlyl+M ) e—0l=" 4+ ="r

and, for all z,z € B(0,r), we have

1 1

ITy(2) ~ T, ()] = IME() - MEG)| < M o2l = [0~ 2]

Therefore for all y € B(0,7/(2M)) the map « — Ty is 1/4-contractive with image in

B(0,3r/4) C X. Since X is a complete metric space, Banach’s fixed point theorem yields

a unique point z € B(0, 3r/4) such that x = Tyz, equivalently, such that f(z) =y.
Setting U := f~*(B(0,7/(2M))), V := B(0,7/(2M)), we have proved that fy is

invertible, thus (i).

Step 2. Let us show that (f‘U)*1 : V. — U is continuous. For y,w € V set z :=
(fiv)"*(y) and z := (fjy) " (w). From (1.54) we infer

Df(0)(z — 2)| = | = f(x) + Df(0)x + f(2) = Df(0)z + f(z) — f(2)]

<|F(z) = F(2)| + |f (=) — f(2)]
1
< oy oA @ = FEL
Hence .
|z -2l < |z — 2l + M|f(z) - £(2)],
i.e.,

o) @) = )~ @l < 4 Ty = wl, (1.5)

Step 3. It remains to prove that g := (f‘U)_1 is differentiable at every y € V = f(U).
Without loss of generality we assume y = 0 and g(0) = 0. Setting x = g(z), we have

g(z) =Mz =z —Mf(z) = —MF(z)
and, on the other hand, by (1.55), |f(x)| > 32/1 || hence

lg(z) —Mz| _ [M(f(z) —-Df(0)z)| ||
|2 || [f ()]
offel) lal _ 4, ollel)
lz| 1f(=)] — 3 ||
If z — 0, then = g(z) — 0 since g is continuous. Consequently the right-hand side of

the last inequality tends to zero as z — 0. This yields that g is differentiable at 0 with
Dy(0) = M = Df(0)~1.

Step 4. Finally, if f is of class C*, the formula (1.53) yields at once that the local inverse
is of class C*. 0
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(z,y)

y

Figure 1.23. From the left: (i) Polar coordinates in R? and (ii) Spherical coordinates in
R3.

1.90 Remark. With the notations of Theorem 1.89, we in fact have
proved that for any y € B(0,r/(2M)), the sequences defined by

{xo € B(0,7),
Tpr1 = T — Mf(x1) + My,

exponentially converge to the unique solution of

{f(x) =y,
x € B(0,r).

1.4.3 A few examples

1.91 Polar coordinates. The transformation ¢(p, ) = (pcosf, psin@),
(p,0) € R%, which yields the polar coordinates in R?, has Jacobian matrix
and Jacobian

cost) —psinf
sinf pcosé

Dg(p,0) = ( ) , detDo(p,0) = p.

By the inverse function theorem, Theorem 1.89, ¢ is locally invertible
in R?\ {0}, but ¢ is not (globally) invertible as ¢(p,8 + 2m) = ¢(p, ).
However, the restriction of ¢ to the strip S, :=]0, +oo[x]a — 7, a + 7,
a € R, is injective, hence globally invertible from S, onto its image ¢(S,)
(with inverse of class C°°). Notice that, since

-y
z )

D¢(p7 0) = (

T 8

we have
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Figure 1.24. Polar coordinates in R2.

_ - 1 AN
D(,z5 1($>y) - \/xZ +y2 <y .T> bl

and ¢(S,) is R? minus the half-line from the origin that forms an angle a+
with the positive half-line of abscissa. The inverse of ¢|g, can be written
explicitly. For example, when a = 0, we can solve in (p, 0) €]0, co[x]—m, 7|
the system

= 0
ETPEST 50, 0€la—Ta+ 7]
y = psinf

for all (z,y) € ¢(S,), finding p = \/22 4 y2 and

7 4 arctan ¥ ifx <0,y >0,

™ ifo=0,y>0,
0= arctan ¥ if x>0,
-3 ifx=0,y <0,

—75 +arctan ¥ if x <0,y <0,

i.e., the angle formed by the positive half-line of abscissa and the half-line
from the origin through (z,y) measured in radians anticlockwise from —m
to .

1.92 Cylindrical coordinates. Similar considerations may be devel-
oped for the transformation that yields cylindrical coordinates in R3

T = pcosb,
(:anaz) = ¢(p7072)7 Yy = psin@,
z=z.

Its Jacobian matrix and its Jacobian are given by
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Figure 1.25. Spherical coordinates.

cos) —psin€ 0
D¢(p,0,z) = | sinf pcosf 0], det Do(p, 0, 2) = p.
0 0 1

Thus ¢ is locally invertible from R3 \ {p = 0} into R®\ {z = 0}
with local inverses of class C'°°. Moreover, the restriction of ¢ to Q0 =
10, +00[x]0, 27r[ xR is injective, thus globally invertible.

1.93 Spherical coordinates. For the transformation ¢ : (p,6,p) —
(7,9, 2) from R? into itself that yields the spherical coordinates

x = pcosfsiny,
y = psinfsin p,
zZ = pcosy

we have

cosfsiny —psinfsing pcosfcosyp
D¢(p,0,¢) = | sinfsing pcosfsing psinfcosy
Cos 0 —psinep

and det D¢)(p, 0, p) = p? sin . Therefore det D(p, 0, ¢) # 0 for all (p, 0, )

in
Q::R3\{(p,9,<p)‘p7é0, © # (2k+ 1), kEZ}:

we conclude that ¢ is locally invertible.

The restriction of ¢ to A :=]0, 00[x]0, 27[x]0, 7[C € is instead injec-
tive with image R® minus the half-plane generated by the z-axis and the
positive half-line of abscissa; thus ¢|a is globally invertible with inverse of
class C*°.

When writing (z,y,2) = é(p,0,¢), (p,0,p) € A, the new variables
p, 0, @ are, respectively, the distance p of (z,y, z) from the origin, the longi-
tude 6 of (x,y, z) measured in radians from the half-plane generated by the
z-axis and the positive half-line of abscissa, and the latitude ¢ measured
in radians from 0 corresponding to the North Pole to 7, corresponding to
the South Pole, see Figure 1.25.
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Pl

y

Figure 1.26. The inversion map.

1.94 The inversion in a sphere. Thisis the transformation that maps
each point P = (z,y) # (0,0) in the plane to the point P’ that lies in the

half-line from 0 through P in such a way that OP- oP =1.Tt maps points
inside the circle 22 + 2 = 1 outside and vice versa. In formula it is given

by ¢ : R?\ {(0,0)} — R?\ {(0,0)},

— x Y
(b(l‘,y)_ (x2+y27x2+y2)5

or, in complex coordinates z = x + iy,

o(z) =1/z.

It is a globally invertible map from R? \ {0} onto itself of class C°° with
inverse of class C*°.

1.95 ¢ Cofocal elliptic coordinates. Show that the map ¢ : Q C R? — R? given
by

(z,y) — (coshz cosy, sinhzsiny)
with domain Q := {(z,y) |z > 0} is locally, but not globally, invertible. Show that its
restriction to Q := {(z,y) |z > 0, 0 < y < 27} is invertible. [Hint: Show that vertical
segments are taken to ellipses with foci at (1, 0) whereas horizontal half-lines are taken
to hyperbolas with the same foci (£1,0).]

1.96 The exponential map. Let f : C — C be the complex expo-
nential map f(z) = e*, or in Cartesian coordinates (u,v) = f(z,y) =
(e cosy, e”siny). Its Jacobian matrix is

Df(z,y) = <e”‘cosy e‘”siny) _ (u v)

—e®siny  e*cosy —v

and its Jacobian is det Df(z,y) = u? + v?> = €%*. Therefore f is locally
invertible with C*° inverses and

Df '(u0)= (“ "’) .

uz+v2 \v  u
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Since f is 2m-periodic in y, it is not globally invertible. However, the
restriction of f to Q := Rx]0, 27[ is injective thus globally invertible, and
its inverse is the principal determination of the complex logarithm, see
[GM2] and Chapter 4.

Vertical segments in 2 are taken by f into circles around the origin,
whereas horizontal lines are taken to half-lines from the origin.

1.4.4 A variational proof of the inverse
function theorem

We give here an alternative variational proof of Theorem 1.89 in which the

fixed point argument is replaced by the Weierstrass theorem.

Another proof of Theorem 1.89. (i) Set L := D f(z¢) and, as usual, denote by ||A]|| the

norm of the matrix A in such a way that |Az| < ||A|||z|, Vz. For all z,y € R™ we have
¢—y=L""Lz—y) hence |z—y| <|[L7M|L(z—y)| (1.56)

On the other hand, the map f(z) — L(z — xo) is of class C! and its Jacobian matrix
D f(z) — L vanishes at z¢. It follows that for any ¢ > 0 there exists a ball B(zo,r) such
that

IIDf = Lllos,B(zo,r) = sup  [[Df(z) — L|| <e
z€B(z0,7)

and, on account of the mean value theorem, for all z,y € B(zo,r) we get

[f(z) = Lz — f(y) + Lyl < IDf — Lllso, B(g,r) |7 — 4yl < €|z =yl

in particular,

IL(z —y)l < |f(z) = f(W)| + elz —y[,Vz,y € B(xo, 7). (1.57)

From (1.56) and (1.57), we easily conclude that for all z,y € B(xq,r) we have

(1=ellL7M) |z =yl < IL7H] £ (@) = FW),

and, choosing e sufficiently small, we can find a constant C' > 0 and a ball B(zo,r) such
that

o= 9l < 1@~ J@)|  Vay € Blao,r). (1.58)

Therefore, f is injective in U := B(zg,r).

(ii) Let us show that V' := f(U) is an open set, i.e., that every y € V has a neighborhood
V(y) such that V(y) C V = f(U). By (i) there is a unique x € U with f(z) = y. We
now observe that, if U(z) is a neighborhood of z with U(z) CC U and T' := 90U (x),
since f is injective and = ¢ T', we have y ¢ f(T'); moreover, since f is continuous, f(I")
is a compact set, hence the distance of y from f(I") is positive. Let

o=, dist (y, f(T),

and V(y) := B(y,o0). We now show that V(y) C V, i.e., that for every y € V(y) there
is © € U(z) such that y = f(z). In order to do that, for any y € V,,, we show that the
function

V(@) :=ly— f(@)?, xe€U(x)

has an interior minimum point in U(z) with value zero. In fact,
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Figure 1.27. Illustration of the proof of Theorem 1.89 in Section 1.4.2.

d(z) =y —y* <o®
while for any x € T’
20 =dist (y, f(T)) <y — f@) < ly—yl+ 1y — f@)| <o+ |y — f(z)]

ie.,
Px) >02  Vazel.

Weierstrass’s theorem allows us to conclude that ¢ has a minimizer x € U(z) with
minimum value less than o2. It follows that = necessarily belongs to U(z) and, by
Fermat’s theorem Dv(z) = 0, i.e.,

2Df(x)(y — f(x)) = 0.

Since det D f(z) # 0 we conclude that y = f(z), that is ¢(x) = 0.

Of course, we can repeat the same argument replacing U with any open set A C U
and V with f(A), concluding that f(A) is open if A is open. In other words, (fjy) ™t is
continuous.

(iii) We shall now show that f~1! is differentiable at every point y € V and that (1.53)
holds.
We set g := ( f‘U)*1 and we assume without loss of generality that y = 0 and
f(0)=0.If L:=Df(0) and for y € V we set = := g(y), we have
9(y) — L'y =a— L7 f(x) = —L7!(f(x) — La).

When y — 0 we have x = g(y) — 0 since g is continuous by Step 2. Moreover, from

(1.58) we have
[f(@)] = |f(=) = F(O)| = C |,
for all z € U hence
lg(y) — 9(0) — L™ (y - 0)| |f(z) = La| _
<L~
[yl If (@)
that yields at once the differentiability of g at 0 with Dg(0) = L~1!.

(iv) Finally, from (1.53) one easily deduces that (f|U)’1 € CY(V) and that (f‘U)*1 is
of class C* (V) if f is of class CF. O

o(|=|)

<l e

— 0 per y — 0,

1.4.5 Global invertibility

Let © C R™ be an open set and let f : Q — R” be of class C'. We have
seen that the nondegeneracy condition det D f # 0 in 2 is equivalent to the
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local invertibility of f and that local invertible maps are not necessarily
globally invertible. Of course injectivity plus local invertibility is equivalent
to global invertibility.

In the category of homeomorphisms, the following theorem holds, see
[GM3, 8.54].

1.97 Theorem. Let ) C R"™ be an open and connected set and let f : Q —
R™ be a local homeomorphism. If [ is proper and f(Q) is simply connected,
then f is injective hence a homeomorphism between Q2 and f(€).

An immediate consequence of this and of Theorem 1.89 is the following.

1.98 Theorem (of global invertibilty). Let Q be an open and connec-
ted set of R™ and let f : Q@ — R™ be a map of class C*(Q), k > 1, with
detDf(x) # 0 for all x € Q. Suppose that f is proper and that f(2)
is simply connected. Then f is globally invertible from Q onto f(S) with
inverse of class C%, and (1.53) holds.

Another theorem of global invertibility is the following one. We state
it without proof since it would need more advanced means.

1.99 Theorem. Let$2 be an open and connected set of R™, let f : Q) — R"
be of class C°(2) N C*(Q), k > 1, with positive Jacobian det Df(x) > 0
Vo € Q, and let g : Q — f(Q) be a homeomorphism from Q onto f(£2).
If f = g on 0%, then f is an homeomorphism from Q onto f(Q), fiq is

globally invertible from Q0 onto f(2) with inverse of class C* and (1.53)
holds.

1.5 Differential Calculus in Banach

Spaces

The notions of directional derivative and of differential easily extend to
mappings between Banach spaces.

1.5.1 Gateaux and Fréchet differentials

The notions of directional derivatives and of differential extend at once to
mappings between normed spaces. But their use is relevant in the setting
of complete normed spaces, i.e., Banach spaces, see [GM3].

In this section X and Y will always denote real Banach spaces.
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1.100 Definition. Let A C X and zy € int A. We say that f : X —
Y is Gateaux-differentiable at xg if there exists a continuous linear map
df(xo) € L(X,Y) such that

lim f(zo + tv) — f(x0)

t—0 ¢ = 0f(x0)(v) Vo € X.

Of (xo) is the Gateaux-derivative of f at xo, and O, f(xo) := Of (x0)(v) €Y
1s the directional derivative of f in the direction v € X.

1.101 Definition. We say that f : A C X — Y is Fréchet-differentiable
at xo € int A if there exists a continuous linear map {y, € L(X,Y), called
the Fréchet-derivative or Fréchet-differential of f at xg, such that

o 170 1) = £ (20) = Loy (W] |y

h—0 [[A]]
e hllx

=0. (1.59)

The Fréchet-derivative at xq is denoted by

f'(zo),  Df(zo)  or  Tuf,
if we want to emphasize its aspect of linear tangent map to f at xg.

When A is an open set in X, we say that f is Gateaux-differentiable (re-
spectively, Fréchet-differentiable) in A if f is Gateaux-differentiable (re-
spectively, Fréchet-differentiable) at every point of A.

When X is finite dimensional, all norms on X are equivalent and all
linear maps ¢ : X — Y are continuous. Thus, when X = R", Fréchet-
differentiability is just differentiability and Gateaux-differentiability is the
requirement of existence of all directional derivatives and of linearity of
the tangent map h — % Therefore the two notions of differentiability in
Definitions 1.100 and 1.101 are different even if X has finite dimension,
X =R", n>2 and Y =R, see Example 1.3.

1.102 9. Prove the following claims.

(i) There exist Gateaux-differentiable maps that are not continuous.
(ii) There exist continuous and Gateaux-differentiable functions that are not Fréchet-
differentiable,
(iii) If f is Fréchet-differentiable at xo, then f is Gateaux-differentiable at zo and the
two differentials agree, Ty, f = 0f(z0),
(iv) If f is Fréchet-differentiable at xo, then f is continuous at zo.

1.103 9. Suppose that f is continuous at zg and that (1.59) holds for some linear map
lyy : X — Y. Prove that £ is continuous and that f is Fréchet-differentiable.

1.104 9. Show the following.

(i) If f : X — R has a maximum or a minimum point at zo and f is Gateaux-
differentiable at xq, then df(xg) = 0.
(ii) Every linear continuous map ¢ : X — Y is Fréchet-differentiable and Ty, ¢ = £.
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Nonlinear Functional SCUOLA NORMALE SUPERIORE
= PISA
Analysis CLASSE oY SCIBNES
G, PRODY . A, AMBROSETTI

ANALISI NON LINEARE

1 QUADERRD

L. T.SCHWARTZ

Mathomarica! Seiences

WNew York University

Noter by

H. Fattorini

R, Nirenberg and H. Porta

with ax adiftional chapter by
Hermann Karcher

GORDON AND BREACH SCIENCE PUBLISHERS
MEW YORK - LONDOM - PARLS e

Figure 1.28. Two volumes on calculus in Banach spaces.

(iii) Let Xi,X2,Y be three Banach spaces and let b : X; X X2 — Y be a bi-
linear continuous map. Show that b is Fréchet-differentiable at every point
x = (z1,22) € X1 X X2 and Tipb(u,v) = b(v1,x2) + b(x1,v2).

1.105 9. State and prove the theorem about Fréchet-differentiability of the composite
of functions, see Theorem 1.22.

1.106 § The Dirichlet integral in dimension one. Consider the function

1
D) = ;/0 ! (8)]2 dt

defined on the functions u in the Banach space C1([0, 1], R) of functions with continuous
derivatives normed by

[lullcr = [|[ulloo,[0,1] + ||Ul||oo,[0,1]~

Show that D is Géateaux-differentiable in C'1([0,1]) and that for all u,v € C*([0, 1])

1
9y D(u) = /0 ! (60 (1) dt.

a. Gradient

Let H be a Hilbert space and let f: A C H — R be Fréchet-differentiable
at xo € int A. Since the linear tangent map 7, f is a continuous linear
map from H to R, by Riesz’s theorem, see [GM3], there exists a vector,
denoted by Vf(zo) € H that represents T, f via the inner product, i.e.,
V f(xp) is defined by

Toof(0) = veV f(xp) Vv e H.
Vf(xo) is called the gradient of f at xo.
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b. Mean value theorem

1.107 Theorem. Let XY be Banach spaces, f : A — Y a Gateaux-
differentiable map in an open set A C X, and x1,x9 € A. Suppose that the
segment joining x1 to xo is contained in A and set r(t) := x1 +t(z2 —x1),
t € [0,1]. Then

72 = s, < sup [[orr@)][,  llez—allx. (160)

L(X,Y)

Proof. The proof is simple if Y is a Hilbert space. In this case, for all £ € L(Y) the real
function

Ft) =<& f(r®) >,  tel01],
is differentiable, and for some 6 €]0, 1[ we have

<& f(z2) = f(x1) >= F(1) = F(0) =< &, 0z, f(r(0)) >

hence

<& fla2) — (m)>\< sup

Haf( () H w2 — 21llx Il 2 (v m)-
01] Y)

Since Y is a Hilbert space, we easily conclude by choosing < &,v >:= (f(z2)—f(x1))ev.

The general case, in which Y is a Banach space, can be treated similarly if we use the
Hahn—Banach theorem, see [GM3]. O

1.108 Integral for mappings C°([a,b],Y). We define the integral of a
map of class C° from the interval [0, 1] into a Banach space Y’

/01 £(2) dt

as the limit of the sums Zfil fri)(tiz1r — t;), 7 € [ti,tiga[, when the
lengths of the intervals of the subdivision tend to zero. This way, the
integral has the same properties of Riemann’s integral, in particular, from

| i F) (e -

we infer

N
] <> Hf(n)( = 1)l = 3D I s — il
=1

H /olf 0 dtH < / s de (1.61)

1.109 Another proof. If f is Fréchet-differentiable, we have

1
f(z2) — f(z1) :/0 f(tre + (1 — t)x1) (w2 — 1) dt.

Thus, the use of (1.61) yields another proof of Theorem 1.107, provided we also assume
(and, as we have seen, this is not necessary) that t — f/(twa + (1 — t)z1)(z2 — 1) is
continuous in [0, 1].

Of course, a consequence of Theorem 1.107 is the analogy of the total
derivative theorem.
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1.110 Theorem. Let X and Y be two Banach spaces, B(xo,7) C X,
r >0, and let f : B(xg,r) — Y be Gateauz-differentiable in B(xo,r). If
x — Oy f as a map from B(xg,r) into L(X,Y) is continuous at xq, then
f is Fréchet-differentiable at x.

Proof. In fact, by applying the mean value theorem Theorem 1.107 to h — o(h) :=
f(zo + h) — f(zo) — f'(z0)h, we find

h)|| = h) — 0, .
le@ill =llo@ oo < __swp 5@, Il

c. Higher order derivatives and Taylor’s formula

Let f:Q C X — Y be Fréchet-differentiable in an open set €2 of a Banach
space X and let f/: Q — L£(X,Y) be the map that associates to z €
the differential of f at x, f'(z) € L(X,Y).

1.111 Definition. Let f : @ C X — Y be Fréchet-differentiable in an
open set Q of a Banach space X . If f' is in turn Fréchet-differentiable,
we say that [ has second derivatives ', f" := (f'); in this case f" defines
a map from Q into L(X,L(X,Y)).

If we observe that £(X, £(X,Y’)) may be identified with the space of
bilinear continuous forms from X x X into Y denoted by L2(X,Y), via
the identification map

Le (X, L(X,Y)) — BeLyX,Y), B(u,v) := (Lu)(v),

we conclude that the second derivative of f is a bilinear form in Lo(X,Y).
Similarly to the finite-dimensional case, we define the derivatives of
order k. The k-derivative is then a k-linear map from X x X ---x X to Y.

1.112 Definition. Let X,Y be two Banach spaces and let Q@ C X be an
open set of X. We say that f : @ C X — Y is of class C* (respec-
tively, of class C*) if f has Fréchet-derivatives up to order k included,
(respectively, of any order), and those derivatives as maps from X into
L(X,L(X,...)...) are continuous.

By induction and as in the finite-dimensional case, one proves the fol-
lowing.

1.113 Theorem (Schwarz). The k-derivative of f € C¥(X,Y) is a k-
linear symmetric form.

1.114 Theorem (Taylor’s formula). Let X,Y be two Banach spaces,
let  C X be an open set of X, and let xy, 1 be two points in Q such that
the segment joining them is contained in Q. If f : Q — Y is of class C*,
then we have
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f(x) = Pe_1(z — zo; 20)

+ (/01 =0 50 1y 4 (1~ 1)(ar — 20)) dt) (z —z0)*

(k—1)!
and
1f(2) = Peo1(z — wo; zo)|| = o(||z — zo|/*)  as z — xo
where
F=1
Pi_1(t;20) := h'f(h)(xo)t(h)
h=1

and t™") is the h-tuple t(") .= (t,t,... t).

1.5.2 Local invertibility in Banach spaces

Going through the proof of Theorem 1.89, it is easily seen that it can be
repeated word by word, replacing D f with the Fréchet-differential to get
the following.

1.115 Theorem (Local invertibility). Let X,Y be two Banach spaces,
Q C X an open subset of X, xg € Q, and f : Q — Y a map of class C*,
k > 1. Suppose that the linear tangent map f'(xo) : X — Y is a continuous
isomorphism, i.e., it is continuous and invertible with continuous inverse.?
Then there exists an open neighborhood U of xg such that, setting V :=
fU), we have

(i) flu is a continuous bijection from U onto V,

(i) (fiu)~':V — U is continuous,

(i) (fu) ! is of class CH(V) and [(fip)"'/'(4) = [(2)] " for ally € V
and x = (fiv) " (y).

1.6 Exercises

1.116 §. When possible compute the partial and directional derivatives and the dif-
ferential of the following functions

2 Actually, the continuity of the inverse of f/(xo) follows from a theorem of Banach
stating that the continuity of the inverse L=! of a linear map L between Banach
spaces follows from the continuity and invertibility of L, see [GM3].
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y%ﬂ;’ £ (2,y) # (0,0),

(z | zo), |l,
Ty 232y,
1422’
% +vy +/Sin(yt2)dt { 2+y if (:E y) 7£ (0 0)9
0 if (z,y) = (0,0),
A, i (2,y) £ (0,0), { A, i (@) # (0,0,
0 lf (Ivy) - (070)7 lf (Z‘ y) (070)7

0 if (z,y) = (0,0),
wv® )2 g 0,0

(L30,:) i @y # (0.0,

0 if (z,y) = (0,0).

1.117 9. Write the equation of the tangent plane at (0, 0) to the graphs of the following
functions

zy, €, (2% +y®)log(z® +y?).

1.118 9. Find the points on the surface z = z* — 4xy? + 6y% — 2 in R? with horizontal
tangent plane.

0 0

1.119 . Write 5 Bf in terms of the components of v and of the second derivatives
v Ov

of f.

1.120 9. Show that, if A € My, n, then |Az| = O(|z|) as z — 0.
1 T

1121 9. Show that H(la|)(z) = ‘(Id i |2) Vz € R", z # 0.
x

1.122 9. Let Q C R™ be open, f € C1(Q) and K C Q be compact. Show that f is
Lipschitz-continuous in K.

1.123 ¢ Peano example. Let ¢(t,z) = (t? — 22)/(t> + 22) and f(t,2) := xtp(z,t).
Show that 5 5
o*f o*f

0,0 0,0

8x6t( )# to ( )

1.124 9. Study the critical points and the graphs of the following functions
3 31y2, 2242,
1

2 2
e ® 7Y sin’z, ,
Va2 +y?

2y% — x(z — 1)%
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Figure 1.29. The graph of two homogeneous functions of degree 1. From the left: (i)
z = pcos(20) and (ii) z = pcos(36).

1.125 9. Let a,b,c € R™. Find the critical points of the following functions (if any)

@=Lt sy TERT e
f(x)=lz—a|+|z—bl+ |z —c|, z € R,
f(@) = |z —al? + ]z —b%> + |z — |2, z € R",
f(z) = max(|z — al, |z = b|, |z — ¢l), z € R".

1.126 9. Find the variation of the intensity of a field E in R3 in time measured by
an observer that moves along the trajectory described by the law x = cost, y = sint,
z=1t.

1.127 9. Let y(z) be a differentiable function such that F(z,y(z)) = 0 Vz where
F(z,y) is a differentiable function, too. Show that

OF
N )
dx or

" e

OF
if 5 (z,y(z)) # 0. Find similar formulas in case yi(z), y2(z), Fi(z,y1,y2) and
Y
Fs(z,y1,y2) are differentiable and

Fi(z,y1(z), y2()) = 0,
Fo(z,y1(x), y2(z)) = 0.

1.128 § Homogeneous functions. Let o € R. We say that f is homogeneous of
degree a, or a-homogeneous, if

fltx) =t f(x) Vao#0andt>0.

Of course, the domain of a homogeneous function is a cone with the origin as vertex;
the origin may or may not belong to the domain of f. Show that
(i) the function f:R2\ {(0,0)} — R, f(z,y) := zgﬁﬂ is 0-homogeneous,
(i) the function f:R3\ {yz —y%? =0} - R, f(z,y,z) = ij;; is homogeneous of
degree —1,
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WSl
Wi

Figure 1.30. From the left: (i) the graph of the 2-homogeneous function z = p? cos(26)
and (ii) the graph of the 0-homogeneous function z =6 = ,"Y

(iii) every quadratic form Q(z) = Az ez =377, A;jzix? is homogeneous of degree

2; hence, if A is positive definite, the function Q(x)®/2 is homogeneous of degree
.

1.129 9 Euler’s formula. Show the following.

Theorem (Euler). Let f be a function of class C' in R™ \ {0}. Then f is a-
homogeneous if and only if

Vf(x)ex = af(x) Vo # 0.

1.130 9 Some useful inequalities. Let A be an open set in R™, g € A, and let
f A — R™ be differentiable at xg. Prove the following claims, see Theorem 1.89.
(i) For any e > 0 there exists a neighborhood Uy, of x¢ such that

|£(@) = f@o)| < (IIDf (@)l +€¢)le—zo| V@€ Us.

(ii) For any e > 0 there exists a neighborhood Uy, of g such that
F@) = FW)| < (IDf@o)ll+€)le =yl ¥,y € U,

iii) If D f(xo) is nonsingular for any € > 0 there exists a neighborhood Uy, of z¢ such
0
that
5@ =101 = (1 Jle-ul  Vayeu
x) — —€) |z — x .
=D s (@o) 1) ! e

[Hint: Notice that, if L = Df(xo), then |s —t| = |L™Y(Ls — Lt)| < ||L™Y||Ls — Lt|.]

1.131 9 Differentiability of functions of matrices. It is also convenient to con-
sider the differentiation of matrix-valued functions via the calculus of functions between
Banach spaces.
(i) Show that the product map, m : My m X Mmn — Mrn, m(A,B) := AB is
Fréchet-differentiable in My m X Mpm,» and

Tiamm(H K) = AK +HB VA, H € My, VB,K € My,
(ii) Using (i) show that m* : My n — Mn 5, mF(A) := AF is Fréchet-differentiable
in My » and
Tam®(H) =) A'HAF 1
i=0
in particular Tqm”(H) = kH.
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(iii) Show that the exponential map exp : My n — My n, exp (A) := > 72, kl!Ak is
Fréchet-differentiable and
= AFHA®

T H)
aexp ( (k4 £+ 1)!

k,£>0
in particular, if AH = HA, we have
Taexp (H) = Hexp (A).

(iv) Noticing that det(Id + eH) =1 + etr (H) + o(¢) as € — 0, show that A — det A
is Fréchet-differentiable in the open set of nonsingular matrices and that

T4 det(H) = (det A) tr (A~1H),

in particular we have T'1q det(H) = tr (H).

1.132 9. Let X be a Banach space. The family of isomorphisms of X denoted Isom (X),
is an open set of £L(X, X), see [GM3, Exercise 1.50 Chapter 9]. Show that the map
inv : Isom (X) — Isom (X) that to £ € Tsom (X) associates its inverse £~ is Fréchet-
differentiable and

Tpinv (u) == — £ Yopor™rt
This formula generalizes the formula D(1/z) = —1/z2. [Hint: Compute first (Tqinv )
using the expansion of the inverse.]

1.133 . Let X and Y be two Banach spaces, €2 an open set in X, and f: Q — Y
an invertible map. Show that, if f and f~! are Fréchet-differentiable respectively, at
zo € Q and f(zo), then (Tf(mo)ffl) = (Tuo f)~ L.

1.134 9. Let f: C°([0,1]) — C9(]0, 1]) be a map of class C'1. Of course, f : C1([0,1]) C
C°([0,1]) — C([0,1]) is also Fréchet-differentiable. Show that the map f, regarded as
a map between the Banach spaces C1([0,1]) and C°([0, 1]), is Fréchet-differentiable.



2. Integral Calculus

The problems of characterizing the class of functions that are Riemann
integrable and of discussing discontinuous functions, in particular of un-
derstanding for which functions the fundamental theorem of calculus is
valid, as well as the need of integrating new functions, led to a new defini-
tion of integral due to Henri Lebesgue (1875-1941). Though the main ideas
of Lebesgue’s integration theory go back to Henri Lebesgue (1875-1941)
and Giuseppe Vitali (1875-1932) at the beginning of the 1900’s, applica-
tions as well as generalizations and extensions followed each other during
the past century giving measure and integration theory a fundamental role
in mathematical analysis.

Here we follow the approach of first introducing Lebesgue’s measure
and accordingly Lebesgue’s integral. In Section 2.1.1 we collect the main
results of the theory without proofs,! and in the following sections we
develop its basic features.

2.1 Lebesgue’s Integral

2.1.1 Definitions and properties: a short
summary

The area of the subgraph of a nonnegative function can be computed in at
least two different ways, see Figure 2.1. We compute the area of trapezoidal
approximations determined by subdivisions of the = axis and then we pass
to the limit when the lengths of the intervals of the subdivision tend to
zero: this leads to Riemann’s integral, compare [GM1]. Alternatively, we
may subdivide the y axis and proceed similarly. In this second case, by
taking equidistributed subdivisions, we may define

1 The reader may find these proofs in, e.g., M. Giaquinta, G. Modica, Mathematical
Analysis: Foundations and Advanced Techniques for Functions of Several Variables,
Birkhauser, to which in the sequel we shall refer to as [GM5].

M. Giaquinta and G. Modica, Mathematical Analysis: An Introduction to Functions 67
of Several Variables, DOI: 10.1007/978-0-8176-4612-7_2,
© Birkhduser Boston, a part of Springer Science + Business Media, LLC 2009
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AN
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Figure 2.1. The integral: on the left Riemann’s approach and on the right Lebesgue’s
approach.

N—o0

b o
. 1
/f(x)dw = lim QNE |Ef jo-~], (2.1)
@ k=1

where
E;y = {x‘f(a:)>t}, t eR,

and |Ey,| denotes the “measure” of Ey ;. Since t — |E | is nondecreasing,
(2.1) defines Lebesgue’s integral of f via Cavalieri’s formula as

b o
Lebesgue/ f(z)dx = Riemann/ |Ef.¢|dt. (2.2)
a 0

However, in order to proceed this way, we need a “good” notion of “mea-
sure” in R™ that allows us to measure rather wild sets as the sets Fy; may
be. This is the role of Lebesgue’s measure.

a. Lebesgue’s measure

An interval I in R™, n > 1, is the product of n intervals, which for conve-
nience we take left-open and right-closed, I = []""_,]a;, b;]. The elementary
n-dimensional volume of the interval I is by definition |I| := [, (b; —a;).
The outer or external measure of an arbitrary subset F of R" is defined
by

o0 o0
L (B) = inf{z | ‘Ik intervals, £ C | J Ik}. (2.3)
k=1 k=1

Of course, L™ defines a map £™* : P(R") — R,. It is easy to see that
L™ extends the elementary volume, in the sense that for every interval [
we have £"*(I) = |I|. Intuitively £L™*(E) is computed by covering F in an
“optimal” way with intervals {I;} and computing the sum of the series of
the volumes of these intervals.

At this point, we would be done were if not for the fact that the outer
measure L™ is not additive: there exist disjoint subsets E, F' of R™ such
that L™*(E U F) < L™ (E) + L™ (F).2 We avoid this by selecting a class
of special subsets, the class of Lebesgue measurable sets, and we define
Lebesgue’s measure as the restriction of L™ to measurable sets.

2 Banach’s paradoz: We can divide a ball in two parts each of the measure of the
entire initial ball.
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2.1 Definition. A subset E C R" is said to be Lebesgue’s measurable or
simply measurable if, given € > 0, there exists a set P. that is the union
of at most a denumerable set of intervals such that

FP.OFE and L(PN\E)<e.

The class of all Lebesque measurable subsets of R™ will be denoted by M.
The exterior measure of a measurable set E is its (Lebesgue ) measure and
denoted by L™(E) or simply by |E|.

Intervals and countable union of intervals, as well as sets for which
L™ (E) = 0, are clearly in M. One can also easily see that the interior and
the closure of an interval, as well as the countable union of open or closed
intervals, are measurable sets. Since every open set is the denumerable
union of disjoint intervals, we then infer that open sets are measurable.
Moreover, though we can show that there exist nonmeasurable sets, see,
e.g., [GM5], one shows that M has the following closure properties and
that Lebesgue’s measure is well behaved on measurable sets.

2.2 Theorem. We have

(i) M is a o-algebra, i.e., if E,F € M, then EUF, E\F and ENF are
in M and, if {Ey} is a sequence of measurable subsets, then UpE}, e
N By are measurable.

(ii) L™ is o-additive, i.e., if E,F C R™ are measurable, then |E' U F| +
|[ENF|=|E|+|F| and, if {Ey} is a sequence of measurable pairwise
disjoint subsets of R™, then

’ U Ek‘ = " |Bxl.
k=1 k=1

(iii) L™ is continuous on nondecreasing sequences of measurable sets, i.e.,
if {Ex} is a sequence of measurable sets in R™ such that Ey C Ej41
Vk, then |Ex| — | Up En| as k — oo.

(iv) L™ is continuous on nonincreasing sequences of measurable subsets
with finite measure, i.e., if {Ex} is a sequence of measurable subsets
such that By, O Eyy1 Yk and if |[E1] < 400, then |Ex| — | Np En| as
k — oo.

For arbitrary sequences of subsets {E}}, one shows:

(i) L7 (UpEr) < 352, L7 (Ex),
(ii) if By C Exy1 Vk, then L™ (Ek) — L (UkEk)

Since open sets are measurable, Theorem 2.2 (i) yields that closed
sets are measurable, too. Finally, one shows that a measurable set is the
countable intersection of open sets except for a set of zero measure. One
also shows that it is a countable union of closed sets union a set of zero
measure, compare [GM5].
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Figure 2.2. Henri Lebesgue (1875-1941) and Giuseppe Vitali (1875-1932).

b. Measurable functions

Starting from Lebesgue’s measure in R™ and from the class of Lebesgue’s
measurable sets M we are now able to build a theory of integration for
functions f : F C R™ — R, where F is a measurable set and R = RU
{+00, —0}.

We begin by selecting the class of measurable functions, with respect
to the L™ Lebesgue measure.

A function f : R" — Ris said to be L"-measurable, in short measurable
when the measure is understood, if for every ¢ € R the set

Epq = f1(Jt, +o00]) = {x €R"

fz) > t}

is L"-measurable. We then say that f : £ C R™ — R is measurable on FE if
FE is measurable and the extension of f to R as —oo outsides E produces a
function f: R™ — R that is measurable. Of course, a continuous function
in R™ is measurable, and actually, if £ C R™ is measurable, a function
f: E — R continuous in F is measurable.

As there exist nonmeasurable sets, there also exist nonmeasurable func-
tions. However, on the ground of the fact that measurable sets form a o-
algebra, one shows that all algebraic operations on measurable functions as
well as taking pointwise limits of measurable functions produce measurable
functions.

Finally, the possibility of approximating in measure a Lebesgue mea-
surable set from inside with closed sets and from outside with open sets

yields the following characterization of Lebesgue measurable functions, see,
e.g., [GM5].

2.3 Theorem (Lusin). Let f : E — R be a function defined on a mea-
surable set E C R™. Then f is L™-measurable if and only if for any e > 0
there exists a closed set F. C R™ such that |E\ F.| < € and the restriction
of f to F. is continuous.
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c. Lebesgue’s integral

We are now ready to define Lebesgue’s integral of a measurable nonneg-
ative function via Cavalieri’s formula (2.2), using Riemann’s integral and
Lebesgue’s measure:

o0
/ f(z)dx ::/ Lz f(z) > t})dt.
E 0

However, we prefer to follow a more direct approach and recover Cavalieri’s
formula later.

Recall that the characteristic (or indicator) function of a subset A of
a set X is defined by

1 ifze A,
xa(z) = ,
0 ifzeX\A

A simple function is a measurable function that assumes only a finite
number of values all of which are finite. We denote the class of simple
functions by S. If a1, as, . .., ai are the distinct values of a simple function
(p, we can write

o(a) = im @, B={o|e@) =a}

where the F; are measurable and pairwise disjoint sets. If ¢ is a simple
nonnegative function, as suggested by intuition, the integral of ¢ is

k
I(p) ==Y a;|E|
j=1

with the agreement that a;|E;| = 0if a; = 0 and |E;| = +o00. The Lebesgue

integral of a generic measurable and nonnegative function f : £ — R is
then defined by

| fa@acn@) (2.9
= sup{[(go) ‘ peS, plx) < f(x)Vx € E, p(x) =0V € EC}.

We also write when necessary [, f(z) dL™(x) instead of [, f(z) dz.

Finally, if f : E — R is measurable (but not of a constant sign) we
decompose f as difference of its positive and negative parts, f(x) = fy(x)—
f—(z) where

f+(£L’) = max(f(x), O)a f,(iﬂ) = max(ff(:r),()),

and we set the following.
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Figure 2.3. Beppo Levi (1875-1962) and Guido Fubini (1879-1943).

2.4 Definition. Let f : E — R be measurable on the measurable set
E C R™. We say that [ is (Lebesgue—)integrable if at least one of the
two integrals | g J+(x)dx and Iz f g [-(x)dx is finite. If f is integrable, its
Lebesgue integral is defined by

/f )AL (x /f+ )dL" (z /f )dL" ().

When no confusion may arise, we write

/Ef(az)da: instead of /Ef(x)dﬁn(x)

Finally, we say that f is (Lebesgue-)summable if both the integrals of fi
and of f_ are finite. We denote the class of summable functions in E by

LY(E).

Of course, [,, ¢(z)dx = I(p) if ¢ € S. Also, notice that the difference
in the definitions of the Riemann and Lebesgue integrals consists merely
in the choice of the class of simple functions: finite combinations of charac-
teristic functions of intervals in Riemann’s theory, finite combinations of
characteristic functions of Lebesgue’s measurable sets in Lebesgue’s theory.

2.5 9. Let f: E C R™ — R be integrable, and let f: R™ — R denote its extension
with zero values outside F. Show that

/ fayde= [ Fla)do
E R™

d. Basic properties of Lebesgue’s integral

The basic properties of Lebesgue’s integral are easily inferred from the
analogous properties of the integral of simple functions using the denumer-
able additivity of the Lebesgue measure and the following approximation
lemma.
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2.6 Lemma. Let f: R"™ — R be a nonnegative and measurable function.

Then, there exists an increasing sequence {ty} of simple functions such
that

Y — [ pointwise, and Y (x)de — f(z)dx.
R’IL R’IL

In this way we can prove the following.

2.7 Theorem. We have

(i) (MonoTonNICITY) If f and g are integrable on E, and f < g, then

[E f(z) de < [E 9(a) da.

(ii) (LINARITY) LY(E) is a real vector space, and the integral as a map
from LY(E) into R is a linear operator,

[ af@ + sa@)de=a [ faydo+5 [ gw)da

for all o, B € R and all f,g € L*(E).
(iii) (CoNTINUITY) If f is integrable on E, then

[ r@is|< [ 7@

(iv) (BEPPO LEVI THEOREM) Let E be a measurable set, let f, : E — Ry
be an increasing sequence of nonnegative and measurable functions in
E, and let f(z) := limg_,o fr(x) be the pointwise limit of { fr}. Then

we have
/Ef(x) dx = kEIJPoo /E fr(x) de.

Beppo Levi’s theorem is also referred to as the monotone convergence
theorem for nonnegative functions.

The following claims are easy consequences of the above.

(i) If f is integrable on E, | f(x)| < M for all z € E and |E| < 400, then
f is summable on E and [, |f(z)|dz < M |E|.

(ii) f e £'(E) if and only if f is measurable and [, |f(x)|dz < +o0.
(iii) If E and F are measurable sets, and f is integrable in F' U F, then

/Ef(x)dqu/Ff(x)dx: EUFf(m)der Ean(x)dx.
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e. The integral as area of the subgraph

The Lebesgue integral can be equivalently defined as the area of the sub-
graph or via Cavalieri’s formula. In fact the following holds.

2.8 Theorem. Let f: E C R"™ — R be a nonnegative function. Then, f
is measurable on E if and only if its subgraph

SGy g = {(x,t) ‘x el 0<t< f(m)} c R

is a measurable subset of R"'. Moreover,
/ f(x)dz = L™ (SGy ). (2.5)
E

2.9 Theorem (Cavalieri’s formula). Let f : E C R” — R be a non-
negative measurable function. Then

+o0
/Ef(x)dx:/o L"{z € F| f(z) > t})dt.

f. Chebyshev’s inequality

Let f: £ — R be measurable in £ C R™ and nonnegative. Set Fy, :=
{z € E| f(x) > t}. From the monotonicity of the integral we infer

< ! f(z)dx YVt >0 (2.6)

|Epe] <
t Ef,t

which for its wide use in several contexts has got various names: weak esti-
mate, Markov’s inequality, Chebyshev’s inequality. It estimates the “size”
of f in terms of the integral of f. The nondecreasing function ¢t — |Ey ]|
is called the repartition function of f.

g. Negligible sets and the integral

We say that the predicate p(z), © € E C R™ is true for almost every x € E,
or almost everywhere in E (in short a.e.), if the Lebesgue measure of the
set

{x ek ’p(x) is not true}

is zero. For instance, if f: £ C R™ — R is a function, we say “f = 0 a.e.
in E” or “f(z) = 0 for a.e. x € E” if L"({z]| f(x) # 0}) = 0. Similarly,
we say that “|f(z)] < oo a.e. in E” or “|f(z)| < oo for a.e. x € E” if

L"({x]||f(z)| ¢ R}) = 0. From the denumerable additivity of the Lebesgue
measure we can easily deduce the following.
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Ey

Figure 2.4. The slice E; of E over x.

2.10 Proposition. We have

(i) If f : E — R is summable, f € LY(E), then |f(z)| < +o0 for a.e.
reL.

(ii) If f : E — R is nonnegative, then [, f(x)dx = 0 if and only if
f(x) =0 for a.e. x € E.

Let f: E C R™ — R be measurable. The essential supremum of f is
the number (possibly +00) defined by

[|f|loo,r = esssup f := inf{t eR ‘ f(z) <tforae. x€ E} (2.7)
E
Of course, ||f||co,z = supg | f(z)| if f is continuous on E, and

/E F@)dz < |[fles Bl Ve LE).

h. Riemann integrable functions

The Lebesgue integral extends the Riemann integral. In fact, (generalized)
Riemann integrable functions are Lebesgue integrable and the Lebesgue
integral and Rieamnn integral of one of these functions agree, see [GM5].
This remark gives us a way to compute the Lebesgue integral of a large
class of functions. For instance,

' o g
/ dr = 400, / , dr =, etc.
0o T oo 1tz

On the other hand, the long-standing problem of characterizing Riemann
integrable functions was solved by Giuseppe Vitali (1875-1932) in terms of
Lebesgue integral: A bounded function f : [a,b] — R is Riemann integrable
if and only if it is L' -almost-everywhere continuous.
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2.1.2 Fubini’s theorem and reduction to
iterated integrals

2.11 Example. Let E be a subset of R? whose coordinates are denoted by (z,y). For
every z € R, we define the slice of E at = (actually the projection of) by

By = {yER‘(x,y) e E}.

If E =]a, b]x]c,d], then

0 otherwise.

B, = {]c, d] if z €la,b],

In particular |E;| = 0 if ¢ ¢]a,b] and |Ez| = d — c if « €]a, b]; consequently
b
(o xled) = (b - a)d — o) = [ |Es] .

Fubini’s theorem extends the remark of the previous example to arbi-
trary measurable subsets of Euclidean spaces. Split the coordinate vari-
ables in R™t* in two groups, for instance the first n coordinates and the
remaining ones, which we denote by € R™ and y € R* respectively, so
that (x,y) denotes the coordinate variables in R"**. Let E be a subset of
R"** and for 2 € R, let

E, = {yeRk’(m,y) GE}

denote the slice of E over x (projected into the coordinate space R¥), see
Figure 2.4.

2.12 Theorem (Fubini). Let E C R"™* be L7 F-measurable in R"F.
Then the following hold:

(i) For a.e. z € R" the set B, C R* is L*-measurable.
(ii) The function x — LF(E,) is L"-measurable.
(iii) We have

LMR(E) = / ) LE(E,)dL™ (z).

A very useful variant of Fubini’s theorem is the following theorem that
provides a formula that allows us to compute a multiple integral as the
iteration of simple integrals.

2.13 Theorem (Reduction to iterated integrals). Let f : E — R,
E C R** be an L™ *-integrable function. Then

(i) for a.e. x € E the function y — f.(y) := f(x,y) is LE-integrable in
E,
(i) the function x — fET f(z,y) dy is L™-measurable,
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(iii) we have

/f z,y) dL"E (z,y) / (/ f(z,y)dck (y ))dﬁ”(m).

We emphasize the fact that the only assumptions in the previous the-
orems are the £"** integrability of f in E in Theorem 2.12 and the
L7 T*_measurability of F in Theorem 2.13. We recall once again that f
is integrable in F in each of the following cases:

(i) f is measurable and has constant sign;
(ii) f is summable in F; this happens in particular if f is measurable in
E, |f] is bounded, and |E| < +o0.
We observe that Theorem 2.13 reduces in particular the calculus of a

double integral to successively computing two simple integrals, the order
being irrelevant.

//Ef(%y)dxdy:/_j(/& f(m)dy) da
//Ef(m’wdxdy:/j(/,ﬂy f(w)dx) dy

where

E, = {yER""(m,y) eE}, E, = {xeR”

(x,y) € E}

Of course, Theorem 2.13 can be used iteratively, thus reducing the calcu-
lus of the integral of an integrable function of n-variables to successively
computing n integrals in one variable, the order of them being irrelevant.
In other words we can also state the following.

2.14 Theorem (Tonelli). Let f : E C R?> — R be integrable in E. Then,
the three integrals

/ f(,y) ALz, y),
E

/Rn (/E f(z,y) dﬁk(y)> dc"(x), /R (/E f(z,y) dﬁ"(x)) ac™(y)

exist and are equal.
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2.1.3 Change of variables

The exterior Lebesgue measure £™* is invariant under isometries; even
more, if T : R®™ — R"” is linear, then T" maps L™-measurable sets into
L™ -measurable sets, and

Lr(T(E)) = |det T| £ (E),  VE CR™, (2.8)

in particular, linear maps map set of measure zero into sets of measure
zero. Lipschitz-continuous functions, and consequently C' functions do
the same, however continuous functions do not; in fact, continuous maps
may map null sets into sets of positive Lebesgue measure.

The formula (2.8) extends to diffeomorphisms, i.e., one-to-one trans-
formations of class C! with inverse of class C!, as follows.

2.15 Theorem (Change of variables). Let A be an open set in R",
and let ¢ : A — R™ be a map of class C'. Then ¢ maps measurable sets
into measurable sets and megligible sets into negligible sets. Moreover, if
E C A is measurable, and ¢ is injective in E, then:

(i) We have
c"<¢<£»>::l/;|detl>w<x>|dx.

(ii) If f : p(E) — R is any function, then f is integrable on ¢(E) if and
only if v — f(e(x)) | det Dy(x)| is integrable on E and

ﬂw@=/fWWH®ﬂm@mx
w(E) E

Notice that there is no need to assume det Do(x) # 0, yet another relevant
consequence of the Lebesgue integrability.

2.1.4 Differentiation and primitives

Let f,g : R™ — R be two nonnegative and measurable functions. Of course,
[, f(@)de = [, g(x)de VA C R™ if and only if f(z) = g(z) a.e. z € R™.
Is there a way to characterize f(z) in terms of integrals, or more precisely
in terms of the map A — fAf(:c) dxz? The theory of differentiation of
integrals answers this important question in measure theory.

Recall that, if f : R — R is continuous, then the integral mean value
theorem yields

xo+r
f(zo) = lim ! / ft)dt Vxo € R.

r—0 27" Zo—T

We also have the following.
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Figure 2.5. T'wo classic books on Lebesgue’s integration.

2.16 Theorem (Lebesgue’s differentiation). Let f: R™ — R be such
that [ |f|Pdz < +oo for some 1 < p < 4oc. Then, for a.e. x € R" we

have
1

\fy) = f@)Pdy—0  asr—0F;
[B(20,7)| JB(wo,r)
in particular, for a.e. x € R",

1

[B(, )| /B, fly)dy — f(z)  for a.e. x € R™

Notice that if f € £!(E), E being measurable in R, by applying the
previous theorem to the function

~ f(z) ifxekE,
0 ifx e B¢

we get that for a.e. z € E
1

|f(y) = f(z)[P dy — 0 asr — 07;
|B($Q,’I‘)| ENB(xg,r)

in particular, for a.e. z € R",

1

|B($, T)| ENB(x,r)

f(x) forae. x€kFE,
0 for a.e. z € E°.

ﬂ@@ﬁ{
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2.17 Example. If f € £1(] — 1,1]), then for £1-a.e. z €] — 1, 1[ we have

1 [t
lim fly)dy = f(z).

r—0 2r _r

2.18 Definition. Let f : E C R™ — R be summable in E. We say that a
point x € E is a Lebesgue point for f if there exists A € R such that

1
lim fly) = Aldy — 0. 2.9
M 1B )| Jenn T TN 2.9)

The set of Lebesgue points is then denoted by L;. Moreover, the value
A = A(z) such that (2.9) holds is unique and it is called the Lebesgue value
of f at the Lebesgue point = of f. Therefore, we have a map A : Ly — R
that is called the Lebesgue representative of f and, with these notations,
the Lebesgue differentiation theorem, Theorem 2.16, reads as follows.

2.19 Theorem (Lebesgue’s differentiation). Let f € LY(E) and let
Ly be the set of Lebesgue points of f. Then E \ Ly has zero Lebesque
measure, L™ (E\ L) = 0.

2.20 Asymmetric differentiation. In the differentiation theorem, The-
orem 2.16, we can replace balls with cubes, and actually differentiate with
respect to bounded sets A such that for instance

AC B(0,100),  |A| =¢|B].

For x € R™ and r > 0, we set A, = x + rA. Trivially A, , C B(z,100r)
and |Ay | = r"|A| = er™|By| = ¢|B(z, 7).

Theorem. Let f : E C R" — R be measurable with [, |f|Pdx < co for
some 0 < p < 4o0. Then for a.e. x € E we have

1

|A | " |f(y) — f(x)Pdy — 0 asr — 0t.
xz,r| JENA, ,

Example. If f € £L1(R), then for a.e. z € R we have

T 0
lim 1/0 f(y)dy=rlirél+ilrf(y)dy:f(x)

r—0t+t 7

and also
107

im [ @) dy = f@).

r—0+ 8 Jo

We conclude by collecting a few relevant consequences of the differen-
tiation theorem.
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2.21 Theorem (Vitali). Monotone real-valued functions f : R — R are
a.e. differentiable in the classic sense. Moreover, h' € L((a,b)) Va,b € R,
I’ is nonnegative if h is nondecreasing and

0< /y B (t)dt < h(y) — h(z) Vo <y.

A function f : R — R is said to be absolutely continuous if for any € > 0
there exists 6 > 0 such that >, [f(2r) — f(yk)| < € whenever {z;} and
{yr} are such that Y72 | |2, —yx| < §. Trivially Lipschitz-continuous func-
tions are absolutely continuous, absolutely continuous functions are con-
tinuous, and there exist functions that are continuous but not absolutely
continuous. A celebrated example is the so-called Cantor—Vitali function,
see [GM5]. We have the following.

2.22 Theorem (Vitali). A function [ : [a,b] — R is absolutely contin-
uous in |a,b] if and only if f is a.e. differentiable in [a,b], f' € LY ([a,b])
and

/y Wt dt = h(y) — h(z) Vo€ lab, o<y, (2.10)

The above implies that Lipschitz-continuous functions from R into R
are a.e. differentiable and that the equality (2.10) holds for them. For
Lipschitz-continuous functions of several variables we state the following.

2.23 Theorem (Rademacher). Every Lipschitz-continuous function f :
R™ — R s differentiable in the classic sense for a.e. x € R™. Moreover,
the components of the map x — D f(z) are measurable and

IDf (@)oo n = Lip (f)-

2.2 Convergence Theorems

In many respects and especially for the applications, the main results of
Lebesgue’s integration theory are contained in Beppo Levi’s monotone
convergence theorem, Theorem 2.7 (iv), and in Proposition 2.10. In this
section we discuss some important, useful consequences.

a. Monotone convergence

First we state in a more general form Beppo Levi’s theorem, weakening
the positivity assumption and taking advantage of the fact that a.e. equal
functions have the same integral.
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Come giii in altra min nota (*), nei diremo che un grappo
di intorvalli presi sopra una medesimn retta & un gruppo di
interealli distinti, quando dae qualsianst di questi intervalli non
bunne punti interni comuni, od ampiczra di wn groppo di inter
ralli In somma dello hinghezze dei singoli intervalli del gruppo.

Sia Fir) unn funzione fnita della variabile reals = in un
intervalle (o, 8), &l a<b

S0 (o, B) & on intervalle parziale di (o, 8), od aCe<8<#,
noi hiamoromo iucreaents di Fix) in (a, 3) la. diffsrenza FIg) — Fla),
Dicvmo poi inerementa di Fix) in wm gruppo di intercalli par-
zinli @i (o, b) disinti In sommn, =0 & detorminatn ¢ finita,
degli incrementi di Fir) ne rali intorvalli,

Se por agni numero 0 >0 osiste un numera @0 tale che
sia minore di o il modulo dell'incromento di Fl) in ozni grappo

Sul problema della misura
dei qrappi di punti di una retta

NOTA

&. WITALTI

di ampiczza minore di w di intervalli parsinli di (o, &) distinti,
i diri che Flr) & oosoldufaments conbinur,

Infine direwso cho Fiz) & in (s, b) war funzione integrale se
© soltanto =a esiste in o, &) oea funzions fiz) finita e sommn-

bile [**), per cui Flr) — }'lui=l.:,|'lz_m'1, per ogni r tale ehe

a=zr<h X
Io dimostrorh che: SN
CONDIIONE NECESSARIA T SUPFICILNTE PERUIE UXA FUSEIONE T

Flz) sia 1% (4. 8) USa FUNZIONE IXTRGRALE E CHE ESSA 814 ASS0-
LUTAMEXTE CONTINUA 15 (a, b).

1) 05, Viwane, Sui grappi dd punte, § 2° Hewd, del Circoln matess b

BOLOG N
4 11 simbelo | {integrale) sono sests I OAMBENINE K PAIUSINUANL

‘intégration ¢to. par Hom Lesss

1905

Figure 2.6. The first page of the paper Sulle funzioni integrali, Acad. Sci. Torino 1905,
by Giuseppe Vitali (1875-1932) and the frontispiece of the paper, again by Giuseppe
Vitali, where for the first time the example of a set that is not Lebesgue measurable is
presented.

2.24 Theorem (Beppo Levi). Let {fi} be a nondecreasing sequence of
integrable functions on E C R™ such that fi(x) — f(z) for a.e. x € E.
If there exists a function ¢ € LY(E) such that fi(z) > ¢(z) for all k and

a.e. ¢ € E, then
/ f(z)dx = lim / fr(z) de.
E k—o0 B

Proof. We apply Beppo Levi’s theorem to the nondecreasing sequence of nonnegative
functions {fr — ¢} to get

[ (@) = s do— [ (7(@) - o(a)) do.
E E

The result then follows on account of the fact that ¢ has finite integral. O

2.25 9. Notice that the assumption fr > ¢, ¢ € L1(F), that is, the assumption that
the lower envelope of the fl’ﬂs is summable, cannot be omitted, as shown by the sequence

-1 ifz >k,
fr(z) =

0 otherwise.

As a trivial consequence of Beppo Levi’s theorem we can state the
following.

2.26 Corollary (Total convergence of series). Let f, : E — R, k =
1,2..., be nonnegative measurable functions on E. Then
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Figure 2.7. Frontispiece of the first edition of the treatise on integration by Henri
Lebesgue (1875-1941) and a page from the second edition of 1928.

[ sty o= g/ﬁ(” .

k=1

2.27 Corollary. Let fr: E — R, k=1,2,... be measurable functions on
E. If {fx} is nonincreasing and there exists ¢ € LY (E) such that fx(z) <
o(x) for all k and a.e. x € E, then

/ lim fr(z)de = lim [ fi(x)dx.

2.28 4. Notice that the assumption fi < ¢, ¢ € L}(FE) cannot be omitted as shown
by the sequence

1 ifx < —k,

Te(®) ==

0 otherwise.

2.29 €. Let f: E — R be integrable on E and let {E}, k =1,2,..., be a sequence of
denumerable pairwise disjoint measurable subsets such that E = U E. Show that

/Ef(x)dx:kz::l o f(z) dx.

b. Dominated convergence

2.30 Lemma (Fatou). Let {fr} be a sequence of nonnegative and mea-
surable functions on E. Then
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/ liminf fi(z)dx < liminf/ fr(x) dz
g k—oo k—oo Jg

Proof. The functions gn(x) := infy>, fr(x), are nonnegative, measurable on E, and
form a nondecreasing sequence; moreover
0 < gn(2) < fr(2), k>n, liminf fi(z) := lim_gn(z).

Thus fE gn(z)de <infg>, fE fx(z) dz, and we infer, using Beppo Levi’s theorem,

/hmmffk(ac)dx* lim /gn z)dz < lim_ mf/fk(ac)dxf hmlnf/ Fi(x) da.

O

As previously, we can weaken the positivity condition to get the fol-
lowing result.

2.31 Corollary (Fatou lemma). Let {fi} be a sequence of integrable
functions on E and let ¢ € L*(E).
(1) If fr(x) > ¢(x) for all k and a.e. x € E, then

k—o0

/hmlnffk( ) dx <hm1nf/ fr(x
E

(ii) If fx(z) < @(x) for all k and a.e. x € E, then

limsup/Efk(x) dx S/Elimsupfk(x) dx.

k—oo k—o00

2.32 Theorem (Lebesgue dominated convergence theorem). Let
{fr} be a sequence of measurable functions on E C R™. If

(i) fr(x) — f(x) for a.e. x € E,
(ii) there exists ¢ € LY(E) such that |fr(z)] < ¢(z) for all k and a.e.
ekl

then

[ 1) = s@)ldo 0.

/E ful) do — /E f(x) do

Proof. By the assumptions |fx(z) — f(z)| — 0 for a.e. z € E and |fi.(z) — f(z)| < 2¢(z)
for all k and a.e. z € E. Fatou’s lemma, Corollary 2.31 (ii), then yields

limsup/ [ fr(z) — m)\dm</ hmsup|fk(x)ff(a:)|dm:/ 0dx = 0.
E

k—oo k—oo

i particular

The second part of the claim follows since

/E fil) da — /E f(z) da /E (fi(e) — f(2)) de

< [ @) - f@) da.
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2.33 9. Notice that the assumption (ii) amounts to requiring that the envelope of the
functions |fx|, defined as ¢(x) := supy, |fx(x)| is a summable function on E. Notice that
(ii) cannot be omitted as it is shown by the sequence

kE if0<xz<1/k,

0 otherwise.

Jr(z) =

Finally, we state the following important convergence theorem for series
of functions.

2.34 Theorem (Lebesgue). Let {f,} be a sequence of measurable func-
tions on I such that

| fr(2)] d2 < 400.
> ).

Then the series of functions Y - fn(x) converges absolutely for a.e. x €
E to a function f € LY(E) and

/E’f(x)zp:fk(x)’dxeo p — . (2.11)
k=0

In particular, -
dxr = dx.
| fads Z;/Efm) .

Proof. For all € E, we let g(x) € Ry be the sum of the series 22, |fr(x)| with
positive terms. From Beppo Levi’s theorem and the assumptions we have

/Eg(x)d:U:I;)/E\fk(l‘)|da}<+oo.

Hence g is summable on E. Proposition 2.10 yields g(z) < 4oo for a.e. © € E. Therefore,
for these z the series Y 2 fr(x) converges absolutely to a real-valued function f(z) :=
> heo fr(x) and for all integers p > 1 we have

1> A@| <X @, (212)
k=p k=p

hence

If @) <D |fx(@)] = g()

k=0
for a.e. x € E. This yields f € £L1(F). Integrating (2.12) we also infer

p—1 ) S oo
/E\f(mszzjofk(m\dm:/]ﬂ];Jfk(m\dms/];’;\fk(m)\dx:’;/Emm\dx,

hence the first part of the claim, when p tends to infinity. The second part easily follows

\/Eﬂm)dxléj_:/Efk(m)dx s/E\f(mZiéfk(x)\dwo as p — oc.
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c. Absolute continuity of the integral

2.35 Theorem (Absolute continuity of the integral). Suppose f €
LY(E). Then for every ¢ > 0 there exists § > 0 such that for every mea-
surable subset F C E with |F| < & we have [, |f|dx < e. Equivalently

/f(m)dx—>0 as |E| — 0.
B

Proof. Let € > 0. We set

k if f(x >k,
fe(@) = flx) if —k< f(z) <k,
—k if f(z < —k.

Trivially |fx(z) — f(z)| — O for every z € E as k — oo, and |fr(z) — f(z)| < 2|f(z)| €
LY(E); the theorem of dominated convergence, Theorem 2.32, then yields that there
exists N = N. such that

[ 11w = @)l de < /2.

E
We now choose § := ¢/(2N); clearly for any F' C E with |F| < § we find

[in@lae < NIFI<N | =2
F N

hence

Js@ids < [ ipv@ldet [ 11 pvlae< § 4] =

2.36 9. Let f be summable in R™. Show that the function
F(z,7) ::/ F() de, rzeR™ r>0,
B(z,r)

is continuous on R™ x [0, +-o0].

d. Differentiation under the integral sign

Let E be a measurable set in R™ and let A be an open set in R¥. If f(¢,z)
is a function defined in A x E and integrable on E for each fixed t € A,
we may consider the function

F(t) := /Ef(t,x) dz, te A

2.37 Proposition. Let A C R be open and E C R™ measurable. If f :
A x E — R is such that

(i) for a.e. x € E the function t — f(t,x) is continuous on A,
(ii) YVt € A the function x — f(t,x) is summable on E,
(iii) there exists ¢ € L1(E) such that

|f(t,2)] < é(x) forallt € A and a.e. x € E, (2.13)
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then the function
F(t) ::/ f(t,x)dx, teA,
E

18 continuous on A.

Proof. Let tg € A and let {t;} be a sequence in A converging to to. If g (z) := f(tg, z),
then gi(z) — f(to,z) as k — oo for a.e. # € F and |gi(z)| < ¢(z) € LY(E) for all k
and a.e. x € E. The dominated convergence theorem, Theorem 2.32, then yields

F(tk)=/Ef<tk,x>dx=/Egm)dw/Eﬂto,z)dx:F(to),

i.e., the conclusion since the point to and the sequence {t;} were arbitrary. O

2.38 9. Notice the following:
(i) The hypotheses of Proposition 2.37 hold if A and E are bounded domains and
feC(AxE).
(ii) Consider the family of functions x — fi(x) := f(¢,z) when t varies in A. The
estimate (2.13) amounts to the summability of the envelope h(x) := sup;¢ 4 | ft(2)]

of the family {|ft(z)|}tea-
(iii) The assumption (2.13) cannot be omitted. Indeed, if

[tl=lz|
Ft o) = { 2 if |z] < ¢,
0 if |z| > ¢,
we have F(t) =1 for t # 0 and F(0) = 0.
The following claim is a simple extension of Proposition 2.37.
2.39 Proposition. Let A C R* be open and let f : Ax]c,d[— R be a
function such that

(i) = — f(t,x) is summable for allt € A,
(i) t — f(t, ) is continuous on A for a.e. x,
(iii) there exists ¢ € L'(Jc,d]) such that |f(t,z)| < ¢(z) for all t € A and
a.e. x €)c,d],

Then the function F : Ax]c,d[x]c,d[— R defined by

F(t,r,s):= /S ft,x)de

is continuous on Ax]ec,d[x]c,d].
Proof. Let t,t9 € A and r,s,70, so €]c,d[. According to Proposition 2.37 we have
F(t,ro,s0) — F(to,r0,s0) = o(1) as t — to

while

|F(t,7.5) — F(t,r0,50)| < \/ (b 2)] | + \ [ vala
o 50

< ‘/T:m)dx ='/Sz¢<x)dx

= o(1),
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uniformly in ¢t as 7 — ro and s — so by the absolute continuity of the integral, Theo-
rem 2.35. Therefore we conclude

|F(t,7,s) — F(to,70,50)|
< |F(t,r,5) — F(t,0,50)| + |F(t, 0, 50) — F(to,70,50)| — 0

as (t,T, S) - (t07r0750)' o

Now let us state the theorem of derivation under the integral sign.

2.40 Theorem. Let A C R* be open and E C R"™ be measurable. Denote
by t = (t1, ta,..., tr) and x = (21, xa,..., Tp) the coordinates in A and
E respectively. Suppose that f : A x E — R, f = f(t,x), satisfies the
following:

(i) @ — f(t,x) is L™-summable on E for all t € A,
(i) f has a partial derivative in the variable t; at (t,x) for all t and for
a.e.r € F,
(iii) there exists ¢ € L1 (F) such that

a:)‘ < ¢(x) forallt € A and a.e. x € E. (2.14)

:/ f(t,x) dx, te A,
E

has a partial derivative with respect to t; at t for allt € A and

OF [ Of

‘atj t

Then the function

(t,z) dx vVt e A.

Proof. Let tg € A and let t;; — to. Since A is open, we assume without loss of generality
that t; € B(to, ) for some § > 0. We have
F(ty) — F(to) / f(t, @) = f(to,2)
tk —to t —to

Also 5
tr, ) — f(to,
UUREY f(Ox)—> f(to,ac) as k — oo
tr —to ot
for a.e. x € F, thus gtf (to,x) is measurable on E. Applying Lagrange’s theorem and

the assumption (iii), we find fk € A such that
‘f tr, @) — f(to,

k—to

D =1% @) < 6@

for all k and for a.e. x € E. Therefore, the dominated convergence theorem yields that
T — %{ (to,z) is summable on E and that

F(tg) — F(to) _ f (tk, ) — f(to, ) of
k—to te — to dxH/Eat(to,:v)dac,

i.e., the conclusion, since the point ¢y and the sequence {tj} were arbitrary. m]
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2.41 Corollary. Let A C R¥ be open and let f : Ax]e,d[— R be a con-
tinuous function such that

(i) forallt € A, x — f(t,x) is summable on |c,d|,
(ii) t — f(t,z) is of class C*(A) for a.e. x €]c,d],
(iii) there exists ¢ € L'(]c,d|) such that

k. of
Z ot (t,x)‘ <g(x) for all t and a.e. x €]c,d],
J

Then the function
F(t,r,s) ::/ flt,x) dx

is of class C1(Ax]c,d[x]c,d[). In particular, if o, 3 € C*(A) take value in
le,d|, then the map

B(t)
Glt) = / , S

is of class C1(A) and, for j =1,...,k we have

op Oa

B(t)
o 0= [ o) s e a0 ) )= sit.at) o 0

Proof. Theorem 2.40 yields the existence of the partial derivatives of F(¢,7,s) with
respect to the t’s variables, which are continuous by Proposition 2.39. On the other
hand, by the fundamental theorem of calculus,

oF oFr

9s (tv L) s) = f(tv 5)7 or = 7f(tv T)

that are continuous by assumptions. Thus F (¢, 7, s) is of class C'(Ax]e,d[x]e,d[). The
chain rule yields the second part of the claim, since

G(t) = F(t,a(t), B(t), Vi€ A.

2.3 Mollifiers and Approximations

a. CY-approximations and Lusin’s theorem

From Theorem 2.3 and Tietze’s extension theorem, see [GM3], we readily
infer the following.
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2.42 Theorem (Lusin). Let f : E C R" — R be measurable on E. For
every € > 0 there exists a continuous function g. : R™ — R such that

c({zeB|f@#g@)) < amd gl < Ifllnr

Moreover, if f =0 outside an open set S of finite measure, then for every
€ > 0 there exists a function g € C2(Q) such that

Hz € Q[f(@) #g()} <6, and  [gllocn <[l 0

Proof. Theorem 2.3 yields a closed set C C E such that f|c is continuous and L™(E\
C) < e. By Tietze’s theorem fic admits a continuous extension g : R™ — R with

llglloo,rn < sup, @) = llflloo,c < I flloc,E
and, since {z € E| f(z) # g(z)} C E'\ C, we have

H:UGE‘f(ac) #g(:v)}‘ <e.

The second part of the claim can be proved similarly. Since 2 has finite measure,
Lusin’s theorem, Theorem 2.3, yields a compact set K CC 2 such that |Q\ K| < € and
fx is continuous. If €9 > 0 is such that K CC Q¢,, where

Qe = {ac cQ ‘ dist (z, Q) > 60},
the function f: K UQ¢ — R defined by

f(z) =z €K,
0 se x € g,

f(@) =

is continuous on the closed set K U Qg , hence by Tietze’s extension theorem admits a

continuous extension to the whole of R™ with
llglloo,rn < {1 Flloo, 0, uk < 1[0,

Clearly g € C2(Q) and, since {z € Q| f(x) # g(x)} C Q\ K, we conclude that

Hwe A‘f(w) #g(:v)}‘ <e.

As a consequence we find the following.

2.43 Theorem. Let © be an open set in R™ and let f : Q@ — R be
summable on Q). There exists a sequence {p,} of functions of class C2(£2)
such that

/ |f(z) — on(x)|dz — 0 as n — oo.
Q
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Proof. It suffices to show that for any € > 0, there exists g € C2(€2) such that [, |f—g| <
2¢. Given € > 0 we choose N large so that, by setting

N if f(x) > N and |z| < N,

f(x) if |[f(z)] < N and |z| < N,

—N if f(z) < =N and |z| < N,

0 if]z| > N,

In(z) =

we have [, |f — fn|dx < e. This can be done since [, |f — fn|dz — 0 as N — oo by
the dominated convergence theorem.
According to Theorem 2.42 there exists a function g € C2(Q) such that

llolloe < Ilivlleo <N and  |{z € 2[g(@) # fn ()} < -

Consequently we find

[Ur=gldos [ 17 = puldo+ [ Ify —gldn<etan | =2
Q Q Q 2N

2.44 Proposition (Mean continuity). Let f € LY(R™). Then

/ F@+h)— f@)de—0  ash—0.

Proof. (i) If f € C2(R™), spt f C B(0, R), and |h| < 1, we have
|f(x+h)— f(z)] —0 forallz € E
[f(z+h) — f(@)| <2/|flloxB(0,R+1) (T)-
Therefore, in this case, the claim follows from the dominated convergence theorem.

(ii) In the general case we proceed by approximation. Given ¢ > 0, there exists g €
CY(R™) such that [, |f — g|dz < e. Since

L@+ —f@lde < [ o) —g@lda+2 [ 1f -gldo

when h — 0, by (i) we conclude

limsup/ |f(z+h) — f(z)|dz < 2e.

h—0
m
b. Mollifying in R™
A function k(z) € C*°(R™) such that
k(x) =k(—x), k(z)>0, k(x)=0if|z]>1 and kE(x)dx =1,

R

is called a mollifying (or regularizing) kernel. The family

ke(z) = e’"k(f), >0,
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-
!

-1 1—-61 1496

Figure 2.8. The function [ x[—1,1](¥)X[—s,6)(x —y) dz, § < 1.

is the family of mollifiers generated by k. Clearly k.(z) = kc(—x), ke(x) >
0 and k.(z) = 0 outside B(0,€). Moreover, by the change of variables
y = /e,

ke(y)dy =1 Ve > 0.
R’!L

2.45 Example. The function ¢(z) := g(|z|), = € R™, where

— 1 1
() = {exp( 1_‘1‘2) if |z| < 1,

0 otherwise
is symmetric, nonnegative, of class C*°(B(0, 1)), and nonzero exactly on B(0,1). Con-
sequently, if

C = p(z) dz,

RTL
the function k(z) := é,(p(;v) is a mollifying kernel in R™.
A function f: R™ — R is locally summable and we write f € L} _(R™),

if f € L1(A) for any bounded set A C R™. If f is locally summable in R",
the function

fe(x) = fxke(z) = - ke(x —y)f(y) dy

is called the e-regularized, or e-mollified, of f, and the operators Sc(f) := fe
are called the regqularizing operators associated to k. Notice that

Frk(e) = [ k(e —y)f(y)dy = / F@)ke(z —y) dy

R™ B(x,e€)

z/ flz = 2)k(z)dz
B(0,¢)

Figure 2.9. A convolution kernel and a regularized of f(x) = x([_1,1](=).
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since k. vanishes outside B(0, €); the last inequality follows by changing y
into z :=x —y.
Finally, given Q C R™ and € > 0, we define

Q. = {x €N ‘ dist (z, 0Q) > 6}, Q_.:= {x € R™ | dist (z,0) < e}.

Of course €2 is nonempty for € small if and only if 2 has nonempty interior.

2.46 Proposition. Let f: R™ — R be a summable function. Then

(i) For any e > 0, the function f(x) := f * ke(x), x € R", is of class
C>®(R™). If f is constant in Q, f(x) = ¢, then fo(x) = ¢ in Qc. In
particular, if f vanishes outside ), then f. vanishes outside Q_..

(ii) We have

[ f@le< [ Jf@lde a5 flde—o

(iii) For every compact K C R™ we have

sup [fe(z)] < [|flloo.x_.-
zeK

Proof. (i) The theorem of differentiation under the integral sign yields that f * ke(z)
has continuous partial derivatives and for ¢ =1,...,n,

Duf +k)(a) = [ F@)Dike(a —y)dy.

By induction we conclude that fe = f * ke € C°°(R"™). The second part of the claim
follows since ke has support in B(0, €).

(ii) Changing the order of integration, Fubini’s theorem, we infer

[a@iar< [ o [ lawikte-nay=[ lawi( [ k=)

Since [pn ke(z — y) dz = 1 Vy € R™, we conclude that

/Rn |ge<x>\dzs/w

To prove the second part of the claim, first, we notice that we have

9(y)| dy.

@)~ 1@ = | [ fkte v as - 1@)| = | [ 1) = fapketo )

< [ w@IfE =2 - f@), (2.15)

and, integrating we conclude

[ = f@lae< [ k([ 1562 - s@)ar) a-

Given o > 0, by Proposition 2.44 there exists €g > 0 such that

/ f(@—2) — f@)de <o
R™
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for all z with |z] < €o. Therefore, for every € < ¢g we have

/]Rn ke(z)(/Rn |f(a:—z)—f(ac)\d1’) dzgcr/]Rn ke(z)dz = o.

(iii) For all z € R™ we have

Ife(x)\S/B( )|f<y>|ke(:c—y>dysanoo,K_E/B ke(w — ) dy = || flloo.xc_..

(2€)

c. Mollifying in (2

Let Q C R™ be an open set and let f : © — R be summable. We can
extend f as a function f defined on all of R™ and summable on R™ in
several ways, for example as

2) = flx) ifxeq,
J@) {0 if 2 € Q°. (216)

The mollified of f, a priori depend on the value of f on Q°; however, for
every € > 0, if Q. # 0, the value of the e-mollified of f at point z € €.
depends merely on f, since f = f on B(z,€) and

fol@) = /B Sk ) dy = / fk(e —y)dy.  (217)

We therefore define the e-mollified, or e-regularized, of f in Q by setting
for x € Q.

/ fly y)dy = /B(I’e)f(y)ke(r —y)dy

so that (2.17) writes also as fe(z) = f.(x) Vo € Q..
2.47 Proposition. Let 2 be an open set in R™ and let f: Q — R be a

summable function. For all € > 0, the e-mollified f. := fxk. is well defined
in Qe and we have the following.

(i) If Q cC Q, then

/ﬁ\feldré/glf\dx, illos < Iflloen Ve < dist (8,00)

and
/|f6 x)|dz — 0 as € — 0.

(i) If f € CY(Q), then f. — f uniformly on compact sets of .
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(iil) If f € C*(Q), then for every a, |a| < k,
DO (f k() = (D°f) s k() Vo€ Q.

and D fo — D f uniformly on compact sets of Q.
(iv) If f € Lip(Q), then f. is Lipschitz-continuous in Q. and

sup |fe(x) - fe(y)|

< Lip (f,Q).
z,yEQ. |z —yl

(V) If o: E = R, ||¢||cc,E < +00 and spt o C Qa, then fo. and fop are
summable on Q and

/Qf(x)sﬁe(ﬂf)dfc:/Qfg(:n)cp(:c)dx.

Proof. Let f be as in (2.16).
(i) Trivially, it follows from Proposition 2.46.

(ii) Let K be compact and let €p := dist (K, 99Q). The set K, /o is again a compact in
Q, and using (2.15) we infer
[fe(@) = f(@)| = |fc(x) — f@)| < sup |f(z—2)— f(2)]
z€B(0,¢)
= s We-9-f@I< _ sp i -f@] 1)

z€B(0,e TeK,yeK /o
|lz—y|<e

for all € < €9/2. The uniform continuity of f on K, /2 yields, for 0 > 0, a § > 0 such
that |f(z) — f(y)| <o if 2,y € K /2 and |z — y| < 8. Therefore we find

|[fe(z) — f(z)| <o Ve < min(d, €9/2) and Vz € K,
i.e., fe — f uniformly on K.
(iii) Changing variables, z = = — y, we find
@ = [ fe-2k(a) s
B(0,¢)

and differentiating under the integral sign,

Di(feko(@) = [

B(0,¢)

Dife-2k(@)dz = [ Difylkele—y)dy = (Dif)rhe(e).

B(x,¢€)

From (ii) we then infer that D;fe — D;f uniformly on the compact sets of Q.
(iv) In fact, if z,y € Q¢, then

o) — fe(w)] = \ /B o, B fly =Dkl s
s/ f( = 2) — f(y — 2)lke(2) d= < Lip (, Q)] — yl.
B(0,¢)

(v) Using (i) we find
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/Q|f<m>||«pe<w>|dx=/m 1F(@)| e (@) dz < ||soe|\oo,ne/ﬂ|f\dw
0o d
< liellocr [ 17]de < +o0
and

/Q|fe(x>||so<x>|dx=/% |fe(w)||¢(w)|dw§H<P||oo,n/ﬂlf|dl"<+00-

The function f(x)e(y)ke(z —y), (z,y) € Q X Q, is summable; therefore, by changing
the order of integration, we find

/fm)@e dm—/f (/ ke(x,y)dy)
*/d:c/f P(Y)ke(z —y)dy
— [ o [ ket - ac) ay
,/(p(y</f y—:cda:)dy
= [ etwsew)dy

2.4 Calculus of Integrals

The aim of this section is to familiarize the reader with the calculus of
multiple integrals and with the theorem of derivation under the integral
sign.

2.4.1 Calculus of multiple integrals

As we have seen, the calculus of a double integral, i.e., of the integral of
a function of two independent variables, can be reduced to the successive
calculus of two simple integrals, i.e., of a function of one variable, and
this can be done in two different ways that are equivalent. Moreover, if
it is useful, we may at each stage change variables. For the calculus of a
triple integral, i.e., the integral of a function of three variables, there are
12 different ways of using the formula of reduction of integrals, a priori all
praticable, and at each step we can change variables. In short, any strategy
that uses all possible combinations of Fubini’s theorem in one of its forms
and of the theorem of change variables, even the most unlikely, is possible
as long as it leads to the end.
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Figure 2.10. A normal subset in R2.

The aim of exercises is that of learning how to choose an optimal strat-
egy for the calculus of integrals on the basis, for instance, of symmetries
of the domain of integration and/or of the function to be integrated.

We recall that, for the formula of reduction of integrals to be valid, see
Tonelli’s theorem, Theorem 2.14, the summability of the involved functions
is required.

2.48 9. Show that the assumption of integrability in Tonelli’s theorem is essential. For
instance, show that the following iterated integrals

1 oo o] 1
/ dy/ (€7 — 2e72%Y) du, / dw/ (e7%Y —2e72%) dy
0 1 1 0

both exist and are different.

We repeat that f is integrable on E in each of the following two cases.

(i) f is measurable on E and has constant sign, for instance if F is mea-
surable and f is a.e. continuous on E and nonnegative. This applies
in particular for |f|.

(ii) f is summable in E, f € L}(E), in particular if |[E| < 400 and f is
bounded on FE; for instance if E is compact and f is continuous on
E.

In other cases the measurability of f and the application of the reduc-
tion formula to |f| or to fy and f_ (that are nonnegative) suffice to decide
on the integrability of f.

a. Normal sets

2.49 Normal sets in R?. We say that a set £ C R? is normal with
respect to the y axis if F can be written as

E:={(ry)la<z<balr) <y <p@)}
where «, § :]a,b[— R are functions with a(z) < f(z) Va €]a, b], see Fig-

ure 2.10. What makes normal sets useful is the fact that the slice of E over
x is a possibly empty interval
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E, :={ycR|alz) <y<pB(x)} = {}@0‘@)»5(36)[ ft}fefw?;e

If E is measurable in R% and f : E — R is an integrable function on FE,
Fubini’s theorem yields that x — ff((;)) f(z,y)dy is measurable on ]a, b]

J[ tanasay= [ ( / S dy)dm [ | f:)f(x,y)dy.

Notice that one also proves that E is measurable if o, : A — R are
measurable functions, for instance if o and [ are continuous, see, e.g.,
[GM35].

2.50 Normal sets in R™. Similarly, we say that a set £ C R™ is normal
with respect to a coordinate axis, say x,, if E' can be written as

E = {x = (2, z,) E R x R’x' €A al@) <z, < ﬂ(x’)}

where A C R"! and o, 8 : A — R are functions with a(z) < 8(z) Vz € A.
The slice of E over 2’ € R"~! is a possibly empty interval

ifa' € A

otherwise.

By = {t €R|a(e!) <t < B&')} = {10a<x’>76(x'>[

If E is L™measurable and f : E — R is an integrable function on F,
Fubini’s theorem then yields that 2’ — [/ A ((x"”,
A and

B(")
/f dw—/ dx( fxtdt) /dx/ dt.
Rn—1 E/ a(x’)

Notice that one also proves that E is L"-measurable if A is £77!-
measurable and « and  are measurable functions on A, see, e.g., [GM5].
A typical case would be the one in which A is an open or closed set in
R ! and a, 8 are continuous functions on A.

f(@',t)dt is measurable on

2.51 Example. Compute fT 22 dzdy where T is the triangle in R? of vertices (0, 0),
(0,2), and (1,0).

The function z2 is continuous and nonnegative, the domain 7" is compact, thus z2
is summable on T' so that we can use the reduction formulas. The domain T is normal
both with respect to the z-axis and the y-axis, as

T:{OSQCSLOSyS—Qw—I—Q}:{OSySLOSxS—y/2+1}.

2

Since the function to be integrated, 22, depends only on the variable z, it is convenient
to leave integration in x as the last, and look at 7" as a normal domain with respect to
the z-axis to obtain

1 —2z+42 1 1
// 22 dedy = / dm/ 22 dy = / 22 (=22 + 2)dz =
T 0 0 0 6
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(1,1)

Figure 2.11. Some normal sets or union of normal sets in R2.

2.52 4. Integrate f(z,y) = 22 on each of the domains £ C R? in Figure 2.11.

b. Rotational figures

2.53 Rotational solids. Let f :]a,b[C R — R} be a nonnegative and
measurable (for example, continuous) function. By rotating in R3 the graph
of x = f(z) around the z-axis we find the solid

E = {(x,y,z) ‘xz +y? < f2(z)}

The slice of E by the plane through (0,0, z) and orthogonal to the z-axis
is

z

p .o Jl@y) e R2 |22 + 4% < f2(2)} ifa<z<b,
0 otherwise,

i.e., E. is the disk on the plane (z,y) of radius f(z) around the origin if
z €]a, b[ and the empty set otherwise. If F is measurable and g is integrable
on F/, Fubini’s theorem yields that z — ffE g(z,y, z) dz is measurable and

b
/g(m,y,z) dxdydz:/ dz// g(z,y, z) de dy. (2.19)
E a E.

Notice that, since 22 4+ y? — f2(2) is measurable on R? if f is measurable
on |a,b[, E is £3-measurable if f :Ja,b[— R, is measurable.
If g = 1 we get in particular that z — £2(E,) is measurable and

ES(E)/Eld:rdydz/Jrooﬁz(Ez)dz/

— 00 a

b b
nf3(2)dz = 7r/ f2(2)dz.
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4 z“

sy

Figure 2.12. A rotational solid and E..

Formula (2.19) is particularly convenient when g depends only on z,
9(z,y,2) = g(z), as

/Eg(z) dxdydz = /ab g(2) //EZ 1dazdy
b

b
- / ()L (B dz = / 9(2) f2(2) d=.

c. Changes of coordinates

2.54 Polar coordinates in R?. The map ¢(p,0) := (pcosf, psind) is
of class C'(R?) with |det Dp(p,6)| = p and is injective on the set A :=
10, +00[x]0, 27[. Moreover L2(0A) = 0 and L2(p(0A)) = 0. Therefore, for

every measurable £ C A = [0 x +00[x [0, 271] and every integrable function
f on p(F) we have

/ f(x,y)dxdy:/f(pcos@,psinﬁ)pd,od@.
»(E) E

Since ¢ is injective on each interval |0, +00[x]a, a + 27[, @ € R, the same
conclusion holds for E measurable, E C]0, co[X[a, a + 27].

2.55 Polar coordinates in R3. The map ¢ : R® — R? given by

T = psinpcosb,
?(p,0,¢) = { y = psingsinb,

Z = pcosy

is of class C'(R?) with |det D¢(p,0,9)] = p?sing and injective on
A :=]0, +00[x]0, 27[x]0, w[. Moreover L£3(DA) = 0 and L3(p(0A)) = 0.
Therefore, for every measurable set E C A = [0 X +00[x[0, 27] X [0, 7] and
every integrable function f on ¢(F) we have
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| tewdsdy:

P(E)

= / f(psin@cos p, psinfsin g, pcos ) p? sin p dp db dep.
E

2.56 Cylindrical coordinates in R3. The map ¢ : R? — R? given by

T = pcosb,
y = psinf,
z=2z

is of class C1(R?®) with |det Dg¢(p,0,2)] = p and injective on A :=
10, +0[x]a, a+27[xR. Moreover, L3(0A) = 0 and L£3(¢(0A)) = 0. There-
fore, for every measurable set E C A = [0 X +oo[Xx[a, a+ 27| x R and every
integrable function f on ¢(F) we have

f(x,y,z)da:dydz:/ f(pcosb,psind, z)pdpdf dz.
P(E) E

2.57 Example. Compute ffE \/332 +y2 dxdy where E C R? is the disk of radius 1
around (1,0).

We notice that E is compact and \/12 + 42 is summable on E, therefore we can
use both Fubini’s and the change of variables theorems. The disk E has equation (z —
1)2 + y2 < 1 that is, 22 + y? — 22 < 0, and in polar coordinates, we get

p>0, O¢€l[-m7], p*>—2pcosh <O,

i.e.,
p>0, 0e[-n/2,7/2], p<2cosh.

If ¢ denotes the polar coordinates map and
Fi={(p,0)| —=7/2<0<7/2,0<p< 20050},

then the set F is contained in a strip of periodicity of ¢ and E = ¢(F'). Therefore by a
change of variables and taking into account that F' is normal with respect to p, we find

9 /2 2cos 6 9
// \/J:2+y2dmdy://p dde:/ d6/ 02 dp
E F —7/2 0
8

/2
= / cos®0do = 32.
3 x)2 9

2.58 Example (Rotational solids). Let f : [a,b] — R4 be a measurable function
and let E be the set obtained by rotating the subgraph of f in the plane (y, z) around
the z-axis,

Ei={@y2)|a<z<b 2?42 < ()}
By parameterizing E with the cylindrical coordinates,
x = pcosb,
&(r,0,2) == q y = psinb,

z=Zz
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-
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Figure 2.13. Conical coordinates.

7

so that E \ {(0,0, z)} is the one-to-one image of the set
Fi={(p,0,2)|0<0<2m a<2<b 0<p< f(2)]
and changing variables, we find that E is measurable and

L3(E) = L3(E\ {(0,0, z)}):/F|detD¢|dpd9dz

b 2 7(2) b
:/ dz/ d@/ pdp:7r/ () d=.
a 0 0 a

2.59 Example (Guldin’s formula). Let f,g : [a,b] — R4 be measurable functions
with g < f. The set

Ei={(@,2) |2 €la,b], () < Va2 +92 < f(2)},
obtained by rotating the set
A= {@y2) |2=0, z€[ab], /() <y <g(2)}
around the z-axis, has as volume
b
£®) == [ (¢*) - L) e,
a

The center of mass, or barycenter, of A (the density is assumed to be one) is the point
(x,y) € R? given by

1 1
= dyd = dydz.
Y EQ(A)_/Ay Yyaz, z ,CQ(A)./AZ yaz

Guldin’s formula writes as: The volume of the rotational solid E is the product of
section A times the length of the circle of revolution of the barycenter of section A, i.e.,

L3(E) = L2(A) 27 y.

In fact, we have

()
2ryL2(A) = Zﬂ/Aydydz = /b dz/fi(7 : ydy = ﬂ/b(QQ(Z) — f2(2))dz = L3(E).
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2.60 Conical coordinates in R?. Consider R? as the coordinate plane
2z =0 of R? R? = {(z,y,2)| 2 = 0}, let A be an open set in R? and let
Py := (z0, Yo, 20). By definition, a point P is in the cone C(Fy, A) of vertex
Py and basis A if there are (a, 3,0) € A and t € [0, 1] such that

x « Zo
y|=Q=t)| 8]+t
z 0 20

The function ¢(a, 3,t) : R?* — R3 defined by

x=(1—-t)a+tx,
z =1tz

is a map of class C*(R?) with det Dy(a, 3,t)| = (1 —¢)? and one-to-one
from A x [0, 1] onto C'(FPy, A) \ {Po}. Consequently,

[ tewdedyds= [ fo(,80)0 - 07 dadsde
C(Po,A)

Ax[0,1]
1
- [a=e( [ s pdads) a
0 A
In particular, if f = 1, we get the 3-dimensional measure of the cone
C(Py, A),
LHC(Py, A)) = 7 L(A).

2.61 Example. Suppose we want to compute the measure of
E::{(w,y)6R2‘0<x<y<2w, 1<xy<2}.

We set u = zy and v = y/z; then we have
E=p(F)
where ¢(u,v) := (y/u/v, /uv) and
F::{(u,v)€R2)1<u<2, 1<v<2}.

Since det Dy = 211] > 0 on F, we find

1 12 Zdv 1
L2(E) = L2(p(F)) :/F‘ % dudv = 2/1 du/1 : =, log 2.
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d. Measure of the n-dimensional ball
Let w,, be the n-dimensional measure of the n-dimensional ball

wn = L7(B™(0,1)),  B™0,1):= {z € R"||2| < 1}.

2.62 Proposition. We have

k k+1_k
T 28T
waE = Wak+1 = . 2.20
k! T2k + 1) (2.20)
Proof. We split the coordinates z = (z1, 2,..., ®n) of R™ as x = (y,t) where y :=
(1, ©2,.. ., Zn—1) € R® 1 and ¢t = x, € R. The unit ball is then described as

B(0,1) = {(y,t) € R""! x R[> +4% < 1}.

Now we slice R*~1 x R with (n — 1)-planes perpendicular to the t-axis. The slice of
B™(0,1) at the level t is then

Bn—1 1—1¢2 if -1,1
Et ;:{yeRn*I“y|2<1_t2}: (07\/ t)) 1 tE[ ) }7
0 if [t| > 1.

By homogeneity B"~1(0,v/1 — 12) = wp_1(1 — t2)(®~1/2 and, since B™(0, 1) is open,
Fubini’s theorem yields

+o0 1 n—1 1 n-1
wn:/ L”*l(Et)dt:wn,lf (1—1t2) 2 dt:an,lf (1—t%) 2 dt
oo 1 0

Since fol(l —t2) "o dt = 0"/2 cos™(t) dt, and

/2 —1
/ cos” (t) d " / s"2(t) d
0
we find, see [GM2],

/2 (2k — DI 7 (2K
/0 cos®" (t) dt = () 2’ / o) dt = 2k + 11

As w1 = 2 and wy = 7, we get the result. [m]

As a curiosity, notice that w, — 0 as n — oco. On the other hand the
measure of the n-dimensional cube of side 2 that circumscribes the unit
ball is 2" and tends to infinity as n — oo.

The measure of the n-ball is tied to Euler’s I' function, see Exam-
ple 2.67.

2.63 9. Let a > 0. Compute the measure of the n-dimensional set

n
E = {x:(zl,xg,...,xn)‘ inga, ziZOVi}.

=1
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e. Isodiametric inequality
2.64 Proposition (Isodiametric inequality). Let E be a measurable
bounded set in R™. Then

diam E\ 7
) )
Notice that, whereas in R every set E is contained in an interval of radius
half the diameter of F, this is not true anymore if n > 2: think of the

equilateral triangle in R2. Of course every set F is contained in a ball of
radius the diameter of E so that

L"(E) < wy(diam E)". (2.21)

L(E) < wn(

But proving the isodiametric inequality requires some effort. However, it is
trivial for special sets. For instance, if E' is symmetric with respect to the
origin, that is z € F iff —z € E, then we have 2|z| = |z — (—z)| < diam E,
hence E C B(0,diam F/2) which yields the isodiametric inequality.

For generic sets, we shall use Steiner’s symmetrization method. Given
a direction a € S"~1, we denote by P(a) the (n — 1)-dimensional subspace
of R™ orthogonal to a so that every = € R™ writes uniquely as x = y + ta
with y € P(a) and ¢t € R. For every y € P(a) we then set

Eay = {t eR ’ ta+y e E} e Loy) =LY (Eay)
and define the Steiner symmetrization of E in the direction a by
Su(E) := {(y,t) e R x R’ It < E“éy) }
We have

2.65 Lemma. If E is bounded and measurable, then

(i) Sa(F) is measurable,
(i1) if E is symmetric with respect to a k-plane orthogonal to a, 1 < k <
n —1, then S,(E) has the same symmetry,
(i) 1S4 (E)| = |B],
(iv) diam (S, (E)) < diam (E).

Proof. After a rotation that does not change the measurability, the measure, and the
diameter of E, see (2.8), we can assume a = (0,0,...,1). Consequently P(a) = {z =
(y,0), y € R*™1}, every point * € R writes as = (y,t), and Eq,, is the slice
of E over y. Fubini’s theorem then yields that E,,, is measurable for a.e. y € R?~1
and y — €q(y) := L!(Ea4,y) is a measurable function, hence S, (E) is measurable, see
Theorem 2.8, and

La(y)/2
w= [ eEna=[ (] Lat)dy = |5(B).
Rn-1 zn=1 \J—ta(y)/2)

A symmetry of E with respect to a k-plane orthogonal to (0,0,...,1) yields a
similar symmetry for the function ¢4 (y) hence of S, (F). Finally, from the elementary
inequality

LM(I) + £Y(I2) < diam (I U 1)
for subsets of R, we readily infer that diam (S, (E)) < diam (E). O
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Proof of Proposition 2.64. Let (e1, e2,..., en) be the standard basis of R™ and let
Ey =8¢, (E),Ey := Sey,(E1), ..., Ep := Se,, (En—1). Applying iteratively Lemma 2.65,
we deduce that

|[E| =|Ei] =...|En|, diam (FEp) < diam (Ep—1) < --- < diam E,

and FEj is symmetric with respect to the plane perpendicular to e1, Fo is symmetric
with respect to the plane perpendicular to e; and ea,..., E) is symmetric with respect
to the coordinate axes, hence with respect to the origin. Therefore, E,, is contained in
a ball of radius diam E,, /2, thus concluding

diamEn)n < wn(diamE)n.

E| = |En| < (
“ |En| < wn 9 9

f. Euler’s T' function

2.66 Example. We have
+oo 2
/ e " dxr = /7. (2.22)

—o0

2_ 2
In fact, since e~% ~¥ is integrable on R?, using Fubini’s theorem and passing to
polar coordinates, we find

+oo 2 2 e 2 e 2 2 .2
(/ e * dm) :/ e * dm/ e Y dy:// e T 7Y drdy
—o0 —oco —co R2
27 oo 2 1 [e’e}
:/ d@/ e P pdp=2rw / e 7do =m.
0 0 2 Jo

If we change variable in (2.22), we also get

+oo
/ N \/7; 2> 0. (2.23)

2.67 Example (Euler’s I’ function and the measure of B™(0,1)). The function
I' was defined by Euler in 1729,

o0
I'(a) :=/ t*~te~t dt, a >0, (2.24)
0

It is an important special function that surprisingly appears in many contexts.
Trivially I'(1) = 1 and, on account of Example 2.66,

R 2
r(/2) = 2/ e ds = /.
0
Integrating by parts we see that
N(a+1)=al(a) Yo > 0.

It follows by induction

2n — D! 2n — D! 2n)!
M4+ 1) =n, Tnt1/2)= F "D gy = @D _ o G0t
2n n 4nn!
that, by comparison with (2.20) yields
an/2
wn = L™(B"(0,1)) = vn > 1. (2.25)
vz +1)

We presented some of the properties of the I'-function in [GM2]. Further properties
of the I'-function will be discussed in the following Example 2.68 and Section 2.4.3.
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2.68 Example (Euler’s Beta function). Fuler’s Beta function is defined by

1
B(p,q) :=/ e?" (1 -2)" dz,  p,g>0.
0
Changing variables y = 1 — z, we see that

B(p,q) = B(q,p)  Vp,q >0,

while, writing
p+q—2
p—1_ 7T

€T = ,];q*l )

gpta—1

LPTa=2 — p
p+qg-—1

and integrating by parts, we find

qg—1
B(p,q) = B(p,g—1) VYp>0,g>1,
ptqg—1
and, because of the symmetry,
p—1
ptqg—1

Changing variables, z = z/(1 + z), we also find

o] zp—l
B = d
(»9) /O (1+ zyp+a

We can compute the B-function in terms of the I'-function as

I'(p)I'(q)

, p,q > 0.
I'(p+aq)

B(p,q) =

107

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

To prove this, we begin by noticing that if we change variables x = Az, A > 0, then

PR

[(e) =\ /00 2 e T dx = /00 207l A% gy a > 0.
0 0

(2.31)

Now, applying Fubini’s theorem, changing variables (\,y) — x = Ay, y = v, and taking

into account (2.31) and (2.29), we find

o0 o0
F(p)F(q) = /0 [) :(:p_lyq_le_(x+y) dz dy

oo oo
:/ )\P’l(/ yPra—le— 4Ny dy) dx
0 0

:/ooo -1 T+ a) d\=T(p+ q)B(p, q).

(1 + )\)p+q

The beta function is useful when computing several interesting integrals. For in-

stance, if
1
Iy = / (1 — 22> da, o> —1,
-1

and we change variables, we find

1
Ia:/ (1 -0t~ Y2dt = B(1/2,a+1) = /=
0

MNa+1)
I'(a+3/2)

(2.32)
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Figure 2.14. A tetrahedron.

1/p
2.69 Example. Let p > 1 and ||z||p := (Z?:l |xi|p) , ¢ € R". We want to com-

pute yn,p = L™ ({z |||z, < 1}.
By slicing with planes orthogonal to a chosen coordinate axis, we find the following
recursive relation for v, p,

1
Yn,p = In—1,p - 2/ (1 =) =D/r gy,
0

By (2.32) we get

(1)
Yn,p :2B<n+p71 1>22F<1> P
TYn—1,p P F(n;p>

hence, since v1 = 2,

n
72, Tn—1, Tn, Vi,
np=mp 2P .. nTLP n,p :71,1?1_[ i,p
Y1,p Tn—2,p In—1,p i—1 Yi—1,p
i—1+p p+1

2\n—1_,1\n—1 F( ) 2\n-1_,1 n71F< )

=2(,)" r(,) I ey =200 TG)T L
1=

T ey T )

:2(2)n_1r<1)"_1 () _P (2)"F(1/p)"

~n\p/ I(n/p)’

i) o
g. Tetrahedrons

2.70 Example (Tetrahedrons, I). Consider the tetrahedron T C R® of vertices
(0,0,0), (1,0,0), (0,1,0), and (0, 2,2), see Figure 2.14. Let us compute

/ z dz.
T1+Z

A face of the tetrahedron is on the plane z = 0 and, if we slice the tetrahedron with
planes parallel to the basis, we get slices that are congruent to the basis; moreover, the
function to be integrated depends only on the variable z. Therefore, we decide to slice
with planes orthogonal to the z-axis. If T is the slice of T" at the level z, we see that
T. # 0 if and only if 0 < z < 2. Since T is measurable and z/(1 + z) is continuous on
T, Fubini’s theorem yields
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z 2 2,
dz = L(T) dz.
T1+Z 0 1+Z

Since, by Thales theorem, £2(T%.) = LQ(TO)(QEZ )2, we conclude

2 2
/ z dz:1/ 22-2) dz=...
T1+Z 8 0 1+Z

2.71 Example (Tetrahedrons, IT). Consider the tethrahedron 7' C R? of Exam-
ple 2.70 and let us compute
Tz
/ dz
T 142

that is well defined since T is compact and the integrand is continuous on T'. We slice
as in Example 2.70 and, with the same notation, we find

2
/ *z dz:/ N /] x dxdy.
142 o 1+=z "

Now we compute fsz z dxdy. The domain T is a triangle in R? congruent to the
basis of T'. Its vertices P(z), Q(z), R(z) are the projections on the (z,y)-plane of the
intersections of the plane perpendicular to the z-axis through (0,0, z) and the straight
line respectively through (0,2,2) and (0,0,0), (0,2,2) and (1,0,0), and (0,2,2) and
(0,1, 0). Again by Thales theorem, the coordinates z(z) and y(z) of P(z) depend linearly
on z, i.e.,

z(z) =mz +q, y(z) =mz+gq,

z(0) = 0,z(2) =0, y(0) =0,y(2) =2,
hence P(z) = (0, z). Similarly, one computes Q(z) = (1—2/2, z) and R(z) = (0,1+2/2).
Points P(z) and R(z) have the same abscissa, hence the triangle T, is normal with
respect to the z-axis. Writing the equation for the straight line through P(z) and Q(z),
and R(z) and Q(z) respectively,

az(z) = z, Ba(x)=—(z+2/2—-1)+2=1+4+2/2 —ux,

we find

Tw:ﬂ%wew

1—z/2 B2 (x) 1—z/2 1 273
/ xdxdy:/ xdx/ dy:/ x(lfz/fo)dx:6<172) .
o 0

z az(z)

1 (2 2(1—2/2)3
/ N drdydz = / 4 #/2) dz=...
142 6 Jo 1+z

We may proceed differently. We regard the tetrahedron as a cone over a face and
let the formula of change of variables operate the details. The map (¢, a,b) : R3 — R3
given by

0<e<1-2/2, ax(2) <y < Ba(a)}

In conclusion

z=ta+ (1—1)0,
y=tb+(1—-1)2,
z=t-04+(1—-1)2

maps the prism Tp X [0, 1] onto the cone-tetrahedron T with basis Ty defined by the
vertices (0,0, 0), (1,0, 0), (0, 1,0) and vertex (0, 2, 2). It is easily seen that ¢ is one-to-one
from Tpx]0, 1] onto T\ {(0,2,2)} and that det De(t, a,b) = —2t%. Thus,

2ta(l —t Tag3(1—t
/ v dacdydz:/ a(l —1) 2t2dadbdt:/ ( )// adadb
Tl+z2 Tox[0,1] 1 +2(1 —1) o 3—-2 Ty

1g3(1 — 1 l—a 2 14301 =
:/ £ t)/a(/ db)da: / £ t)dt:...
o 3-2t Jo o 3)o 3-—2t
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Figure 2.15. Pierre Fatou (1878-1929) and Felix Hausdorff (1869-1942).

2.4.2 Monte Carlo method

Suppose we want to evaluate
fo = / f@)de,  Q=[0,1)"
Q

for a function f € C°(Q). We may use the analog of the one-dimensional
Simpson’s rule, see [GM2]. We subdivide the cube @ into k™ subcubes
of Side 1/k, on each of those cubes we choose a point x; and then com-

pute } o Zl 1 f(x;); in particular, we need to compute f in k™ points: an
enormous value already if k¥ = 100 and n = 4.

During the Second World War, Enrico Fermi (1901-1954), John von
Neumann (1903-1957), and Stanislaw Ulam (1909-1984) invented a proba-
bilistic method, nowadays known as the Monte Carlo method. This method
with probability close to 1 allows us to compute the value of the integral
except for a small error by means of relatively few cubes.

Notice that Lebesgue’s measure L™ on @ is a probability measure on
Q@ and actually the equidistributed probability measure. Let {Xj} be a
sequence of points that are equidistributed and independently chosen on
Q, i.e., a sequence on independent random variables on Q. If f: Q — R,
then the expectation and the variance are defined respectively by

X)) = /Q fz)dC (@) = fo.  Var(f /|f ~ folPdz

for all integers j. Since the variables {X;} are independent

k
Var (Zf(xk)) = ZVar = k/ f(x) — fol? du < 4kM?
7j=1

7j=1
where M := || f]|. Hence

1 2 1< 4
/Qk (ka(xj)—fQ) dxl...da:k:Var<ka(Xj)> < I

Jj=1 Jj=1
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IfACQx---x Q= Q" is the event

A= {(Xl,...,Xk)";Xk:f(Xi)—fQ‘ > e}

i=1
then Chebyshev’s inequality yields
1 1 2 4M*>
P =40 < [ (D )~ fo) dor d <
QF -

€2 ek’
Jj=1

i.e., the probability that, choosing randomly k equidistributed points { X},
the event that 112?:1 f(X;) has distance from fg more than e has a

probability to happen less than 4M?/ke?. For instance, if M < 1 and we
choose k& = 10°, in 99% of the cases we find an error less than 2%.

2.4.3 Differentiation under the integral sign

2.72 Example. Let us compute
—+oo
F(¢) ::/ exp (—z? — % /z?) da, teR.
0

It is easily seen that F is even, F(0) = [ e=%/2 dy = V/7/2, see Example 2.66, and
we have ,
[f(t,z)] <e™® vVt € R, Vz > 0.

Therefore F(t) is continuous in R, see Proposition 2.37. Moreover, for ¢ > 0 we have

2
0 2e~%" 2 2 2
‘ f(t7 )‘_ ‘ €7t2/12 S 6712 Sup(seis): 67127
ot x2 t Ry et

thus
af _ N
t, e LlY(R
| (R+)

for all t > € > 0 and = > 0. Theorem 2.40 then yields that F(t) is differentiable for all
t > €, and therefore for all ¢ > 0, since € is arbitrary, and

F'(t) =
(t) L ot

1
(t,z)dx = —Qt/ 5 €XP (=22 —t2/2?) de = -2t F(t) vt > 0,
0 T

where the last equality follows by changing variables y = t/z. It follows

F(t) = F(0)e™?, t>0,
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2.73 Example. We shall write in terms of elementary functions the following oscilla-
tory integral

+oo 2
g(w) = / e~ /2 cos(w) da, w € R.
— o0
As usual, it is convenient to use the complex notation. Since
+oo 2
/ e~ /2 sin(we) dz = 0,
— o0
we have
+oo 29 _;
g(w) :/ e~ " 2o gy
— 00
Since
0

Ow
the function g(w) is differentiable and

+oo 29 _;
g (w) = —i/ e e g

—o0

2 . 2 : 2
(671 /Zefzwz) — ‘ _ize® /26710.)1 < |.’E|€71 /2 c Ll(R),

Writing —xe~®/2 = D(e‘$2/2) and integrating by parts, we find
9'(w) = ~wg(w),
hence, by integration,
g(w) = g(0) e /2 = Vame"/2,

Alternatively, we may also proceed as follows. Since

cos(wz) = nz:%(—l) (2n)! z €R,
we consider the functions
w2nm2n 2
- = (—1)" —x“/2
ala) = (1" 0
and compute
“+ o0 w2n [e'e) 2
(—1)”/ fn(z)dx = (2n)! 2/ e~ %" 2?" de = (by changing variables y = 2?)
— 0o n): 0
I'(n+1/2) (2n — 1!
— 2 2n — 2N P
V2w (2n)! W /om (2n)!
= Vor (W2/2)n.

n!

o0 +Oo
> [ i@lde < +oo
n=0"

and, on account of Lebesgue’s theorem,

/+Oo 22 cos(wzx) de = /_J:O i fn(z)de = Z / fn(z)dx

— 00

We infer

Z (—1)"var ¢ 742)71 = \/Qwi (—?/2)"

= \/271'6_“’ /2,
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2.74 Example (Derivatives of I'). We already observed, see Examples 2.66 and 2.67,
that for Euler’s I'-function

o0
I'(a) = / to et at, a >0,
0

we have
Ta+1) =al(a) Ya > 0,
T'(n+1)=nl,
T'(1/2) = /.

Moreover, we discussed some characteristic properties of Euler functions in [GM2]. Here
we want to compute the derivatives of T".

We prove that I' is of class C* in its domain E := {a|«a > 0}. Choose ag > 0
and set h(t) := max(1,t*/2=1 2@0—1) ¢t > 0. For k = 0,1,..., the functions
h(t)| logt|Fe~t are summable on E and, for all a €]ap/2, 2a0[, we have

t*7L <h(t) V> 0,Ya, ap/2 < a < 2.
If follows for f(a,t) :=t*"te~t t > 0, that

|97 (0,0) < h(t) N1og f e~
da
and by induction
‘akf(a t)’ < h(t)|logt|* et
oak - &

for all t > 0 and for all a €]ap/2, 2a0[. Applying the theorem of differentiation under
the integral sign, we conclude that I' has derivatives of any order at ag, and

I'*) (ag) = / t*0 " (log t)* et dt, (2.33)
0

consequently,

e o]
F’(a):/ t*“togte~tdt  Va > 0.
0

Since I''(a) > 0 for a > 2, T is increasing for o > 2. Since I'(n) — 400 as n — oo,
also I'(a) — +o0 as @ — +oo. On the other hand, from I'(aw + 1) = aT'(a) we infer
that I'(a) ~ 1/a as o — 0T. Moreover,

oo

() = / t*"(logt)2e~tdt > 0 Ya > 0,
0

thus I' is strictly convex on [0, o00[. Since I'(1) = I'(2) = 1, we conclude that I" has a

unique minimum point and it is contained in the interval |1, 2[. Moreover, as |logt| <

1+ log?t ¥Vt > 0, we also get (IV)2(x) < I'(z)['"(x), that is, log I'(z) is convex.

2.75 Example. We have
M@r(l-a)= " , O<a<l (2.34)
sin T
In fact, in terms of the Beta function, see (2.29)(2.30), for 0 < o < 1 we have
[e] ta+1

M@ —a) =1 Ba1—a) = [~ [TT ar

On the other hand, if @ := (2m + 1)/(2n), n,m € N, we find by changing variables

t =3
2m+41 g

0 on oo 2m
/ dt = 2n/ * dr = 4 s
o (I+1) o l4an sin(%;”'lﬂ)
n

see, e.g., [GM2, 5.36]. This yields (2.34) when a = (2m +1)/2n for some n,m € N. The
claim now follows for all « €]0, 1] since the numbers of type (2m + 1)/(2n) are dense in
[0,1] and both functions on the left and on the right side of (2.34) are continuous.



114 2. Integral Calculus

2.5 Measure and Area

We are interested in computing not only volumes of n-dimensional objects
in R™ but also the “k-dimensional area” of “k-dimensional surfaces” in R,
k < n, as for example the two-dimensional area of the graph of a function
f:R2 = R,.

This is a question that can be treated at various levels of difficulty find-
ing formulas that apply to more or less general objects, or using measure
theory to define the k-measure of a subset of R", k < n. In fact, in contrast
with the n-dimensional measure that is essentially unique (one can show
that the L™ Lebesgue measure is the only measure that is invariant under
rotations and translations, is homogeneous of degree n, and for which the
unit cube has measure 1), there are several k-measures suited to measure
subsets of R™, k < n: they are different on nonregular subsets but agree
on “regular surfaces”. Among these measures, the Hausdorff k-dimensional
measure appears as the most suited in many contexts.

2.5.1 Hausdorff’s measures

It is convenient to define Hausdorff s-dimensional measure H*(E) of a set
E C R™ also for noninteger s > 0. For s € R, s > 0, we set

7T8/2

T T(1+s/2)

Ws :

recalling that, if s is an integer, then wy is the L£® measure of the s-
dimensional ball B(0,1) C R*, ws = £5(B(0,1)). For E C R™ and § > 0,
we define

o0

H;(E) := inf{wsjz::1 (diar;Ej)s ’ E C U;E;, diam (E;) < (5}

and, since H3 is nondecreasing in § > 0, we set

H(B) i= lim H3(E).

The set-function H® : P(X) — Ry is by definition the (exterior) s-
dimensional Hausdorff measure in R™. We then say that a set £ C R"
is H*-measurable if F satisfies the Carathéodory criterion for measurabil-
ity: for any set A C R™ we have

H(A) =H(ANE)+H*(A\ E).
Methods of measure theory, see [GM5], allow us to prove the following.

(i) The class M of H*-measurable sets is a o-algebra of sets and H* is
o-addditive on M.
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(ii) Open and closed sets of R™ are H*-measurable.
(iii) In R™, H™ and the Lebesgue n-dimensional measure L™ agree.

Moreover, it is not difficult to prove the following.

(i) For 6 > 0,H;(E) < +oo for all bounded sets.

(ii) H?® is not necessarily finite on compact sets. For example, if F C R"
has a nonempty interior and s < n, then H*(F) = +oo.

(iii) In the definition of Hj(E) we may replace the generic sets E; with
closed, or closed and convex sets, or with open sets without changing
the definition of H®. However, we cannot replace the E;’s by balls.
If we do it, for the new measure HZ,) (E) we have HZ ), (E) > H*(E)
for some subsets £ C R"™.

(iv) ‘HO is the counting measure, H°(E) = # points of E.

(v) H* is invariant under orthogonal transformations: if £ C R™ and
RTR = Id, then H*(R(E)) = H*(E).

(vi) H*® is positively homogeneous of degree s, i.e., for all A > 0 and
E C R", we have H*(A E) = N*H*(E).

(vii) H* =0 if s > n.

(viii)If 0 < ¢t < s < n, then H® < H!. Moreover, H*(E) > 0 implies
H!(E) = 400 and H*(F) < oo implies H*(E) = 0.

(ix) If f : R® — R* is Lipschitz-continuous, then VY0 < s < n we have

H(f(B)) < (Lip f)* H*(E).

2.76 Remark. Notice the following:

(i) The claim in (vii) shows that H*(E), E C R", is finite and nonzero
for at most one value of s, 0 < s < n, which is called the Hausdorff
dimension of E, defined in general as

dimy(F) : = sup{s ’ H(E) > 0} = sup{s ’ H(E) = +oo}
= inf{s ’ H(E) < oo} = inf{s ‘ H(E) = 0}

where the equalities follow from (viii).

(ii) The estimate (ix) is useful to estimate from below the Hausdorff
measure of a set. Estimates from above are usually obtained by esti-
mating from above H3 by choosing suitable coverings of F with sets
of diameter less than 4.

Finally, observe that we may construct an integral with respect to
the Haussdorff measure with the same procedure we used to define the
Lebesgue integral from Lebesgue’s measure, compare [GM5]. From now
on, for a given H®-measurable set of R™ and an H*-integrable map, the
symbol

| t@an@

is well-understood.
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2.5.2 Area formula

We did not need any measure theory to define the length of a curve in R”™.
If v : [a,b] = R™ is a curve, for any subdivision o := {¢;}, a =ty < t; <
<+ <ty = b, of [0,1] we compute

and define the length of v as
n
L(v) := Sup{z [y(tim1) — v(t:)] ‘ a=to <t <---<Iny= 5}7
i=1

the supremum being taken over all possible subdivisions, see [GM2].

If we want to imitate the previous procedure to define the area of a
Cl-image of an open set of R? into R3, we may think of triangularizing
the space of parameters and, associated to it, considering the polyhedral
surface in R? with triangular faces whose vertices are the images of the
vertices of the triangulation of the space of parameters. Then, we may
compute the area of these approximating polyhedral surfaces and define the
area of the surface as the supremum of the areas of the inscribed polyhedral
surfaces when the triangulation of the parameters varies. The following
example due to Hermann Schwarz (1843-1921) shows how illusory it is to
imagine being able to come to a reasonable definition of the area in this
way.

2.77 Example (Schwarz). Consider the map ¢ : [0,27[x[0,1] — R3 ©(0,2) :=
(cos B, sin 0, z) that maps one-to-one the square [0, 27X [0, 1] onto a portion of a cylinder
S = {(z,y,2) |22 +y% = 1,0 < z < 1}. Trivially the elementary area of S is A(S) = 2.

We divide the side of the square [0, 27| x [0, 1] in n and m parts, respectively, then
we divide each rectangle obtained in this way in four triangles by means of its diagonals,
obtaining a triangulation of [0, 27] X [0, 1] in 4nm triangles. We construct a polyhedral
surface Smn with triangular faces inscribed to the cylinder using the images of the
vertices of the triangulation as vertices. A tedious computation yields the area A,y of
the inscribed polyhedral surface Sin,

2 1/2

Amn:Qnsin;ﬂ—i— {i+4::1 (nsin 27;)4} -2nsinz
Now, if we choose m = n, then A, — 27 as suggested by intuition; but, if m = n3,
then Apn — +00. The supremum of the areas of all polyhedral surfaces obtained by
triangulations on the space of parameters is therefore +00 and not the area of S. The
intuitive reason for this behavior is the following: If m, the number of subdivisions of
the z-axis, is large with respect to the number of subdivisions of the angle, then the
triangles of the inscribed polyhedral surface to the cylinder tend to become closer to
the orthogonal to the surface of the cylinder. Consequently, the area of the polyhedral
surface is large.
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This example motivated a flourishing of possible definitions (and, conse-
quently, of treatises) for the area of two-dimensional surfaces in R®. Among
those definitions, the most effective, at least for elementary purposes, has
proved to be the one based on Hausdorff measure.

Let Q C R® and f: Q — RN, n < N, be a map of class C'. For any
measurable set A C R”, we say that the image f(A) C RY is parame-
terized by f, and we think of the area of f(A) as of H"(f(A)) when f
is injective. An important formula, called the area formula, allows us to

compute H"(f(A)).

2.78 Theorem. Let Q C R"™ be an open set and let f € C'(Q,RY),
N >n. If A C Q is a L"-measurable set and f is injective on A, then
f(A) is H"-measurable and

/A J(Df(x)) dr = H"(f(A)) (2.35)

where Jy(x) := J(Df(x)) = \/det DfT(2)Df(z) is the Jacobian of f.

2.79 Remark. Notice the following:

(i) fn=1,then Df = f"and J(Df) = | f'|: the area formula (2.35) says
that the length of a curve agrees with the one-dimensional Hausdorff
measure of the trajectory.

(i) If f is linear, f(x) = Lz, (2.35) simply reads as

H™(L(A)) = J(L)L"(A).

Actually, this is the starting point for the proof and follows from the
invariance of the Hausdorff measure under rotations. In fact, using the
polar decomposition of L, and identifying R™ with the n coordinate
plane of the first n coordinates of RY, L writes as L = UAS where
S € My, is symmetric, U € My, n is orthogonal, and

A= (Id) .
0
Using the invariance of H™ and the change of variable formula for
L™, we find

H"(UAS(A)) = H"(AS(A)) = H"(S(A)) = L"(S(A4))
= |det AS|L"(A) = | det S|L™(A) = J(L)L"(A).
(iii) The area formula implies that the image of the points at which the
linear tangent map is not injective has zero H'-measure. In fact, for

any T € My, N > n, ker T # {0} if and only if J(T) = 0. Hence
from (2.35) we get H"(f(A)) = 0 if

A= {x e Q‘ ker Df(z) # 0} = {x € Q‘J(Df(x)) :0}.
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(iv) From the area formula we also get the following: Let Q, A be open
sets of R™ and ¢ :  — RN and ¢ : A — RY be two maps of class C*
that are injective, respectively in A C Q2 and B C A, A and B being
L"-measurable. If $(A) = ¢(B), then

/A J(Do(x)) d = /B J(DY(y)) dy.

(v) If n = N, then (2.35) is simply the change of variable formula for £".

The area formula extends in several ways. First, we can drop the in-
jectivity hypothesis by introducing the multiplicity function or Banach’s
indicatric

y— N(f,Ay) :=H(ANFH(y))

which counts the points of A in the inverse image of y. Under the hy-
potheses that f € C*(9), one shows that the multiplicity function is H"-
measurable and

/A IO de = [ N(f Ay dH (). (2.36)

RN

Moreover, we can also relax the regularity of the map f: One can in fact
prove that (2.36) holds also if f is Lipschitz-continuous (recall that, if f is
Lipschitz-continuous, then J(D f) is defined £™-a.e. since f is differentiable
L"-almost-everywhere by the Rademacher theorem).

Starting from (2.36), by approximating £™-measurable functions u by
simple functions and then passing to the limit by means of the monotone
convergence theorem of Beppo Levi, we also get the following.

2.80 Theorem (Change of variables formula). Let Q C R"™ be open,
let f:Q CR* — RN n < N, be of class C*(Q) (or, more generally,
locally Lipschitz-continuous in ), and let u : Q@ — R be L™-measurable and
nonnegative, or such that |u| J(Df) is L™-summable. Then the function

18 H™-measurable and

/n u(z) J(Df)(z) do = /]RN ( Z u(x)) dH"(y). (2.37)

zef~H(y)

In particular, if v: RY — R is H"-measurable and nonnegative, then

/ o(f(x)) J(Df)(x) de / o) N(f A ) dH (y) . (2.38)
A RN
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a. Calculus of the area of a surface

Parameterizing, at least locally, a k-dimensional surface in R™ by a C!

map, we can easily compute its area by means of the area formula (2.35).
In this procedure we need to compute the Jacobian of the parameteri-

zation, and the following information may be useful.

(i) Let A € My ,. The alternative theorem yields

Rank (AT A) = Rank AT = Rank A = Rank AA” < min(n, NV).
(2.39)
It follows that det AAT =0 if N > n.
(i) We have ker AT A = ker A, consequently the three claims
(a) J(A) = (det ATA)/2 =0,
(b) ker A {0},
(¢) Rank A is not maximal,
are equivalent.
(ii) (AREA AND METRIC TENSOR) Let {A;, Ag,..., A,} denote the
columns of A, A =[A;]|4s]...|A,]. Then

ATA = G, Where G = (gij); g’ij = Ai oAj .
Consequently, if f:Q Cc R* — RN, N > n, is of class C', then
J(Df)=VdetG,  G=1(gij), gij = foiefos
and the area formula becomes

HO(F(Q) = /Q Vol@)de,  g(x) = det G(a).

(iv) (THE CAUCHY-BINET FORMULA) Let A € My, N > n. For every
multiindex a = (a1, ag,..., @), 1 <ag < az < -+ < a, < N, let
A“ be the n x n-submatrix of A made of the rows a1, as,..., a, of
A. Then, see, e.g., [GM5], the following Cauchy—Binet formula holds

JA? = ) (det(A™))%.

acl(n,N)

2.81 Example (Two-dimensional parameterized surfaces in R3). Letn = 2and
N = 3. Then

where the columns are the vectors with components the partial derivatives of f with
respect to x and y, fo := (a,b,¢)T and fy := (d,e, f)T. If we set

E:=|fa]%, Fi= foefy, G:=|fyl?

DfTDf:<E F>

we find

G
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and

2 = rdy = — F2dxdy.
H2(f() /Q J(Df) dady /Q VEG — F? dedy

Alternatively, we can compute J(D f) and the area of u(2) by means of the Cauchy—
Binet formula. If

A12 — a d A23 — b € A13 — a d
b e)’ c f)’ c f)’

J(Df)? = (ae — bd)? + (bf — ec)® + (af — dc)?.

Notice that the three numbers ae —bd, —(bf —ec), and af —dc are the three components
of the vector product

then

fo X fy

of the columns of D f, hence

H2(f(2) = /Q \fu X fy| dady.

2.82 Example (Graphs of codimension 1). Let u: Q C R™ — R be a function of
class C' and

Guq = {(ac,y) €O x R‘y = u(ac)}

be its graph. G, ¢ is the image of the injective map f(z) = (z,u(z)) from Q into R"*1.
Since

b =| |,
Du(z)

the Cauchy-Binet formula gives J(Df(z)) = /1 4 |Du(x)|2, hence

H" (Gu,0) = /Q \/1 + |Du(z)|? d.

2.83 Example (Parameterized hypersurfaces). Let u : @ C R® — R**! be an
injective map of class C1. The Jacobian matrix of u has n + 1 rows and n columns, and
its n X n submatrices can be indexed by the missing row. If

A(ul,. .. ut it )

o(zt, x2,..., ")

denote the determinant of the submatrix obtained by removing the ith row, we then

get
nal, . i it a2\ /2
n 0)) = ’ ' 7 7 7 da.
H™ (u(€2)) /Q(Z( A(xl, 22,..., ") ) ) ’

i=1

2.84 Example (Rotational surfaces). A rotational surface around an axis is well
described by its perpendicular sections to its axis that are circles. We can describe its
points P by means of two parameters: the orthogonal projection of P on the rotational
axis and a parameter describing the points on the circle in the perpendicular plane to
the axis through P. This way, if S is a rotational surface around the axis z, S is the
one-to-one image of

A= a,b] x [0,27]

by a map ¢ : [a,b] x R — R3 of the type
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x = p(z)cosé,
#(2,0) == { y = p(z)sin 6,

where p(z) is the radius of the section at level z. Assuming p(z) € C([a,b]), we have

p'cosf —psind
D¢(z,0) := | p’sint —pcosh |, (2,t) € A:=[a,b] x [0,27[
1 0

hence, by the Cauchy—Binet formula,

J(D6)(2,0) = p( /1 + p2(2);

therefore

e =1 = [ [ oy wera=i [ i eerae

2.5.3 The coarea formula

Consider a function f : R® — RN, N < n and, for y € RY its inverse
image f~!(y). When y varies, the family {f~*(y)} yields a sort of foliation
of R", for example think of f : R? — R, f(z,y) = 2% + y?, for which
1) == {(z,y) = 2% + y* = t}. As we shall see in Chapter 5, if D f(z)
is of maximal rank N, then the leaf f~'(y) is an (n — N)-dimensional
submanifold of R™. The coarea formula provides a formula that allows us
to express the L™-integration on a set A C R™ as the integration with
respect to y of an H"~N-integration over f~1(y).

2.85 Theorem (Coarea formula). Let Q0 be an open set and A C Q
be L-measurable, let f : Q — RN be a map of class C', and assume
N < n. For LN -a.e. y the set AN f~1(y) is H" = -measurable, the function
y— H"N(AN f~(y)) is LN -measurable and

/ J(Df(x))dL" (z) = / HNANF ) dCY () (2.40)
A RN

here
Jp(x) := J(Df(x)) = \/det(Df ()D f(x)7)
denotes the Jacobian of f.

Actually the previous theorem can be generalized in several ways. First,
it suffices to assume that f be locally Lipschitz-continuous. Moreover, by
approximating measurable maps u with simple functions, one shows the
following.
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2.86 Theorem. Let Q C R™ be open, let f : Q ¢ R* — RN, N < n,
be a map of class C1(2) (or merely locally Lipschitz-continuous) and let
u: Q — R be a measurable function on Q such that |u| J(Df) is L™-
integrable. Then

/Qu(:v) J(Df)(x)de = /RN (/f_l(y) u(x) dH"N(:v)) dcN (y).  (2.41)

2.87 Remark. We notice the following:

(i) If we split R” as R"® = R*~N x RY denoting its coordinates by (x, %),
r € RPN 4 e RN and we choose f(z,y) :=y, then J(Df)(z,y) =
Df(z,y)| =1, An f~1(y) = {(z,2) € A|z = y} = A,. Therefore,
Theorem 2.85 simply reduces to Fubini’s theorem.

(ii) Let f:R™ — R. Since

J(Df) = \/det(Df)(DF)T = [Df],

we then obtain
+oo
/ |D f|dx = H"il(A N fﬁl(t)) dt
A —00

and

sl = [ ([ g
A —o0 ANf1(t)

for any measurable A C R™ and any measurable g : A — R such that
g(x)|Df(x)] is L -integrable.

2.88 Example (Measure of the unit sphere in R™). The volume of the ball of ra-
dius r in R™ is wpr™ where w, = L™(B(0, 1)), and the measure of the sphere of radius ¢,
H*~1(0B(0,t)) is positively homogeneous of degree n — 1, in particular it is continuous
in ¢. If we choose f(z) = |z|, then J(Df(z)) = |Df(x)| = 1: from the coarea formula

r+h
/ dac:/ H"~1(0B(0,1)) dt
B(0,r+h)\B(0,r) r

and on account of the fundamental theorem of calculus we infer

1 [rth 1
H*~H(B(0,7)) = lim H*~H(OB(0,t)) dt = lim dx
(0B(0,7) h—0h J, (9B (0, 1)) h—0 h JB(0,r+h)\B(0,r)
dLr(B(0,7))

= (r) = nw,r™ L

dr

2.89 Example. Notice that if f(z) := |z|, then f~1(y) = 0B(0,y) and Theorem 2.86
yields the well-known formula of integration on polar coordinates

S
/ wdz :/ (/ u(y) d'H"_l(y)) dp.
{s<|z|<t} T 8B(0,p)
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In particular, for h # 0 we have

1 1 r+h
/ wte= ) [T ([ wwan i w))an,
h Jr<jz|<rtn) hJr 8B(0,p)

hence, by the theorem of differentiation of the integral, for £l-a.e. = (for all r if, for
instance, u is continuous),

d _ n—1
(/ udac) 7/ udH .
dr \ JB(o,r) 9B(0,r)

For u = 1 we therefore find again

HP~L(OB(0,r)) = ; (WnT™) = nwpr™ L.
r

2.90 Example (Measure of the unit ball in R™). The coarea formula yields also
an alternative way to compute the measure wy, of the unit ball B(0,1) of R™. Using
Fubini’s theorem we find

+oo +o0o +oo

2 2 2 2

/ e 171" dg = / e 1 dxy / e T2dxs .. / e Indr, = a2,
R™ —oo —oo —o0

On the other hand, the coarea formula yields

2 +oo 2 n +oo 2
/ o lol dx:/ (/ et dH"*I(t)) dt — \B(O,l)\/ et gy
R 0 8B(0,t) 2 0

n too n n
= _|B(0,1 “letds =
3 1BO) [ 5 e as= TiBo.bin(})

in terms of Euler’s I'-function. If follows

2 gn/2 an/2
wn:|B(07l)‘: =

r(s) (s )

2.91 Example. Let f: R® — R be a function of class C! (or merely locally Lipschitz-
continuous). From the coarea formula, for any positive h we have

1 1 t+h 1

, Dffda=, [ =
{t<f<t+h} hJi

1 1 t

. Dffda=, [ s = e
{t—h<f<t} hJi—n

hence, by the theorem of differentiation of integral, for £'-a.e. t € R

d d
Df|dx = — Df|dx =H"""({f = t}).
i, PR = [ DA = (=)

2.6 Gauss—Green Formulas

In this section, we state the Gauss—Green theorem and discuss the diver-
gence theorem. These topics are of fundamental relevance for the devel-
opment of the calculus for functions of several variables. In particular,
Gauss—Green formulas extend the fundamental theorem of calculus
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PRINCIPIA GENERALIA
THEORIAE
FIGVRAE FLVIDORVM

IN STATY AEQVILIBRII

AVCTORE

CAROLO FRIDERFCO GAVSES

e e ]
GOTTINGAE,

avuTiesvs DIETERICHIANTL
MDEECXXX.

Figure 2.16. Two pages from the paper by Carl Friedrich Gauss (1777-1855), in which

the Gauss—Green formula appears.
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¥bl signnm factorls eos(3, ) spomte decidet, virum mutatle sit ineremen-
fum an decremeatum.

Quum pusctuss (6) it polus circull maximi per puncts {7), (8)
ducti, panctumgse (5) faceat in cireilo maximo per puncta (6), (8) dusto,
puncen (), (7), (8) formebunt triangulum in {8) rectengulum, eritqes
adeo eoa (5, 7) = eou(5, 8). con (7, ) arcun (7, &) autess est menssrs angeli
inter duo plizs superficies spatiorum o, & In corum intersections P tan-
gentia, ¢ quiders intor cas horum planorum pliges, quse spatinm vacuum
imeludsnt  Huge sngulum per i denotebimus, vnde 180° — i erit angu-
Bus dster plisorum plagas eas, quae spatium a comtinent, formudeque
mostrs (V), €oa(5,7) = coa (s, 8) .coa i

28
E combinatione formularus I....[V prodit variatio expressionis /7",

Lw:;w.;;,mu.s).[.- +aa(h+ ,L)]

— JAdP . de.cos(s, 8) fam 20 i — da + 268)
vbi istegrele prias extendi debet per omnla elesmesta U partls liberse
smperfeisi apatii o, vel partium Bberaram (s forto plures separatae adsien),
imtegrale posterine awlem per smeds elementa d P linese vel lisearum,
qess illam pariem liberam, vel les parics liberas w reliquis spstio § con-
tguis srparant.

Jam qaura in statu sequiibrii valor ipsius £ debeat esse minimum,
adesque admiltere nequeat mutstiosem segativam pro vila mutsticoe in-
Gnite parua figurae Quidi, pro qua volumen o inusristus manet, ie. pro
ges ds = S U Je.can(d, 5) eunnescit, fuclle perpicietur, fguram sue
perficiti &7 in suts scquibibrii talem esse debere, ¥t in omoibus eius
panctis eementam varistiondy 38 hoo

AU de.con(a, 5) [- + au ("j + ﬁ’)]

b
F(b) — f(a) = / £(t) dt

to functions of several variables.

a. Two simple situations

We begin with a very simple situation.

2.92 Proposition. Let A C R™ be open and f € CL(A). Then

/Dif(a:)dx:o: ot Viel....om.
A 0A

Proof. We extend f to all R™ as zero outside A; we call it f. It is not restrictive to
assume that its support is contained in the unit cube. Since for every z1, ..., z;—1,
Tit1, .., Tn We have

1
/ Dif(z1,. ., ®im1,®i, it 1, .-, Tn) dT; =
1
= f(z1, ...z, Lzipr, .. zn) — f@1, .21, — 1, @ign, .

integrating with respect to the remaining variables we get

/ADif(a:) do = /QD,-f(x) da = 0.
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Split R™ as R"™! x R and let z = (2/,2,,), 2’ = (v1, T2,..., Tn_1) €
R™ ! z, € R, be its coordinates. Let (Q be a bounded open set in R™~!
and let o : Q —]a, b[ be a function of class C; set

A= {x = (2", 2,) € Q X [a,b] |a <z, < oz(x’)}.

Since the vector (—Va(a’),1) is perpendicular to the plane tangent to the
graph of a at (a/, a(a’)), the exterior normal vector to A at (2, a(z’)) has
components v = (v1, Va,..., V) given by
- 7Di04
V1+|Da(a")[?
1

v .

Un

T /14 [Da(a)?

2.93 Proposition. Let f € C1(A) N C°(A) with |[Df| € L*(A). Suppose
that f vanishes near O(Q % [a,b]) N A, trivially

/Dif(:c) de = [ fuH" L
A 0A

Proof. Since f vanishes on 9(Q X [a,b]) N A, trivially

/ fridH™ ™t = / fridH™ !
OA Sa,Q
and, since the element of area on G, g is dH" ™! = /1 + |Da(2')|2 da’, we have
f/ f(x/,a(x/))aaa (z')dx' ifi=1,...,n—1,
ey

/ foiH Tl = N ' (2.42)

o4 / f@', a(z")) dx’ ifi =n.
Q

From the fundamental theorem of calculus, since f = 0 near 9(Q X [a,b]) N A and
|Df| € L1(A), we infer

a(z’)
/an(x',xn)dm/dxn:// Dnf(z',xp) dends’
A QJa (2.43)

= [ U6 a@) - 1@ @) i’ = [ faaa) d’.
Q Q

A comparison of (2.42) and (2.43) yields the result for i = n.
Now set

a(z’)
F(2') = / f(@', zn) doy, 2 €Q.
a
Differentiating under the integral sign with respect to x;, we infer
a(z’)
DiF(z') = / Dif(a’,xn) dzn + f(2', a(a’))Dia(z");
a

on the other hand
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/ADz'f(x’,xn)da:’dxn = /Q (La<z/)Dif(xl7xn)dxn) &
:/QDZ'F(I/)da:’—/Qf(x/7a(x/))Dia(x,)dx,

and, since f vanishes if z € 9(Q X [a,b]) N A, F(2') =0 if 2’ € 8Q and

/DF da:—/DF(:):)dxl cdrn,_1

// / D, F(z")dx; d:):l codri—idrigr .. dep—1

=// F(ﬂfl,u-,lz‘fl,l,ﬂfwh--~,:L"n—1)*F(:L"l,u-,Ii717*17$¢+17~--79«”n—1))

dxy...dri—1dxiqr ... deyp—1

(2.44)

://Odacl...dxi_ldxi+1...dacn,1 =0.

Therefore, (2.44) becomes
/ Dif(z',zp) dx’dzy = 7/ f@' a(x)Dia(z") dz’. (2.45)
A Q

From (2.45) and (2.42), we infer the result for : =1,...,n — 1. O

b. Admissible sets

In the sequel we shall limit ourselves to prove Gauss—Green formulas for a
class of sets, which we now introduce, sufficiently large for the applications.
Actually, measure theory would allow us to prove them for a much larger
class.

Let A C R™ be an open set. In this context, we say that = € JA is
a regular point for OA if there exists an open cube with center at z and
sides parallel to the axes (that we write as @ x [a, b] where @ is a cube on
R"~1) and a function a : Q —]a, b] of class C'(Q) such that

(i) Upo NA={(,2n) ]| a < xp <), 2 €Q},
(il) U NOA ={(a/,2n) | xn = a(2’), 2’ € Q}.

The set r(A) C OA of regular points for A is open relatively to 9A, and
for every x € 0A, the exterior unit vector to A at x is given by the vector
v=(v1, va,..., Vp) given by

—DZ‘Oé . 1

ES Vi=1,...,n—1, Up 1= .
" 1+ Da(x)P? " V14 Da(a))?

Obviously |v| = 1, v is perpendicular to the tangent plane to the graph of «
at x = (¢/,a(z’)) and  —tv(z) € A for all ¢ > 0 sufficiently small positive
t. Of course, neither the cube nor the function a are uniquely defined by A;
however, it is not difficult to show, compare Chapter 5, that the exterior
unit normal is uniquely defined at the points @ € r(A). Moreover, one sees,
compare Chapter 5, that z € A is regular if and only if there exist an
open cube Q centered at = and a function ¢ : U, — R of class C' such
that
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(1) U.NnA={yecU,|p(y) <0},
(i) Uz NOA = {y € Us|p(y) = 0},
(ili) Ve # 0 in U, NOA.

In this case the exterior normal vector at x € r(A) at x € r(A) is

V(z)

v(z) = .
= Vo)

2.94 Definition. We shall say that an open set A C R"™ is admissible if

A is open, H" 1(9A) < 400 and H""1(A\ r(A)) = 0.

For example, an open set in R? whose boundary is the union of a finite
number of closed and disjoint piecewise regular curves is an admissible set
of R2. Also a bounded set whose boundary is a polyhedron with a finite
number of faces is an admissible set. Actually, it is easily seen that A is
admissible if A is bounded and 94 is a finite disjoint union 94 = UN T
where Ty is closed with H""1('g) = 0, and, for i = 1,...,N, I'; is a
(n — 1)-submanifold of R™, see Chapter 5.

c. Decomposition of unity

The decomposition (or partition) of unity is a useful tool when we want to
transfer local information to global ones.

2.95 Theorem. Let {V,} be a family of open sets in R™ and Q := U, V.
There exists a locally finite covering of 0 with balls B; CC § such that for

every j we have B; C V, for some a.

Proof. For all j = 1,2,..., we choose a sequence {H;} of compact sets contained
in Q with H; CC int(Hj4+1) and Q = UjHj; we also set H_1 = H_3 := (). For
j :=0,1,... we consider the compact sets K; := H; \ int (H;_1) and the open sets
Aj :=int Hj41 \ Hj_2. We have K; CC Aj, Q = U;A; and A; N A; = 0 except for
i=j—1,70j+ 1 Now, for every x € K; choose A = A(x) such that = € V)(,) and
a ball B(z,r(z)) with closure in A;j N Vy(y). The family {B(z,r(z))}sck, is clearly
an open covering of the compact set K; from which we can choose a finite covering
{Bj,h Bj’Q7 e Bj,Nj } The family

B:= {B‘yi

j:O,l,...,i:l,...Nj}

has the required properties. 0O

2.96 Lemma. The function

exp (1_‘1x‘2) if |x] < 1,
0 if lo| = 1

p(z) =

is of class C* and nonzero exactly on B(0,1).
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2.97 Theorem. Let {B;} be a locally finite covering of Q = U;B;, B;
being balls. There exists functions w; : R™ — R of class C*° such that

(i) 0 <aj(z) <1VereRm,
(ii) «j(z) > 0 if and only if x € By,
(i) > 52, aj(z) =1 Ve € Q.

Proof. Forj =1,2,..., we choose p; € C°°(R™) with ¢; > 0 on B; and ¢; = 0 outside
Bj. The function }372; ¢;(z) is well defined on R™ since locally it is a finite sum ({B;}
being locally finite) and positive in €, since {B;} is a covering of Q. Thus, we readily
see that the functions

ej(@)

?io vj(@)

have the desired properties. O

aj(z) = >

We notice that the number of functions «; of the decomposition of
unity that are nonzero at each z is finite and that they are exactly the
nonzero functions of the decomposition of unity that are nonzero at y if y
is suffciently close to x. Consequently, we also have

ZDO‘J (ZO‘J )z() Vo € Q

and

for = L" or H* 1.

d. Gauss—Green formulas

2.98 Theorem (Gauss—Green formulas). Let A C R™ be an admissi-
ble open set and let f be a function of class C' in a neighborhood of A with
IDf| € LY(A). Denote by v : r(A) — R™ the field of exterior unit normal
vectors to A. Then v is defined H" -a.e. on OA. We have

/Dif(x)dx:/ fridH™ Vi=1,...,n.
A A

Proof. Recall that r(A) is the set of regular points for A. We set s(A) := dA \ r(A),
A to be an open set so that A D A, and, finally, Q := A\ s(A). Since s(A) is closed, Q
is open. Now, for x € 2 we can choose an open neighborhood U, of x so that
(i) if z € Q\ A, then U, is a cube centered at = and contained in Q \ A,
(ii) if x € ANQ, then U, is a cube centered at « and contained in QN A,
(iii) if x € 0ANQ, i.e., x € r(OA), then we choose U, as in the definition of regular
points and, without loss of generality, we assume that U, is small enough so that
Us C Q.
The family {U.} covers Q. Therefore, there exists a denumerable locally finite refine-
ment {B;} of {U,}, Theorem 2.95, with the associated decomposition of unity {c;},
Theorem 2.97, and we distinguish the following three cases:
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Figure 2.17. Two pages from the Essay by George Green (1793-1841), which appeared
in 1828 and was reprinted in 1850 in Crelle’s Journal where Gauss—Green formulas
appear.

o Bj is exterior to A. Then a; = 0 in A hence

/ Di(faj) de =0= / fl/iaj dH™ L
A OA

o Bj is interior to A. Then from Proposition 2.92 and a; = 0 in 0A

/ Di(faj) de =0= / fl/iaj dHn_l.
A A

o BjNOA # 0, then Bj is contained in some Uy of type (iii) and fa; : Uz — R satisfies
the assumptions of Proposition 2.93. If follows

/ Di(foy)de = / Di(foy)de = / fria; dH" ! = / friog dH™ L.
A Uy OANU, 0A
Summing on j =1, ..., since Z‘]’il aj =1in Q, {B;} is locally finite and

H'HOANQ) = H* (r(4)) = H" 1 (8A),

we conclude

/ADifdz

/AnﬂDifda::/A;(Dif)aj dz:;/ADi(fa]—)dz
:Oo v - d n71: ioo - d nflz
;/@Af a; dH /BAfV Jz::la] H /(9

= / fVi dHn71 .
A

fVi dHn71
ANQ
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e. Integration by parts

As stated, Gauss—Green formulas may be thought of as the fundamental
theorem of calculus for functions of several variables. Applying them to the
product of two functions f and g, we deduce the formulas of integration
by parts.

2.99 Proposition. Let A be an admissible domain, v : 0A — R" the field
of exterior unit normal vectors to A, and let f,g € C°(A)NCY(A) be such
that |Df| and |Dg| are summable in A. Then

/Df ar= [ e iy /f

(246)
fori=1,2,....n

f. The divergence theorem

Let A be an admissible domain and £ : A — R", E = (E', E?,..., E")

a field of class C°(A) N C*(A) with summable Jacobian matrix DE. The
divergence of I/ at x € A is the number

div E(z) :=trDE(z) = , ?)SZ (x) = ZDLE’(JC)

Since the functions D;E* : A — R, i = 1,...,n, are summable, if we apply
the Gauss—Green formulas to them, we find in particular

/DiEi de = Flv;dH™™ ' Vi=1,...,n
A A
and, summing over %, the divergence theorem
/ div E(z) dz = EevdH" L. (2.47)
A DA

The quantity
H(E, A) ::/ Eev dH"*
A

is called the flur of E outgoing from A.

g. Geometrical meaning of the divergence

Let E: A — R" be a field that we assume of class C1(A). For every ball
B(z,r) CC A we denote by ¢(F,r) the flux of E outgoing from B(x, ),

o(E,r) ::/ Eev dH™ !, v(z) = x/|z|.
OB (z,r)
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The divergence theorem yields
o(E,r) = / div E(z) dx
B(z,r)

hence, if we divide by |B(z, )| = w,r™ and let » — 0, we infer

E 1
lim (E,7) = lim div E(y) dy = div E(x),
r—0 Wy r—0 |B(x,r)| B(z,r)

because of the continuity of div E(x), or
O(E,r) = wpdiv E(z)r"™ + o(r™) as r — 0.

In other words, div E(z) represents the (rescaled) flow outgoing from an
infinitesimal ball centered at .

h. Divergence and transport of volume

Let A C R™ be open and F' : R x A — R™ be smooth. A curve ~(¢) :
I — A satisfying the differential equation ~/'(t) = F(t,7v(t)), i.e., a curve
t — (t,v(t)) with velocity (1, F(t,v(t))), is called a fluz line or an integral
line of F. As we shall see in Chapter 6, for every x € A there exists a
unique flux line defined for small times that at time ¢ = 0 is at x. If we
denote by ¢(z,t) these flux lines, i.e.,

and set ¢ () := ¢(¢t, ), then Deo(x) = Id, and, for K CC Q there exists
€o such that ¢(t,z) is defined on | — €, ¢o[x K with det D¢, (x) > 0. From
(1.28) with A(t) := D¢¢(x), we then infer

d )
o [det D ()](t) = det Dy (z) tr (qut(x) ! 8tD¢>t(x))

= det Day(x) tr (Do) D 1 o(1,))
= det Dby (2) tr (D@ (z) ' DF(t, ¢(t, x)) D¢t(w))

= det D¢y (x) tr DF (¢, ¢(t, x))
= det D¢ (x) div F(t, ¢(t, x)).

If Q cC A and Q; := ¢(Q) is the image of Q at time ¢ transported by
the flow, then the area formula says

L) = /Q | det Dby (x)|dz /Q det Déby (z)dz
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and, differentiating under the integral sign,

AL

. Vi) = /Q gtdetD@(x)dx

= / det D¢y () div F(t, ¢(t, x)) de = / div F(t, x) dz.
Q Q¢
In the so-called autonomous case, F = F(x), and for t = 0, we get

1oder(@y), 1 .
Q) dt (0) = £r(9) /lev F(z)dx,

i.e., div E(x) is the percentage variation of the infinitesimal volume when
transported by the flow at time ¢t = 0.

2.7 Exercises

2.100 9. Let C(A) be the cone of basis A = {(x,y) € R?|2? < y < 1}, and vertex
(0,0, 1). Compute the volume of C'\ B((0,0,1),1/2).

2.101 9. Prove Schwarz’s theorem, Theorem 1.34, for functions of class C?(Q) by using

the theorem of differentiation under the integral sign. [Hint: Differentiate at (to,xo) the
identity

h
f(t,xo—l—h)—f(t,a:o):/o gj;(t,s)dt

for |t — to|, |h| small enough, and then use the fundamental theorem of calculus.]

2.102 q. Show that Airy’s function ¢(t) := \}W Jo© cos (ta: + ””33) dx solves the equa-
tion
@" (t) —tp(t) = 0.
2.103 9. Show a sequence { fr } of nonnegative summable functions on [0, 1] such that
1
lim / fn(z)de =0 and limsup fn(z) = +oo Vz € [0,1].
n—oo 0 n—oo
2.104 9. Show that f’:[0,1] — R is measurable if f : [0,1] — R is differentiable.

2.105 9. Show that

1 ..1/3 1 el 9
/ * log  dx = E ,
0o 1—=x z = (3n +4)?

* e rdr = 3 -1 n
/0 e T cosv/rd ,;)( 1) (@n)!”

[ee)

/”Z n? sinnx _ 2a(1 + a?) Va > 1.
0 an (a% — 1)

n=1
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2.106 §. Show that for p,q > 0 we have
1 — oo
/0 1420 + nq

n:O

. T _ yoo (=D
infer that 7 =3 77, 5 /) .

2.107 9. Show that for |a| < 1,

o3}

/1 1—t di=3" a” '
o T—at® " = (3n+1)(3n+2)

infer that

2:: 3n+1) 3n+2)

2.108 §. Compute e dxdy where D := {(z,y) €ER? |z >0, 22 <y,0 <y < 2}.
Dy
2.109 €. Show that
oo xafl oo
/0 eat — 2:: (n+ 1)0‘ ’

L arctant

V1—1t2

and
dt = g log(1 + V2).

2.110 9. Let A be a positive n X n symmetric matrix. Show that

—A dx = .
/Rnexp( zex)dr det A

2.111 9. Let f:[0,1] — R be a continuous function. Show that ,62(9“0’1]) =0.
2.112 9. Let E C R™. Show that F is measurable if £L"*(JF) = 0.

2.113 9. Compute
4t2+\/\z\ . 1m+\/tmd

lim T, lim
t—+oo J_4 1+t2:p2 t—otJo t4z

2.114 €. Show that for a > 0

n

oo
lim (1 v )nmo‘fl dr = / e Pz .
n—oe Jo n 0
2.115 9 Astroid. Compute the area and the length of the boundary of the astroid

A= {(w,y) € R? ‘:L’2/3+y2/3 < 1}.

2.116 9. If S2 := {(z,y,2) |22 + y? + 22 = 1}, compute

/ z2 dH>.
52
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2.117 9. Let T be the triangle in R® with vertices (1,0, 0), (0,1,0) and (0,0, 1). Com-

pute
/ zdH>.
T

2.118 9. If G C R3 is the graph of the function f : [0, 1] x [~1,1] — R, f(z,y) = 2+,

compute
/ xdH?.
G

2.119 9. For a, L > 0, let C' C R3 be the truncated cone
Ci={(@,y,2) €R*| 22 =a(@?+y?), 0<2 < L},
Compute the volume of C' and the area of the boundary of C.
2.120 9 The Viviani solid. Let
V= {(ﬂc,y,Z)‘ﬂE2 +y2+22 <1, 22+ 9% < rr}
be the intersection of the unit ball in R3 with the vertical cylinder {(z,y, z) € R?|z2 +
2
y? —x < 0}
(i) Compute the colume of V.
(ii) Show that S := 90V = 51 U Sy where
Sy = {(m,y,z) €R3 ’xg +y? 422 =1, 2% +y? Sm}:

SQ = {(a:,y,z) €R3 ’$2+y2+22 S 17 $2+y2 :33},
and compute the area of S7 and Ss.

(iii) Show that the curve s(a) := (cos? a, cos asin o, sin ) maps the interval | — 7, 7|
onto S1 N S2, and compute the length of S1 N Sa.

2.121 9. Compute
1
dx.
/RH (L4 |z
2.122 9. Compute H* 1 (2,,—1) where

n
g = {xeR", ‘ Sai=10<a< 1v¢}.
=1

2.123 § Feynman’s formula. Let a € R™ be a point with positive coordinates. Show

that 1 1
dH" " (z) = :
»/5171 aex (nfl)!nlgjgn aj

2.124 9. Let f:R™\ {0} — R be positively homogeneous of degree d, f(tx) = t?f(x)
Yz € R™ \ {0} V¢ > 0. Prove that

/ Af(x)de = d/ F@) dH (@),
B(0,1) 0B(0,1)
In particular, if x = (z1,...,2n), show that Vj = 1,...,n

L"(B(0,1)) = / a3 dH"

Sn—1
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2.125 q. If B C R" denotes the ball of radius R around 0 in R™, show that for every
f € CY(BR) we have

/BR (Xn:mipif(m) +nf(x)) de = R/aBR Flz) dH (@),

i=1
2.126 9. If f € C3(Q) and Vf = 0 on 99, show that

/Q(Af)%lm:/ S (DiDy)? da.

C1<ig<n

2.127 9. Compute the outgoing flux from the unit ball in R? centered at 0 of the field
E = (2z,y2, 2?%).

2.128 9. Compute the outgoing flux from the lateral surface of the cylinder
Ci={(@y2) eR P+ <1, ~1<2 <1}
of the field E = (zy2, 2y, y).

2.129 9. Let © be an open admissible set. Then

1
En(ﬂ) = AQ Terq dH™ 1.

n



3. Curves and Differential
Forms

In this chapter we discuss notions such as force, work, vector field, differ-
ential form, conservative vector field and its potential, and the solvability
in an open set ) C R™ of the equation

gradU = F.

We shall see that the vector field F' is conservative, i.e., the equation
gradU = F is solvable, if and only if the work along closed curves in
Q is zero, and we shall discuss how to compute a solution, a potential.

When n = 3, every function U of class C? satisfies the equation
rot grad U = 0. Therefore, rot F' = 0 in €2 is a necessary condition in order
for the vector field F' € C! to be conservative in . In terms of differential
forms, we shall also see that rot F' = 0 suffices for I’ to be conservative in
simply connected domains.

Though Lebesgue’s theory of integration would allow us more general
results, here we prefer to limit ourselves to the use of Riemann integral.

3.1 Differential Forms, Vector Fields,
and Work

a. Vector fields and differential forms

We recall that with respect to a basis (eq, e, ..., e,) in R™ with coordi-

nates (z!, 22,..., 2"), every linear map £ : R® — R writes as

(= izidaﬁ
i=1

where, for i =1,...,n, {; :={(e;) and for h = >_1" | h'e; € R™ da’(h) :=
h'. From now on we shall denote the action of a linear map over the vector
h by

<{l,h>:=Lh).
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138 3. Curves and Differential Forms

We shall also recall that, if e is an inner product in R"™, then for every
linear map ¢ : R™ — R, there is by Riesz theorem a unique vector F' € R"
such that

<l,h>=/{(h)= Feh Vh € R™. 1

~—

(3
The coordinates of F can be easily computed writing (3.1) for h =
€1, €2,..., en, toget ' = G7'LT, where G is the metric tensor G := [G,;],
Gij = e;e¢;, and L is the row vector L := ({(e1),l(e2), ..., 4(en)).

The structure we have just described is used for instance in mechanics
to model the relationship between force and work. If we think of a force
as a primitive notion, (3.1) defines (F'|h) as the elementary work done by
F in the direction h € R™, whereas, if the work h — ¢(h) is our primitive
notion (notice that, in fact, we measure the work and not the force), then
(3.1) provides us with the force F' that does the work, see [GM3].

3.1 Definition. Let © be an open set of R™.

(i) A vector field in Q is a map F : Q — R".
(ii) A differential form w in Q is @ map w : @ — L(R™,R) that associates
to every x € Q a linear map w(zx) : R™ — R.

Hence, in coordinates a differential form can be written as
n .
w(z) = sz‘(ﬂﬁ) dz*, wi(z) =< w(x),e; >, T €Q,
i=1

and a vector field as F(z) = (F(x)', F(x)?,..., F(z)"). If w is a differen-
tial form on €, and F' is the (unique) vector field on €2 such that

<w(z),h>= F(z)eh Vh € R" Vz € Q, (3.2)

we say that F is the vector field associated to w or that w is the differential
form associated to F. We say that a differential form is of class CF if its
components in a basis are of class C*. Notice that a differential form is of
class C* if and only if its associated vector field is of class C*.

b. Curves

We briefly recall a few facts about curves, see, e.g., [GM3]. Let £ be an
open set of R™. A curve in Q is a map v : [a,b] — Q. Its image v([a, ]) is
the trajectory of the curve, y(a) is its initial point, v(b) is its final point.
A curve v : [a,b] — Q is said to be regular if 7/(t) # 0 for all t € [a, ],
closed if y(a) = v(b), and simple if v(t) # v(s) t # s €]a, b]. The length of
v is given by

b
L) = [ We)lds

At a point ¢ where |/(t)| # 0, the unit tangent vector to ~ is defined by
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(3.3)

Notice that Spant(t) is the tangent line to v([a, b]) at v(t).

A reparameterization of v is a new curve § € C([c, d],R™) such that
there exists h : [¢,d] — [a,b] of class C' that is one-to-one and such that
d(s) = v(h(s)) Vs € [c,d]. Since either A’ > 0 or A’ < 0 on [¢, d], we say
in the former case that § is an increasing reparameterization of v or that
h is an orientation preserving reparameterization, whereas in the latter
case we say that 0 is a decreasing reparameterization of v or that h is a
reversing orientation reparameterization. Trivially

5 _ o V(A)
()~ i)

Recall that the length of a curve does not change under reparameterization
of it and also that two simple curves of class C! are reparameterizations
of the same curve if and only if they have the same trajectory.

A natural reparameterization of a regular curve v € C!([a,b],R"™) is
obtained in terms of the curvilinear abscissa, or arc length, i.e., the pa-
rameterization in terms of the traveled space

)= [ (ol

In fact, the function s(¢) : [a, b] — [0, L(7y)] is strictly increasing and of class
C*t with s'(t) = |¥/(t)| > 0. Therefore, its inverse t(s) : [0, L(y)] — [a, b] is
also of class C! and increasing with ¢/(s) = 1/]7/(¢(s))]| for all s € [0, L].
Consequently, the parameterization of « by arc length

6(s) :=~(t(s)),  te[0,L(v)]

has the same orientation of v and [¢'(s)| =1 Vs € [0, L(7)].

3.2 Remark. Let v: [a,b] = R™ and § : [¢,d] — R™ be two simple curves
with the same trajectory, v([a,b]) = 6([c,d]). Though in general they are
not one the reparameterization of the other, we have § = = o h where
h:le,d] — [a,b] is a homeomorphism. This suffices to show that v and ¢
have the same length, see [GM3]. This follows also from the area formula,
Theorems 2.78 and 2.80, since for a simple curve v of class C'! we have

b
Lm:/Nﬂma:wmwM»
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Figure 3.1. The tangent component of a vector field at a point.

c. Integration along a curve and work

3.3 Definition. Let Q@ C R™ be open and let v : [a,b] — Q be a curve
of class C'. The work, or integral of a differential form w along v is the
number, denoted by fvw or L(v,w), given by

b
[o=t0) = [ <wt)6) > ds (3.4)

Similarly, the work of a continuous vectorfield F in Q is defined as

b
[ @lds) = £6 By i= [ PO+ () d

It is easily seen that

o the work functional is linear on forms,

/v(w+n)/vw+/vn and LAwALw

for all couple of forms w,n and every A € R,

o if <w(w),h>= F(x)eh VhVz € Q, then fvw = vads,

o the work of w along v does not change if we reparameterize v preserving
the orientation and changes sign if we reverse the orientation,

o the definition of work extends to continuous curves that are piecewise
regular.

3.4 9. The use of continuous and piecewise regular curves is useful, but not necessary.
In fact, every such curve admits a reparameterization of class C1 with h’ > 0, therefore
with £(6,w) = L(vy,w).

If 7; : [a,b] — Q, i =1,...,k , are k curves of class C'([a,b]) with
~it1(a) = ~;(b) on an open set Q C R™, we may and do define a new curve,
traveling successively on 71,72, ..., Vs, called the join of vy1,7v2,...,v, as
follows. We choose (n+1) points {¢;} in [a, b], for instance t; := j(b—a)/k+
a, j=0,...,k, and for i = 1,..., k we reparameterize y; on [t;_1,t;] as
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h—
8; =y o ;. ¢i(s) :==a+ “ (s —ti—1).
ti — 11

The new curve v, defined by ~(s) := d;(s) if s € [t;—1, %], is also denoted

by
n
Y= Z Yi
i=1

and, for any continuous differential form on 2, we have

k k
E( ’yi,w> = L(w,d;) = Zﬁ(w,’yi)

i=1 i=1 i=1

since L(7;,w) = L(6;,w) Vi.
Finally, if —v(s) := v((1 — s)b+ sa), s € [0,1], then —v is a decreasing
reparametrization of v and

‘C(ffy, LU) = 7)6(»),’ W).

3.5 Remark. Let 7 : [a,b] — R" be a simple curve of class C! in an open
set 2 of R™. For every t for which +/(¢) # 0, the unit tangent vector

t“/(?/) = )|7 V(t) =Y,

is well defined in y. If w is a continuous differentiable form, we wish to
write

b
L) = [ <wb) > di= [ <wlo)s60) > o)

(3.5)
where R := {t € [a,b]|7'(t) # 0}. However, one can show nonnega-
tive scalar continuous functions for which the characteristic function of
{z| f(x) # 0} is not Riemann integrable, hence the right-hand side in
(3.5) is meaningless, in general. However, the difficulty is overcome if we
interpret the integrals as Lebesgue’s integral. In fact, R is open in [a, b],
thus Lebesgue-measurable. Moreover, by the area formula, Theorems 2.78
and 2.80, we have

o=/ W/ (8)] dt = 1 (4((a, D]\ R)).
[a,b]\R

It follows that t.(y) exists for H'-a.e. y € v([a,b]) and, again by the area
formula,
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b
/w<M%Mw%ﬁwﬁ=/<wmwxhw>kﬂmﬁ

R

:/' <wy)t ) > A  (36)
Y(R)

:/ < w(y), to(y) > dH(y).
¥ ([a.b])

As a consequence of (3.6) we can state: if v : [a,b] and ¢ : [¢,d] — R™ are
two simple curves of class C' with the same trajectory A = ~([a,b]) =
d([c,d]) (not necessarily one the reparameterization of the other), then
either t,(y) = ts(y) for H'-q.o. y € A and L(w,7) = L(w, ), or t,(y) =
—t5(y) for H'-a.e. y € A and L(vy,w) = —L(,w).

3.2 Conservative Fields and
Potentials

a. Exact differential forms
3.6 Definition. Let © be an open set of R™.

(i) A continuous differential form w in S is said to be exact in §2 if there
exists f € CY(Q) such that w(x) = df (x) for all x € Q. The function
f is called a potential of w in Q.

(ii) A continuous vector field, F in Q is conservative in () if there exists
f € CY(Q) such that F(x) = Vf(x) for all x € Q. The function f is
called a potential for F' in ).

Trivially, a differential form is exact if and only if its associated vector field
is conservative, and a potential of w is a potential of F' and vice versa. We
notice that two potentials of w (or of F') in a connected open set differ by
a constant, see Corollary 1.45.

3.7 Example. According to Hooke’s law, the pulling force exerted by an ideal spring
fixed at the origin on a point € R™ is given by F(z) = —kx, where k > 0 is called the
elastic constant of the spring. The vector field F(z) := —kx, x € R™, is conservative,
since F(z) = Vf(z) where f(z) = f§|m|2 Vo € R™. In general, a radial vector field
F:R"\ {0} — R",

F@) = p(lehe,  where g Ry — R, ¢ € C°(J0, 0[),

is conservative in R™ \ {0} since the function

[z
f(z) = /1 sp(s)ds, , € R™\ {0},

is a potential of F' in R™ \ {0}, as it is easily seen by differentiating f.
A potential of the gravitational field F(z) := — G z, z €R3, is
|3
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V(m):/lleds: G.

“+oo 52 |$|

We have chosen as an extremal point +oo since 1/s? is summable at co. This way the
potential V' vanishes at co.

Let  be a connected open set in R”, let f € C1(2), and let 7y : [a,b] —
Q be a curve in Q of class C'. By definition

b
[dr= [ <o) > ds
v ab p (3.7)
= [ i f6)ds = 60D - Fr()
or, in other words, the work of an exact differential form of class C' de-

pends only on the difference of the potential at the extreme points of the
curve.

3.8 9. Show that (3.7) also holds for continuous and piecewise smooth curves.

Actually, the following holds.

3.9 Theorem (Fundamental theorem of calculus). Let w be a con-
tinuous differential form in an open and connected set @ C R™ and let
f:Q —=R. The following claims are equivalent.

(i) f is of class C' and is a potential for w in Q.
(ii) For any couple of points xo,x € 2 and for any piecewise smooth curve
Voo 1@ B] — Q joining xo to x we have

f@) - fan) = [ o

Yzg,z

(iii) For any xo € Q there exists 6 > 0 such that for every x € B(xo,0)
we have
f@) = s = [

Tzq,z

where 7(t) == (1 — t)xo + tx, t € [0,1], is the segment curve going
from xq to x.

Proof. As we have seen in (3.7), (i) implies (ii) and trivially (ii) implies (iii). Let us
show that (iii) implies (i). for x € Q, ¢ = 1,...,n and h € R, |h| small, consider the
segment §(s) := x + she;, 0 < s < 1, joining = to x + he;. On account of the mean value
theorem and of the continuity of w;, we find

flx+he)) = flx) _ 1

1
b =h/0 < w(x + she; ,he; > ds

1
:/ w;(z + she;) ds
0

1 h
= h/ wi(z + te;) dt — w;(x),
0
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Figure 3.2. The proof of Theorem 3.9.

hence the partial derivatives of f at x exist and

of
) = w; Vo € Q.
9 (z) = wi(2) T
Since w is continuous, the partial derivatives are continuous in €, hence f € C1(Q) and
df (z) = w(z) in Q. O

3.10 Theorem. Let w be a continuous differential form in an open and
connected set Q C R™. Then w is exact if and only if the work of w along
any closed piecewise smooth curve is zero. In this case, a potential for
w is obtained as follows: fix xg € Q and for any x € Q choose a curve
Vao.w © 14,0 — Q joining xo to x with y(a) = xo and v(b) = x; then the
work function

f(z) = / w, x € Q, (3.8)

s a potential of w in Q.

Proof. Trivially (3.7) yields fww = 0 for any closed piecewise continuous curve, if
w has a potential. Conversely, assume that fﬂ/w = 0 for all closed v’s. If z,y € Q

and § : [a,b] —  is a piecewise smooth curve with §(a) = = and 6(b) = y, then
Y 1= Yzg,x + 0 — Yo,y is a closed curve in €2, hence

o:cw,w):A ot fu

w:/6w+f(w)—f(y)-

x(g,T T, 0

3.11 9. We ask the reader to state the analogy of Theorem 3.9 for vector fields.

3.12 Exact forms in practice. Theorem 3.9 gives us a necessary and
sufficient condition for a form w to be exact. The necessary condition is
useful to show that a differential form is not exact: if we find a closed curve
along which w does work, then w is not exact. Instead, it is difficult to use
the sufficient condition, as it requires us to verify that the work done on
every closed curve is zero.

To prove that a given differential form is exact, in practice, it is easier
to exhibit a potential, and, to do it, we essentially have two alternatives.

(i) Guess a potential.
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(ii) Suppose € is an open connected subset of R™. Fix zp € 2, and for
x € Q choose a curve v, from x( to x, for example traveling parallel
to the coordinates axes going from xg to x and compute the work

f(x) == L(w,~,) along that curve. If f € C1(Q2) and gg{z () = w;i(x)
for all x € €2, then f is a potential for w in €.

Notice that any two potentials of an (exact) differential form on a connec-
ted open set differ by a constant by Theorem 3.9.

3.13 Example. The differential form w(z,y) := \/y/z dz + \/z/y dy is exact in Q =
{(z,y) €R?|z >0, y > 0}.
In fact, the function f(z,y) = 2,/zy is a potential of w in Q as

9] 3]
\/zy:\/ya VI P a0,y >0
ox T y Y

3.14 Example. The differential form

w(z,y) = /Y dx + <1 — x)ez/y dy,
Y

is exact in Q = {(x,y) € R? |y > 0}. In fact, if we fix the point (0, 1) and join it to (z,y)
first traveling from (0, 1) to (0,y) vertically and then from (0,y) to (z,y) horizontally,
the work done is

y 0 @ z/y
f(m,y):/ <17 >eo/ydy+/ ez/yd:r:(yfl)er/ etdt = y—1+y(e®/¥—1).
1 Y 0 0

It is easy to show that f € C1(Q) and that df(z,y) = w(z,y) in Q, therefore f is a
potential of w in Q.

3.3 Closed Forms and Irrotational
Fields

a. Closed forms

There is another necessary condition for a differential form of class C* to
be exact: If w = df in an open set 2, then f € C?(Q2), hence

dwi 0 Of 9 Of  Ow

Oxd  Qxd dxt Oat Oxd Ozt

for i, j = 1,n, by Schwarz’s theorem. Motivated by this remark, we set the
following.

3.15 Definition. Let Q be an open set of R™. We say that a differential
form w in Q of class C' is closed in Q if

5‘wi - 3&1 '

O (x) = O (x) Vi,j=1,n, Vo € Q.
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A wvector field F : Q — R"™ of class C' is said to be irrotational in Q if

OF! OFJ .
O () = O (x) Vi,j=1,n, Vo € Q.
The reason for naming it irrotational is that for n = 3, the curl of F' given
by
OF3 OF? OF' OF% OF? OF!
curl F' := ( — , — , — )
Ay 0z 0z Ox = Ox dy
is also called the rotor of F' and denoted rot [: F' is irrotational if rot F' =
curl FF = 0.
Notice that F' is irrotational if and only if its associated differential
form is closed.

3.16 Proposition. Let Q C R™ be an open set. An exact differential form
of class C*(Q) is closed in Q. A conservative vector field of class C1(Q) is
irrotational.

3.17 Example. There are closed forms that are not exact. For instance, the angle

form
Yy x
w(z,y) = — dr + d
(z,y) 22 4 y? 22 W
is closed in Q := R? \ {0}, as one sees differentiating. However, w is not exact since

the work of w along the curve t — () = (cost,sint), t € [0,2n] that travels along the
boundary of the unit circle, is nonzero,

27
/w:/ (sin? t 4 cos? t) dt = 27 # 0.
¥ 0

Notice that w is exact in Q := {(z,y) |y > 0}: The function f(z,y) := — arctan(z/y),
(z,y) € Q, is a potential for w in Q.

3.18 9. Let I be a halfline in R? from the origin. Show that the angle form in Exam-
ple 3.17 is exact on R2\ T".

Every matrix A € M, ,(R) splits into the sum of its symmetric part
and antisymmetric part

A= ;(A+AT)+ ;(A—AT).

The symmetric part of the Jacobian matrix of a vector field F' is called
the deformation gradient of F' and its antisymmetric part the rotational
gradient of F' that coincides with érot F,

DF = ¢(F) + W(F)

- =350,
W) = WL W)=, (50 -0,
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Figure 3.3. George Gabriel Stokes (1819—
1903) and an introduction to differential
forms.

Similarly, if w is a differential form, we call the matrix

(’)wi 8(4)]'
W(w) = [W(w)ij]a W(w)ij T Opd - Ot
the rotation matriz of w. Thus, w is closed if and only if its rotation matriz
is zero.

b. Poincaré lemma

We shall see that the obstruction to the exactness of every closed form in
Q is in the form of Q. First we consider a class of special domains.

3.19 Definition. We say that an open set  C R™ is star-shaped with
respect to one of its points xq if the segment joining it to any other point
x € Q is contained in Q. We simply say that Q is star-shaped if ) is
star-shaped with respect to one of its points.

3.20 Theorem (Poincaré lemma). Let Q be a star-shaped domain of
R™. Every closed differential form w in Q of class C' is exact. Equivalently,
every irrotational vector field F in Q of class C' is conservative.

Proof. After a translation we may assume that € is star-shaped with respect to the
origin. If we parameterize the segment joining the origin to z as v(t) := tz/|z|, t €
[0, |z|], we need to prove that

|| 1 ,
f(x) = E('y,w)z/o < w(th),h > dt:/o > wilth)h'dt,  z€Q,
=1
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Y

A

Figure 3.4. A homotopy with fixed end points between f and g.

is a potential for w in Q. Differentiating under the integral sign, we find

) 1 ) 1 9 n )
_ ) i ) i
)= O /0 i:E 1 wi(tz)z* dt /0 B [Z:E lwz(tx)a: ] dt

and, using the closedness of w,

;f] (z) = /01 (wj- (tz) + tg:; (tx)acz) dt = /01 (wj(tm) + t?;z (tm)x’) dt

:/01 (wj(tm)+tjtwj(m)) dt:/ol jt(twj(tm))dt:wj(m).

OxJ

O

Of course, the balls of R™ are connected and star-shaped with respect
to its center, consequently we observe the following.

3.21 Proposition. Every closed form of class C' is locally exact. Every
irrotational vector field of class C* is locally conservative.

c. Homotopic curves and work

Let © be an open connected set in R™. We recall, see [GM3], that two
continuous curves f, g : [0,1] — Q with f(0) = ¢(0), f(1) = g(1), are said
to be homotopic in §Q if there exists a continuous map

H:R=][0,1] x [0,1] —
such that
(0, )=f(t)» € [0,1],
H(1,t) € [0,1],
(8,a)=f(0) ( ), Vs €0,1],
H(s,b) = f(1) = g(1), Vs € [0,1],

see Figure 3.4. In this case, and with the previous notations, f(t) = Hod(t)
and g(t) = H 0 d1(t); moreover, 2 := H 02 and 73 := H o d3 are constant.

e

3.22 Theorem. Let 7,8 : [0,1] — Q be two piecewise curves of class C*
that are homotopic with fixed extreme points and let w be a continuous
locally exact form in Q. Then we have



3.3 Closed Forms and Irrotational Fields 149

\

Figure 3.5. A homotopy between ~ and ¢ as closed curves.

L(y,w) = L(,w).
Similarly, if F' is a locally conservative continuous field in €, we have
Ly, F) = L5, F).

Proof. Let h : [0,1] x [0,1] — Q be a homotopy from v to ¢ and, for every z € €,
let F, : B(xz,e(z)) — R be a potential of w in B(z,e(x)). Since h([0,1] x [0,1]) is
compact, one can suppose that e(z) > eo > 0 if z € h([0,1] x [0, 1]). Since h is uniformly
continuous on [0,1] x [0,1], we decompose [0,1] x [0,1] in adjacent squares {R; ;},
i,j =1,..., N with side length of 1/N, N large, such that h(R; ;) C B(z,€g) for some
x =x;; € h([0,1] x [0,1]). For every 4,5 =1,..., N, let

(bi,]'(sa t) = Fac(i,j)(h(sﬂt))'

Since two potentials differ by a constant on a connected set, we can add, sequentially
by rows, a constant c; j to ¢; ; in such a way that

o(t,s) := 0i,;(t, s) + Ci,j if (t,s) € Ry ;
is well defined on [0, 1] x [0,1]. Clearly ¢(t, s) is continuous on [0, 1] x [0, 1].

Now, let to =0 < t1 < --- < tny—1 <ty = 1 be the subdivision of [0, 1] such that
Rij = [ti—l,ti} X [t]'_htj]. Since we have

[, g: (‘ﬁw (0,t;) — ¢4,5(0, ti,1)>
I

ti_ 1.t i=1

>~ (9(0.) = #(0.ti-1)) = 6(0,1) = 6(0,0)

Jw=s0n-00.0,
the claim follows being also

#(0,0) = ¢(1,0) and (1,0) = ¢(1,1). (3.9)
O

and, similarly,

We also recall, see [GM3], that two continuous closed curves vy and
0 :[0,1] — € are said to be homotopic as closed curves if there exists a
continuous map H : R — € such that
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zo

Figure 3.6. v is homotopic to zg.

H(s,0) = H(s,1), Vs € [0,1],
see Figure 3.5. We have

3.23 Theorem. Let v,d : [0,1] — Q be two piecewise closed curves of
class C' that are homotopic as closed curves. If w is a locally exact form
in €2, then

L(y,w) = L(6,w),

and, similarly, if F' is a locally conservative continuous field in §2, then
L(v, F) = L(6, F).

Proof. We proceed as in the proof of Theorem 3.23. The conclusion then follows since
this time we have ¢(1,1) — ¢(1,0) = ¢(1,0) — ¢(0, 0) instead of (3.9). O

d. Simply connected subsets and closed forms

3.24 Definition. An open connected set is said to be simply connected if
every closed curve in  is homotopic to a constant curve in 2.

Since every open and connected set is also arc-connected, 2 is simply
connected if and only if for xg € Q every closed curve with initial and
final end points at x( is homotopic to the constant curve xy with initial
and final points z. In other words, an open and connected set §2 is simply
connected if and only if its first homotopy group 71 (£2) vanishes.

As consequence of Theorem 3.23 the following holds.

3.25 Corollary. Let Q be an open, connected and simply connected do-
main. Every closed form in € is exact in Q, or, equivalently, every irrota-
tional field F in Q is conservative in ), i.e., if vot F' =0 in €, then there
exists f € C?(Q) such that F =V f in Q.

We now illustrate a few situations in which Corollary 3.25 applies.
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Py

Figure 3.7. R3 \ {z¢} is simply connected.

For example R" and balls in R" are star-shaped with respect to any
of their points, as well as open convex sets. Instead, R™ \ {0} or the an-
ulus, {x € R™|1 < |z| < 2} are not star-shaped. Notice that star-shaped
domains are necessarily connected.

If © is star-shaped with respect to zg, then every closed curve f :
[0,1] — @ with f(1) = f(0) = ¢ is homotopic to z¢ as the homotopy
H(t,z) = (1—s)zo+sf(t), s € 10,1], ¢t € [0, 1], shows. Consequently every
star-shaped domain is connected and simply connected.

3.26 Example. Trivially R? \ {0} is not simply connected at least because the angle
form of Example 3.17 is not exact though closed. Instead, R?\ {0} is simply connected.
In fact, if 7 is a closed curve in R3 \ {0}, there exists § > 0 such that the trajectory of
~ lies outside B(0, ¢), since ([0, 1]) is compact. The curve §(t) := ~v(¢)/|v(¢)|, t € [0,1]
is then a well-defined curve of class C1, its trajectory is on S? and necessarily has to
avoid a point, say the North Pole, and consequently, a neighborhood of the North Pole,
again by Weierstrass theorem. In conclusion, « lies outside a cone with axis through
the origin and the North Pole and, therefore, it can be homotoped to the South Pole,
see Figure 3.7.

3.3.1 Pull back of a differential form

Let A and € be open sets respectively in R" and R™. If ¢ : A — Q is
continuous and f € C°(2), then f o ¢ is continuous on A and, if ¢ is of
class C! and f € C'(A), then fo¢ € CH(A); therefore, if we think of ¢ as
an operator ¢7, ¢ (f) := f o ¢, o7 maps C°(Q) into C°(A), C*(Q) into
C1(A). Moreover, if ¢ is of class C*, then ¢# maps C*(Q) into C*(A).

Similarly, we may pull back differential forms in Q to differential forms
in A.

3.27 Definition. Let ¢ € C1(A,Q) be a map of class C* from an open
set A C R" into an open set 0 C R™. The pull back of a continuous
differential form w in Q is the continuous differential form in A defined
by

< ¢fw(x),h > =< w(p(x)),Do(z)h > VYh e R". (3.10)
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3.28 9 Inverse image of a vector field. It is less intuitive to pull back a vector
field. Show that if ¢ : A — Q and F' : Q@ C R” — R"™, then the unique definition of pull
back that is compatible with the definition of pull back of the associated form is

¢* F(z) := D (2)" F(¢()),
where D¢(z)* is the adjoint operator of D¢(x).

3.29 ¢#w. We can write ¢ w in several ways.

o Let w =" wi(y)dy’ and let y = ¢(z) = (p(2)*, ¢p(x)?, ..., ¢(x)")T,

then we have

< ¢w(@),h > =< w(d(x)),D(x)h >= sz 2))D¢ (z)h

i=1

for every h € R™ hence

z) = Z wi(¢(x))de’ ()

and

r

Z wi (o af(bZ = Z ( Z wi(¢ 8xﬂ )de

o If we write the components of w as a row vector, w = (w1, wa, ..., Wy),
with n components, we can write ¢#w as the row vector with r compo-
nents

¢7w(z) = (" w(@))1, (P*w(@))2, ..., (#"w(@)),)
= (W(o(@))1, w(@(x))2, ..., w(@(x))n) D ().

3.30 Invariance of work. From the definition (3.10) we see that

(¢ f)(z) = 67 df () (3.11)

for all f € C1(£2), which implies in particular that ¢#w is exact in A if w
is exact in w := ¢(A). Moreover, we have

< T w((s)), 7 (s) >: =< w(B(7(5))), D(v(5))7 (s) >
=< w(po(s)),(po)(s) >

for every curve v : [a,b] — A of class C*. Integrating we get

L(y,¢*w) = L($po7,w). (3.12)

In particular, (3.11) (3.12) state respectively the invariance of the differ-
ential of a function and the invariance of work of a differential form under
changes of references in R™.
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3.31 9. Write the angle form of Example 3.17 in polar coordinates, i.e., compute the
pull back via the transformation = = pcosf, y = psin6.

3.32 Proposition (Differential of the pull back of forms). Letw be
a differential form of class C' in an open set Q@ C R", let H : A C
R"” — Q be a map of class C? from the open set A into 2 and denote by
(u', u,..., u") the coordinates in R". Then H#w writes as

H#y = Z P;(u) du,
i=1
where P;(u) are of class C' and we have
(3.13)

oP"  oP, z”: (&ui awj)aHi OH’

Oup,  Ouh oz Oxi) duh Ouk’

1,j=1

i j : dw; -
here gfjﬁ;, gfﬁ, gff,, %ffk, are evaluated at w € A and 2" and %7 in

Oz ox?
In particular, H#w is closed in A if w is closed in €.

Proof. In fact, computing the derivatives of Pp, :=>_7" | w; gfg , we find

0P, <~ Ow; OHI OH' & 82 H'?
ouk 71,2 Oxd Quk Guh ;wz Oukouh
P, z": Ow; OHI OH' z": ~0?H'
uh P Ox3 dul Ouk Pt “i guh ouk’

and (3.13) follows subtracting the two equations, since the Hessian matrices of the
components of H are symmetric. [}

3.33 9. Since the rotation matrix of a form is antisymmetric, (3.13) can also be written
as

P 9Pk 1 N /Ow;  Bw,N  OH! OHI  OHI HH?
> (gar ~ 2t ) N

duk ~ Bub 2 ) ouh ouk  Guh Ouk

3.3.2 Homotopy formula
a. Stokes’s theorem in a square

If R =1[0,1]x[0,1] C R?, we denote by &, 61,2, 63 : [0,1] — R? the curves
defined by

So(t) := (0, 1),
a(t) = (1,0), tel0,1]
Sa(t) = (t,1), T
43(t) == (t,0),
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A

1

2

do 61

03

Figure 3.8. § travels along OR anticlockwise.

in such a way that the curve
6 := 03+ 51 — 02 — g, (315)

goes anticlockwise along JR, see Figure 3.8.

As we know, if f : R C R? — R is continuous (or piecewise continu-
ous) and bounded on R = [a,b] X [¢,d], then we can change the order of
integration,

/ab</cdf(x’y)dy>d‘”/cd </abf(ff7y)dw>dy =: /Cd/abf(x,y)dxdy.

3.34 9. The reader is invited to prove this directly, first showing that the formula holds
for constant functions f(z,y) = A (the value of the two integrals is (b — a)(d — ¢)),
then for a piecewise constant function on a squaring of [a,b] X [¢,d] and finally for a
continuous function (approximating it with piecewise constant functions).

3.35 Proposition (Stokes). Let R :=[0,1]x[0,1] and let 6 : [0,1] — R?
be the curve in (3.15) with trajectory OR oriented anticlockwise. Suppose

that n(s,t) == P(s,t)ds + Q(s,t) dt is a differential form of class C' in a
neighborhood of R. Then

L(0,n) = /01 /01 (5222 - 88};) dsdt.
Proof. In fact, if §;, ¢ = 0,3 are the parameterizations in (3.15), we have
Jo=fon=f e [ e[
/Q(ltdt /QOt)dt+/PsO)ds—/P(sl
I 66@(5 t)ds) o
/ / 8s dsdt

Here the first two equalities are by definition of work, the third follows from the funda-
mental theorem of calculus and the last by interchanging the integral signs. O
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H

/\

Figure 3.9. A linear homotpy between f and g.

b. Homotopy formula

3.36 Proposition (Homotopy formula). Let f,g: [0,1] — R™ be two
curves of class C* and let H : R — R?, H(s,t) = sf(t) + (1 — s)g(t)
be the linear homotopy. Set K := H(R), and denote by L(f) and L(g)
respectively, the lengths of f and g. Then for every differential form w of
class C' in a neighborhood of K we have

£(.0) ~ £09.0)| < | W @)l (L) + L@) 1 ~ gllo o1

where W (w) is the rotation matriz of w, see (3.14). In particular, L(f,w) =
L(g,w) if w is closed.

Proof. 1f ¢ is the curve in (3.15), by (3.12) we have
L(f,w) — L(g,w) = L(5, H w);

thus, we need to estimate L£(5, H#w). Writing H#w =: Pds + Qdt, the functions
s — Q(s,t) and t — P(s,t) are piecewise continuous of class C', therefore by Stokes’s

theorem
P
L(8, H?w) = // 8 ddt. (3.16)
s

From (3.13) we infer

orP  0Q y p . .
or ~ ox = 22" (s +a=99"®) (W) - g ),

thus
oP 0
9 < W@l = glloe o) (s O] + (1 = 9)lg' 0.

We therefore conclude from (3.16)

1/n/\ Tn

1/n

A 4

~

Figure 3.10. For every C! form, £(vn,w) — L(v,w) though the lengths of 7, do not
converge to the length of ~.
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L 9P 80 L 9P 80
/O/O(atf&g)dtds‘:/o/o’atfasldtds

1 1 1
< 1W @l il = oot [ (/O Sl [ Iv’(t)ldt)ds

]c(a, H#w)‘ -

= W @lloe,xc (EF) + L@ IS = gllsc 0,11

This proves the first part of the claim. If w is a closed form, then W (w) = 0 everywhere,
and the second part follows at once. [}

As a consequence we find that the work of a differential form is con-
tinuous, contrary to the length, with respect to the uniform convergence.

3.37 Proposition. Let §2 be an open set in R™ and let v : [0,1] — Q and
Y [0,1] = R", k =1,2,..., be piecewise smooth curves, say of class C*.
It the lengths of the vy ’s are equibounded and v, — v uniformly, i.e.,

SlépL(%) <M < +o0, Il — Ylloo,[0,11 — O,

then for large k’s both i and the linear homotopy Hy(s,t) := sy (t)+ (1 —
$)y(t) have image in Q and
LV, w) = L(y,w) as k — oo.

Proof. Let us show that for k large, v; is a curve in © and the image Ky, := Hy(R) of
Hj, is contained in Q. Let Ko be the trajectory of v and dp := dist (Ko, 92). Since Ko
is compact, we have §o > 0. Since {7y} converges uniformly to ~, there exists kg such
that |vx(t) —v(¢)| < do for k > ko and therefore

[ H (¢, s) = y(0)] < (@) —7(B)] < bo,

i.e., the images of the K} ’s and of the trajectories of the ~;’s are in Q for £ > ko. From
the homotopy formula we also infer for k > ko

Ly, w) = L£(v;w)| < [[W(@)lloo, K3y M {17k = Voo, 10,11

which yields the result when k£ — oo. ]

3.4 Stokes’s Formula in the Plane

Let A C Q C R? be an admissible set, see Definition 2.94, as for instance
a bounded open set 2 whose boundary is the disjoint union of a finite
number of trajectories of closed curves. For every regular point y € 0A,
an exterior unit normal vector n(y) = (n'(y),n?(y)) is well defined, and

t(y) = (-n*(y),n'(¥))

is tangent to JA at y. We define the work of a continuous differential form
w € C°(QA) along the anticlockwise oriented boundary of A as
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/ wr:/ <w(y), tly) > dH'(y).
otA OtA

Notice, see Remark 3.5, that [, , w = L(w,7) if v : [0,1] — R? is a simple
closed curve piecewise of class C' whose trajectory is the boundary of A
and such that det[+'(¢)|n(v(¢))] < 0.

3.38 Proposition (Stokes). Let A be an admissible open domain of R?
and let w, w(x,y) = P(x,y) dz + Q(z,y) dy, be a differential form of class
C' in a neighborhood of A. We have

[ o[22y 17

Proof. In fact, Gauss—Green formulas yield
[, o= [ Pwre+euwew) o
ot A AA
-/ <—P(y)n2<y>+Q<y>n1<y>)cm1<y>

dd.
// or y v

Formula (3.17) allows us to compute the area of a plane figure as a
boundary integral. In fact, if w is one of the differential forms x dy, —y dx,
y(@dy — ydx) or axdy — Byde, a+ 3 =1, we get

/ w = // 1 dxdy.
otA A

3.39 Example. Suppose we want to compute the area of the cardioid

O

C = {(pcose,psine) ‘ 0<0<2m0<p<(l —cose)}.

Its anticlockwise oriented boundary is the trajectory of the curve ~(t) = ((1 —
cos @) cos 0, (1 — cos0)sinb), t € [0,2x], thus

1 1 27
£2(C):/ ldxdy = / (xdy — ydzx) = / (1 —cos0)?dt = 37r.
c 2 Jotc 2Jo 2

3.40 Example. In general, if p(6), 0 € [0, 27], is piecewise of class C'! and nonnegative,
the area of the figure defined in polar coordinates by

A= {(p, 9) ‘ 0<p<p®), ¢ [0,27r]}

/ dx dy = / (zdy — ydx)

-, /0 ((6) cos B((6) sin 0’ — (0) sin 6((6) cos ) ) d6

1 27
= / ©2(0) do.
2 Jo

is
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3.5 Exercises

3.41 9. Decide whether the following differential forms are exact:
L
zydr + 3x dy
yzdr + xzzdy + zydz

1 1
( o+ ,)wde—zdy),  a#0, y#0.
z? oy

3.42 9. A vector field is said to be central if F(x) := f(x) ‘i‘, z € R™\ {0}, where

f:R™\ {0} — R. Prove that F' is conservative if and only if F' is a radial vector field,
ie., F(x):= ¢(|z]) ‘i‘ where ¢ : R — R.

3.43 9. Let Q = R2\ {0}, let y(t) := (cost,sint), t € [0,27] and let w be a closed
differential form on Q with £(w,~) = 0. Show that w is exact on R?\ {0}. Show that
every closed form w decomposes as

w=Awg + a
where A € R, « is an exact form and wq is the angle form, see Example 3.17.
3.44 9. Let w be a closed differential form in R™\ {0}. Prove that w is exact in R™\ {0}

if
lim w(z)|z| = 0.
z—0

3.45 9. Let Q be an open set in R3. For every u € C2(Q) we have divrotu = 0 in Q,
therefore a necessary condition for the solvability of rot w = f is that div f = 0 in Q.
Suppose 2 star-shaped with respect to the origin and prove the following.

(i) Two solutions of rot u = f differ by the gradient of an arbitrary function.
(ii) If div f =0, then

rot (1f(2) x 2) = ) ((t2)),

thus integrating, infer that
1
u(z) = / tf(tr) x xdt
0
is a solution of rot u = f. Here a X b denotes the vector product defined by
a x b:=(a?b® — a®b?, —(a'b® — a®b1), a'b? — a?b!)

if a = (a',a?,a®) and b = (b',b2,b3), see [GM5, Chapter 4].



4. Holomorphic Functions

The theory of functions of one complex variable is one of the most cen-
tral and fascinating chapters of mathematics. It has its prehistory with the
works of Leonhard Euler (1707-1783), Joseph-Louis Lagrange (1736-1813),
and Carl Friedrich Gauss (1777-1855), its gold period with Augustin-Louis
Cauchy (1789-1857), G. F. Bernhard Riemann (1826-1866), Hermann
Schwarz (1843-1921), and Karl Weierstrass (1815-1897), and it is the re-
sult of the contributions of many mathematicians in the period 1800-1950.
The ideas, the methods, and the results of the theory of holomorphic func-
tions play a fundamental role in several fields of mathematics both pure
and applied, beyond their essential beauty. Here we shall limit ourselves
to an elementary introduction.

4.1 Functions from C to C

a. Complex numbers

Recall that the correspondence z = a + ib € C to (a,b) € R? identifies
C and R? as vector spaces, and the product in C gives a simple way of
describing oriented rotations in the plane. In fact, for z = a + ib and
w = ¢+ id we have

zw = (a+1ib)(c—id) = (ac+bd) +i(bc — ad) = (z|w)gz + i det(w, z) (4.1)

hence, if 6 is the angle between the two vectors z = (a,b) and w = (¢, d)
measured from w to z, then

wz = |z||w|(cos O + isin 9).

In particular, multiplying z by ¢ means rotating anticlockwise the vector
z by 7/2:izz = i|z]? = |2|2(0 +il).

b. Complex derivative

4.1 Definition. Let f : Q C C — C be a complex-valued function where Q
is open in C and let zg € Q2. We say that f is differentiable in the complex

M. Giaquinta and G. Modica, Mathematical Analysis: An Introduction to Functions 159
of Several Variables, DOI: 10.1007/978-0-8176-4612-7_4,
© Birkhduser Boston, a part of Springer Science + Business Media, LLC 2009
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sense at zg, in short f is C-differentiable with complex derivative f'(zp),
if the following limit

Fo) — i T 10)

z2—20 Z— 20

exists in C. If f has complex derivative at every point of 2, we say that f
is holomorphic (or analytic) in Q. The class of holomorphic functions on
Q is denoted H(2).

4.2 €. Show that the following facts hold:

(i) If f is C-differentiable at zo, then f is continuous at zo.
(ii) If f and g are C-differentiable at zo, then f + g and fg are C-differentiable at zo
and

(f+9)(20) = f'(20) + ¢'(20),  (f9)'(20) = f'(20)9(20) + f(20)g" (20)-

(iii) If f and g are C-differentiable at zo and g(zo0) # 0, then f/g is C-differentiable
at zo and
N, f'(20)9(20) — g'(20) f(20)
() (o) = 2 -
g 9%(20)
(iv) Let f be a map from an open set Q C C into C and z9 € Q;let g: AC C — C
be a map with f(z0) € A. If f is C-differentiable at zo and g is C-differentiable
at f(z0), then g o f is C-differentiable at zg and (g o f)'(z0) = ¢’ (f(20))f’ (20)-
(v) Let F € H(2) and 7 : [0, 1] — §2 be of class C'!, then t — F(v(t)) is differentiable
on [0, 1] and
d

th(v(t)) =F'(v)y'(t)  vte[o,1].

4.3 9. Let f € H(2) and g € H(A) for © and A open sets, and let f = g on QN A.

Prove that the function
if Q
F(z)= /) T2€9
g(z) ifzeA
is holomorphic in Q U A.

4.4 . Show that

(i) Polynomials in one complex variable are holomorphic functions on C.
(ii) A rational function R(z) := P(z)/Q(z) for P and Q polynomials is holomorphic
on Q:={z € C|Q(z) # 0}.

c. Cauchy—Riemann equations

Let us identify complex numbers and vectors of R?, i.e., 2 = x + iy with
(x,y), and let f:Q C C — C be a function. Clearly, f is R-differentiable
at zo = xg + 1yo if

f(zo +w) — f(z0) = Df(z0) w+ o|w]) as w — 0, (4.2)
and f is C-differentiable at zg if
o+ w) = fz0) = flz)w+o(lul)  asw—0.  (43)

A comparison between (4.2) and (4.3) yields at once the following.
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Figure 4.1. Augustin-Louis Cauchy (1789-1857), Karl Weierstrass (1815-1897), and
G. F. Bernhard Riemann (1826-1866).

4.5 Proposition. The function f : Q C C — C has complex derivative at
zo € Qif and only if f is R-differentiable at zo and for some A € C

g:; (z0) = Df(20)(w) = Aw. (4.4)

If so, then A\ = f'(z).

Condition (4.4) states that the R-differential of a C-differentiable func-
tion f at zp exists and acts on C as a complex multiplication
of

W g (z0) = df (z0)(w) = Aw.

This is quite a restrictive condition. In fact, two vectors wi,wy € C are
mapped by the differential into the vectors Awi, Aws, i.e., into vectors
rotated of the same angle and scaled by |A|. In particular, perpendicular
vectors wy, wo of the same length have as images the perpendicular vectors
Awi and Awsg of the same length.

Write now f as f(z,y) = u(z,y) + iv(z,y) for z := x + iy, and denote
by f. and f, the first and the second column of the Jacobian matrix of

f(@,y)
Df(2) = [falfy] = (jjx “) |

z Uy
One easily shows that (4.4) is equivalent to
fy(20) = ifa(20) (4.5)

which says that the vector f, is obtained by rotating anticlockwise by /2
the vector f,. In fact, if (4.4) holds, then

fz(20) = 3(81{0) (z0) = A(1 4 40),
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and, conversely, if w = a +ib € C, (4.5) yields
Df(z0)(w) = fa(20)a + fy(20)b = fa(20)(a +ib) = fo(z0)w.

Equation (4.5) can also be written as

0 0
82 (r0,90) = 8;; (an y0)7
ou ov (4.6)

Ay (3307?}0) = _833 (anyO)

in terms of the components of f, f =: u+ iv. Moreover, (4.5) is equivalent
to

[fz(20)| = | £y (20)];
(fz(20)[fy(20)) = 0, (4.7)
det Df(20) > 0.

Finally, if one defines the partial derivatives of f with respect to z and
z as

of . 1 ‘ of . 1 ,
92 = fz ~*2(fz*2fy)a 92 =/ ~*2(fz+zfy)a
(4.5) writes also as
aof B

Summarizing, we can state the following

4.6 Proposition. Let Q be an open set of C. Then f € H(Q) if and only
if it is R-differentiable and one of the following equivalent conditions holds.

(i) fy(z) =if.(2) Vz € Q,
(i) 9 (z)=0vzeQ,
(i) f :=u+ v satisfies the Cauchy—Riemann equations

ou ov

(z,y) =, (z,9),
Ou % V=g +iyeQ
ou ov rErTY ’

(iv) f fulfills the conformality relations

{Ifx(Z)I =1f,(2)l,
(fo(2)|fy(2)) = 0,

and preserves the orientation,

detDf(z) >0 Vz € Q.
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If f is C-differentiable, then

f'(z)= . (2) = gi(z) = f(2) Yz e Q.

4.7 Remark. Notice that currently holomorphic functions a priori may
not be of class C! and we are not allowed to use theorems that require
the continuity of the derivatives. We shall see in the following that in fact
holomorphic functions are of class C* and even more.

4.2 The Fundamental Theorem of
Calculus on C

a. Line integrals

Let Q C C be an open domain, let f : 2 — C be a continuous function,
and let v : [a,b] — Q C C be a C! curve in Q. The integral f“/ f(z)dzof f

along v is defined as

b
/ f(2)dz = / FOH () (¢ dt.

If f := u+ivand y(t) = x(t)+iy(t), then f(v)y = (uz’ —vy’)+i(uy +va’)
hence

b b
f(2)dz = " — vy ) dt +i "+ va') dt,
L (2)dz /a (uz" — vy") z/a (uy" + va')

is the line integral along v of the differential 1-form (u dx —v dy) +i(v dx +
wdy). Notice that if v is the segment joining (zo,0) to (z,0), then

L fe)de= [ :f<s> ds,

i.e., the usual oriented integral of f on the interval [xg, z] of the real line.
By the change of variable formula, one easily sees that, if 0 : [a,b] —
is a reparameterization of v, i.e., 6 = o h where h : [a,b] — [0,1] is of

class C1, then
RCLCE / 7(2) dz,

if h is orientation preserving (k' > 0) and

JRCCEE / 72 dz,
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if h reverses the orientation. Recall also that if v : [0,1] — € is a simple

curve of class C1,
/f(z) dz
~

depends only on the trajectory of v and on its orientation.
Finally, from the definition we easily get

‘ /Yf(z) dz

where |dz| denotes the element of length, L(v) is the length of v, T :=
~([a,b]), and

gb/|fwnkk|S|unmILvm

[|f[loo,r == sup [ f(2)].
zel

b. Holomorphic primitives and line integrals

4.8 Definition. Let 2 C C be an open set and let f,F : Q0 — C be two
functions. We say that F is a holomorphic primitive of f in Q if F' € H(Q)
and F'(z) = f(z) Vz € Q.

Assuming f € C9(€), we shall now give neccessary and sufficient con-
ditions in order for a function F : 0 — C to be a holomorphic primitive of
I

Let zo = o + iyo, 2 = x + iy be two points in C. Denote by 0, ()
the polygonal line that joins linearly zg to x + iyg and then x + iyg to
z = x +1y. Notice that if () is a rectangle with sides parallel to the axis,
the curve d,, .(t) is inside the rectangle for every couple zp,z € 2, while
in general, if Q) is open, we have ¢, . C Q if 2y and z are sufficiently close.

4.9 Theorem (Fundamental theorem of calculus). Let f € C°(£2,C)
and let F : Q — C. The following claims are equivalent.

(i) F is a holomorphic primitive of f in Q, F € H(Q) and F'(z) = f(z)
Vz € Q.

(ii) For every couple of points z,w € Q and every curve 7 : [0,1] — Q of
class C* with v(0) = w and (1) = z we have

F(z) - F(w) = / £(2) d=. (4.9)

(ili) For every z € §Q there exists § > 0 such that for all w € B(z,0) we
have

Fw—mwzé F(O)d.

w,z
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Figure 4.2. Illustration of the proof of the fundamental theorem of calculus.

Proof. (i) = (ii). We have f(y(t))v'(t) = F'(v()Y' (t) = gz (F(v(t))), see Exercise 4.2.
From the fundamental theorem of calculus for functions of one real variable, we deduce

1 , , B 1 d B
[ seraz= [ @ ma= [ L @Eao)a=ram) - Feo)

(i) = (iii) is trivial.
(iii) = (i) Fix z € Q. For every h € C, |h| < ¢, from the assumption we have
F(z—l—h)—F(z)z/ f(w) dw
Oz 24h

where §, .4 is the polygonal line that joins z to z + h first moving horizontally and
then vertically, see Figure 4.2. Of course, the length of 6, . is not greater than V2 |h|
and its image is contained in B(z, |h|). Since

we have

F(z+h) = F(z) = hf(2)] = ‘ [ uo- f(Z))dC‘ < swo |1© - f)| van
2,z+h

CEB(z;|hl)
hence
FEERTEE e <ve e 15@ - el
CEB(z;|hl)
For h — 0, we find F’(z) = f(z), f being continuous in z. O

A continuous, or even holomorphic function in € does not need to have
a holomorphic primitive in Q.

4.10 Example. Let f(z) = i,z # 0 and let y(t) := €', t € [0,2n]. Trivially f € H(Q),
Q = C\ {0}. However, if F' were a primitive of f on 2, then by (4.9)

> 2m ,L‘eit
0= F(1) — F(1) = F(y(2r)) — F(7(0)) = / dz - /O © dv=2mi, (410)
Y

an absurdity.
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4.11 Theorem. Let S be an open connected set of C. A continuous func-
tion f : Q2 — C has a holomorphic primitive in Q if and only if

/f(Z)dz:O (4.11)

for every closed curve v piecewise of class C' with image in Q.
Proof. If f has a holomorphic primitive, then (4.11) follows from (4.9). Conversely,

suppose (4.11). Fix zp € Q and for every z € Q let §, : [0,1] — Q a curve piecewise of
class C! with 6(0) = zp and §(1) = 2. Define F': Q — C by

F(z) ::/6 F(¢) d¢, z € C.

We then compute for every z,w € Q and for every curve v : [0, 1] — Q piecewise of class
C! with v(0) = w and ¥(1) = =

Fe) =@ = [ pod- [ o= [ o
on account of (4.11). Theorem 4.9 says that F is a holomorphic primitive of f on Q. O

When () is a rectangle, a condition weaker than (4.11) suffices. For a
rectangle R we denote by 0T R a simple, regular, piecewise smooth, closed
curve whose oriented trajectory is the boundary of R oriented counter-
clockwise.

4.12 Theorem. Let Q be a rectangle with sides parallel to the axis. A
continuous function f : Q — C has a holomorphic primitive in Q if and
only if for every rectangle R CC Q with sides parallel to the sides of Q0 we

have
/ f(z)dz=0. (4.12)
o+ R

Proof. Fix zg € €2 and for every z € Q, denote by . the polygonal line that travels
from zg to z first horizontally and then vertically. Then define F': Q@ — C by

F(z) = /5 Q& zeq
Using (4.12), we infer for every z,w € Q that

F@) - Fw) = [ RCLS /5

329,

£ dC = /5 (0 de,

z0,w

thus F' is a holomorphic primitive of f on €, again by Theorem 4.9. O

It is worth emphasizing the differences between Theorems 4.11 and 4.12.

4.13 Corollary. Let Q) be a connected open set in C and let f: Q — C be
a continuous function. Then
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(i) f:Q — C has locally holomorphic primitives if and only if for every
rectangle R CC Q with sides parallel to the axis we have

/(Mf(z) dz = 0.

(ii) f has a holomorphic primitive in Q if and only if

[yf(z)dz:o

for any curve v : [0,1] — Q piecewise of class C*.

Later we shall prove the following.

4.14 Theorem. Let ) be a connected open set in C and let f :  — C be
a function.

(i) f has locally holomorphic primitives if and only if f is holomorphic.
(ii) f has a holomorphic primitive in ) if f holomorphic and € is simply
connected.

4.3 Fundamental Theorems about
Holomorphic Functions

In this section we prove some basic theorems about holomorphic functions,
in particular we shall prove that holomorphic functions are exactly the
functions that locally admit a power series development.

4.3.1 Goursat and Cauchy theorems

a. Goursat lemma
4.15 Lemma. Let Q be an open set of C and f € H(Q). Then

/aJer(z)dz:O

for every rectangle R CC ). In particular, f has locally holomorphic prim-
wtives.
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Figure 4.3. Illustration of the proof of the Goursat lemma.

Proof. Following Edouard Goursat (1858-1936), suppose that
R = [ fe)dz 0 (4.13)
otR

and divide R in four equal rectangles R<11) e R<14) . Since the integrals along the common
segments of the boundaries of every two adjacent rectangles cancel, we find

4
n(R) = > n(R{).
=1

Therefore at least for one of them R := jo ) we have

n(R| 2 In(R).

Dividing R; in four parts and proceeding in this way by induction, we find a decreas-
ing sequence of rectangles {R,} such that R,4+1 C Rj, diag(R,) = 2~ "diag (R),
perimeter (R, ) = 2~ "perimeter (R) and

[n(Rn)l = 47" n(R)|. (4.14)

Set z* = Ny Ry, Since f is C-differentiable at z*, for every € > 0 there exist 6 > 0 and
n such that for every n > n we have R, C B(z*,§) and

If(z) = f(z") = f'(z")(z = 2")| < elz = 2"|  Vz€ B(z",9).

Therefore, for n large we have

‘ /Mn (F2) = 1" = ')z = 2)) de

In(Rn)

IN

e/ |z — 2*| dz < ediag (Ry ) perimeter (Ry,)
Ot Ry

<c4 "e.

This together with (4.14) yields |n(R)| < cg, i.e., n(R) = 0. O

b. Elementary domains and Goursat’s theorem

An open and connected set in C is called a domain of C. We recall that a
domain A is said to be regular if its boundary is the union of the images
of a finite number of simple curves of class C'' that meet eventually at the
extreme points. In this case, for all but finitely many points of A, the ex-
terior unit normal to dA is well defined, and we denote by 97 A a piecewise
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Figure 4.4. An elementary domain A of C for which AN R is not an elementary domain
for R.

smooth and simple curve that travels the boundary 0A of A anticlockwise,
i.e., leaving on the right the exterior unit normal to A. Though 0% 4 is
not uniquely defined, we call it the counterclockwise oriented boundary of
A as, for any continuous function f : ) — C, the integral

/6+A f(z)dz

does not depend on the parameterization of 9A (provided it is counter-
clockwise).

Let © be an open set. If A CC 2 is a regular domain and R CC € is
a rectangle, in general AN R is not a regular domain of C, see Figure 4.4.
We say that a domain A is an elementary domain of Q if A CC €2, and we
can square off C with squares with sides parallel to the axes in such a way
that for each of its open squares R with RN A # () we have

(i) R C 9,

(i) RN A is a regular domain of C.
We do not dwell any further on this definition, since it is only a technical
means and a posteriori it will be superfluous. We only notice that the

rectangles and the balls inside Q are elementary for 2. We use in the
sequel the following.

4.16 Proposition. Let Q be an open set of C, let A, B be elementary
domains for Q with A CC B CC Q, and let zo € A. Then A\ B is an
elementary domain of Q\ {z0}.

4.17 Proposition. Let f : Q2 — C be a continuous function in an open
set of 0 C C. The following claims are equivalent.

(i) For every rectangle R CC 2 with sides parallel to the coordinate axes
we have [y, , f(z)dz=0.
(ii) For every elementary domain A of  we have

/6+A f(z)dz=0.
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otA
Figure 4.5. A domain A C C that is an elementary domain of Q.

Proof. It suffices to prove that (i) implies (ii). Let R be a rectangle as in (i); from (i)
and Theorem 4.12 we infer that f has a holomorphic primitive Fr in R, hence

1 1
[ se= [ sy @de= [ 4 Fria) de = Fa1) ~ FrG(0)

for every curve v in R that is piecewise regular. In particular,

/EHAf(Z)dZ =0

for every elementary domain A of R, since 97 A is a closed curve. Now, split A as
A= U 1A; where the A;’s are domains with disjoint interiors each Contamed in a
rectangle Rl C €2, the segments common to more than one A; are traveled exactly twice
with opposite orientation when traveling along the boundaries of the A;’s; consequently
the integrals over these segments cancel to get

N
/6+Af(Z)dZ: ;/9+Ai f(z)dz=0.

From Goursat’s lemma and Proposition 4.17 we then infer the following.

O

4.18 Theorem (Goursat). Let 2 be a domain of C and f € H(Q). Then

/(%Af(z)dz =0

for every elementary domain A of §2.

Figure 4.6. Illustration of the proof of Proposition 4.17.
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Figure 4.7. 01T A.

The converse of Theorem 4.18 is also true as we shall prove later on.

4.19 . Let Q be a domain of C, let A, B be elementary domains of 2 such that
A CC B and let z9 € A. Show that

/ f(2)dz = / f2)dz Ve HEQ\ {z0)).
o+ A o+B

c. Cauchy formula and power series development

4.20 Theorem (Cauchy formula, I). If f is holomorphic in a domain
Q, then for every elementary domain A of Q and every z € A we have

1
16 =g [

Proof. Let g be such that B(z,d0) C A. For every §, 0 < § < do, the set A\ B(z,9) is
an elementary domain for Q \ {z} and the function ¢ — f(¢)/(¢ — z) is holomorphic in

Q\ {z}, hence
/ 1) dc =0
O+ (A\B(z,8)) C — 2

on account of Goursat’s theorem, Theorem 4.18. Therefore

V(O 1)
/a+A ¢(—=z dc= /(9+B(z,6) ¢(—=z %
f(Q) = () dc

1
=f /a+3(z,5) (—=z det /f>+3(z,5) (—=z
:2m’f(z)+/ Q) = f(2)

dc V8 < do.
otB(z8) (—2

In particular, the function
i | FQ =) g
o+B(z,8) (—=z2
is constant and the claim follows if
. FO 1) 4 g
6—0Jo+B(z5) (—%

The latter claim is in fact true: On account of the continuity of f at z we have
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/ TOTE 4 < Lan) sup 17O = F@l=o(1)  ass—0.
Ot B(z,68) g

(—z CEB(z,5)
O

As a consequence of Cauchy’s formula and of the theorem of differenti-
ation under the integral sign we get that f € C>*(2) if f € H(Q2) and for
every elementary domain A of  and every z € A

Wy~ 1 1 _ K (<)
J7E) = 270 /B+A 1© dzF (¢ — 2) dc = 270 /B+A (¢ — z)kt+1 dc. (4.15)
Actually, we have more.

4.21 Theorem. Let 2 C C be an open set, let [ € H(Q), let z9 € Q and
p = dist (z9,0Q). Then

f(2) =) ar(z—20)*,  Vz€B(z,p),

where for every k € N
ay : 1 / F(¢) dc, (4.16)
o

T 2mi Jpea (C — 20)hH!

A being an elementary domain of ) containing zo.

4.22 Lemma. Let f : B(z9,7r) C C — C be a continuous function such
that

_ 1 f(©)
flz)= o /a+B(zo,r) co d¢ Vz € B(zo,T1).

Then -
f(z) :Zak(zfzo)k, Vz € B(zo,7)
k=0

where for every k € N

_ 1 f(<)
a =, /B+B(zo,7") (€ — 29)k+1 dg.

Proof. We write for ¢ with [( — zo| =7

11 11 i(zfm)k
C—z (=2 1-7770  C—z0 = \C—20
z—z0

<_20| = lz;ZO‘ < 1. By integrating

with uniform convergence (when ( varies) since |
term by term, we then find

_ 1 QO =1 £(0) ) o
1= 2mi /<9+B(207T) (-2 = kz::O (27ri /8+B(zo,r) (¢ — z0)ktt dc ) (z = z0)".
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Proof of Theorem 4.21. If z € B(zo, p) and r is such that |z — 20| < r < p, the Cauchy
formula,

Flw) = 2;/ FQ 4 vwe Blo,r),

9+ B(zg,r) (—w
then yields f(z) = S22 ax(z — 20)* with
1 / 1)
210 J o+ B(zg,r) (€ — 20)k+!

Choose now € > 0 such that B(zo,¢) C A. Since g(¢) := f(¢)/({—20)**! is holomorphic
in Q\ {20}, we may apply Goursat’s theorem to g on the elementary domains B(zo,r)\
B(z0,€) and A\ B(zo,¢€) of Q\ {20} to get

d¢ = d¢ = dc.
/8+B(W)g(<) ¢ /a+3<zo,e)g(<) ¢ /wg(o ¢

ap ‘=

dc.

O

4.23 Remark. We have in fact proved that any function for which the
Cauchy formula holds true has locally a power series development.

4.24 Theorem. If S(z) = Y77 ar(z — 20)*, z € B(zp,7), r > 0, is the
sum of a power series, then S is of class C*°(B(z0,7)) and has complex
derivatives S (2) of any order in B(zo,7); in particular, S(z) is holo-
morphic. Moreover, for every k € N we have

S (2 Z (n—1)...(n—k+1)an(z — z)" " Vz € B(zo, p),
n=k
hence S¥)(z2) is holomorphic and
SK) (20) = klay Yk >0. (4.17)
This follows by applying inductively the following.

4.25 Proposition. If S(z) = Y 7— ar(z — 20)*, z € B(zo,7), r > 0, then
S € CY(B(z0,7)) NH(B(20,7)) and

)= Zkak(z - Zo)k_1 Vz € B(zo,T).

Proof. Since the radius of convergence of S22 ; kay, (2—2z0)* ! is the same as the radius
of 3502 ar(z—20)", it is at least r. In B(zo,7) set then T'(z) := Z? Lkag (z—20)kF 1
For every z,w € B(zo,r) and every curve 7 : [0,1] — B(zo,r) piecewise of class Cl
with v(0) = w and (1) = 2, we have

p p P
Z (z — 20) fZak(wfzo)k :/Zkak(cfzo)kfld(,
k=1 k=1 T k=1

as D((z—20)") = k(z —20)* 1. Since the sequence of the partial sums of a power series
converges uniformly in compact sets of the domain of convergence, when p — oo we get
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Figure 4.8. Joseph Liouville (1809-1882) and Giacinto Morera (1856-1909).

ag(z — Zo)k — S(2) — ao,

Mv

el
Il

1

ap(w — zo)k — S(w) — ao,

Mv

el
Il

1

P
> kan¢ - — [ T de,
Y

k=1

S~

hence

Se) - S = [ TO&.
Yy

Since z,w € B(z0,r) and v are arbitrary, Theorem 4.9, says that S is holomorphic in
B(zo,r) with S’(z) = T(2) Vz € B(zo,7). O

4.26 Corollary. Let Q be an open set of C. If f € H(RY), then all the
derivatives of f exist and are holomorphic functions in €.

Finally, we can state the following.

4.27 Corollary. Let f: Q C C — C be a function. The following claims
are equivalent.

f(z)zl./ f(odg Vz € A,

271 8+AC—Z

(v) f is locally the sum of a power series.
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Proof. (i) = (iii) is Theorem 4.18, and (ii) and (iii) are equivalent by Proposition 4.17.
The implications (i) = (iv), (iv) = (v), (v) = (i) are, respectively, Theorems 4.20, 4.21
and 4.24.
It remains to prove that (ii) = (i). If (ii) holds, f is locally the derivative of a holo-
morphic function, thus in turn it is a holomorphic function because of Corollary 4.26.
O

4.28 Remark. The implication f holomorphic = f € C*(€) is known
in the literature as Goursat’s lemma, and the equivalence (i) < (iii) as
Morera’s theorem.

4.3.2 Liouville’s theorem

From (4.17) and (4.16) or from (4.15) we infer the following.

4.29 Proposition (Cauchy’s estimates). If f € H(Q), then

k!
Ol < Ty max (£ (2) (418)

for every zo € Q, k € N and r < dist (29, 09).

As a corollary we get the following.

4.30 Theorem (Liouville). The only bounded and holomorphic func-
tions in the whole complex plane are the constants.
Proof. If |f(z)] < M Vz € C, we have for all z€ C and r >0
M
lf' ()] <
s

on account of Cauchy’s estimate for f’. Letting r — oo, we infer f/(z) =0 for all z € C,
i.e., f is constant. ]

As an application of Liouville’s theorem we find another proof of the
fundamental theorem of algebra.

4.31 Theorem (fundamental of algebra). A complex polynomial of de-
gree n, n > 1, has n roots.

Proof. It suffices to prove that a nonconstant polynomial has at least one root. Suppose
that P(z) is a nonconstant polynomial such that P(z) # 0 Vz. Then 1/P(z) is holo-
morphic in C and bounded by the Weierstrass theorem since lim|,|_ o |P(2)| = +o0.
It follows that 1/P(z) =const, a contradiction. ml

Actually, we have proved more.

4.32 Theorem. Let f : C — C be holomorphic in C and assume that
liminf, .o |f(2)| > 0. Then, either f(z) is constant or f has a zero.
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4.3.3 The unique continuation principle

If f is holomorphic in the open set €2 with all derivatives vanishing at a
point zg € Q, by (4.17) f vanishes in a neighborhood of zy. In other words,
the set

X(f) = {z e f®(z) =0 sz}

is open. On the other hand X (f) is closed since all derivatives of f are
continuous. Therefore X (f) is the connected component of 2 that contains
zo- This is known as the unique continuation or identity principle.

4.33 Theorem (The identity principle). Let f and g be two holo-
morphic functions in a domain Q. Suppose that at zy € € we have
f®) (20) = g (20) for all k =0,1,..., then f = g in Q.

Denote the set of zeros of a function f in ) by
Z2(f)={zeq ’ f(z) =0},

4.34 Theorem. Let Q be a domain of C and f € H(Q). If [ is not iden-
tically zero, then Z(f) is discrete and without accumulation points in €.

Proof. Since Z(f) is closed in €, it suffices to prove that Z(f) is discrete. Let zo € Z(f)
and let k be the first nonnegative integer such that f(k>(zo) # 0. In a neighborhood of
zo we have

% p(k) (s .
1= 6 2oy = e 2ot

=k

with g(z0) # 0. Since g(z) # 0 in a neighborhood U of zg, clearly U has no zero other
than zg. O

In conclusion we can state the identity principle as follows.

4.35 Theorem (The identity principle). Let f and g be two holomor-
phic functions in the domain § of C. The following claims are equivalent

(i) f=ginQ
(ii) There exists zg € Q such that f*)(z9) = g"¥) (20) for all k.
(iil) The set {z € Q| f(z) = g(2)} has at least an accumulation point in
Q.

4.3.4 Holomorphic differentials

Let 2 be an open set of C and let f := u + iv : 2 — C be a function of
class C'. It is easy to check that the two differential 1-forms

w1 = udr — vdy, wo = vdx + udy (4.19)



4.3 Fundamental Theorems about Holomorphic Functions 177

are closed in  if and only if the Cauchy-Riemann equations for f

Vg = Uy,
Vy = — Uy

hold in €. Since holomorphic functions are of class C'!, see Corollary 4.26,
on account of Theorem 4.9 we therefore conclude the following.

4.36 Proposition. Let f = u+iv: Q C C — C be of class C'. Then
f € H(Q) if and only if the two differential 1-forms

w1 = udr — vdy, wo = vdx + udy
are closed C' forms.

Suppose now that a, 3 : Q — R of class C' are potentials, respectively,
of wy and ws, that is,
a:)ﬁ = U’) ﬁx = U7
oy = —, By = u.

Setting F' := « + i3, we have

Fy =0, +if, =u+iv=f,
Fy:ay—i-iﬁy:—v—l—iu:if,

that is F' € H(Q2), and F’ = f in Q. We therefore conclude the following.

4.37 Proposition. The function f = u+ iv € H(Q) has a holomorphic
primitive in Q if and only if the forms w1 and wy in (4.19) are exact in
Q. Moreover, F € H(Y) and F' = f in Q if and only if o := R(F(z)) and
B :=S(F(2)) are the potentials of respectively, wi and ws.

The theory of differential forms then applies to holomorphic functions.
In particular, the following holds. Since a holomorphic function has locally
holomorphic primitives on account of Goursat’s lemma, we then have the
following.

4.38 Theorem (Homotopy invariance). Let Q be a domain of C and
feH). If 4,6 : [0,1] — Q are two homotopic curves in Q of class C*,

then
[yf(z)dz/éf(z)dz.

4.39 Corollary. Let 2 be a simply connected domain. Then every [ €
H(Y) has a holomorphic primitive in ().
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(]

20

Figure 4.9. From the left: (a) I(v,20) =2 and (b) I(y,20) = 0.

a. Winding number

Let v : [0,1] — € be a closed curve that is piecewise of class C! and let
z ¢ v([0,1]). The winding number of v around z or the index of v with

respect to z is p
1 ¢
1 = .

For example, if y(t) := 2z + e** ¢ € [0,27] and k € Z, then
1 (% jkekt
(1:2) = o /0 ikt
If v : [0,1] — Cis a smooth curve with z ¢ ~([0, 1]), then +y is homotopic
to
(1) =2

[y(t) = 2|
in C\ {z}, a homotopy h being given by

h(t,s) = (1 —s)y(t) + sd(t), t,s €[0,1].

o(t):=z+

Since ( — Cd_CZ is a holomorphic differential on C\{z}, Theorem 4.38 yields
that homotopic curves in C\ {z} have the same indexz,

I(v,2) =19, 2).

We therefore see that the index of v with respect to z is the topological

degree of the map t — ggg:zl from [0, 27] into S* = 9B(0,1) and the

following holds, see [GM3].

4.40 Proposition. Let z,zg € C, z # zy and let m(C\ {z}, z0) be the
first homotopy group of C\ {z} with base point zy. The winding number is
surjective and injective as a map from w (C\{z}, z0) into Z. In particular,
we have:

(i) Homotopic curves have the same index.
(ii) The index is an integer.
(iil) For every k € Z there is a curve through zy avoiding z and with index
with respect to z that equals k.
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(iv) Two curves are homotopic if and only if they have the same indez.

(v) Let v : [0,1] — C be a closed curve. The winding number map
z — I(v,2), z € C\ v([0,1]), is continuous, hence constant on each
connected component of C\ v([0,1]).

4.41 9. Prove that
(i) I(~,z) =0 for every z in the unbounded connected component of C \ v([0, 1]).
(ii) I(v,z) is locally constant in C\ Supp (), hence on each connected component of
C\ spt~.
(iii) 1(07B(0,1),2) =0if z ¢ B(0,1), and (0t B(0,1),2) = 1 if z € B(0, 1).

4.42 Theorem (Cauchy formula, IT). Let Q C C be open and let f €
H(Y). For every closed curve v : [0,1] — $ that is piecewise of class C*
and for all z ¢ ~([0,1]), we have

10256 = o1, [ I e

Proof. Let r > 0 be so that B(z,r) C Q and set k := I(v, z). The curve v is homotopic
in C\{z} to 8(t) := z+re’**, t € [0, 27] since I(v,z) = k = I(5, z). Using the periodicity
of t — e’* and Theorem 4.18, we then compute

f( 271'f zkt i i
/Wci d¢ = /C d¢ = ikt ktdt—zk/ f(e*t) dt

= /(‘3 f(C) d( 2w ki f(2).

+ B(z,r) ¢—

b. Stokes’s formula and Cauchy’s and Morera’s theorems

Let © be an open set of C and let f € H(Q2). Since f is of class C, see
Corollary 4.26, we may apply Stokes’s formulas in the plane, see Proposi-
tion 3.38, to the closed differential forms u dx — v dy and v dz +u dy to get
for every regular domain A CC 2

/ (udx —vdy) = // ('911 )dwdyzO
o+ A y

/ (vdx +udy) = // 8u da:dy—O
o+ A dy

hence the following extensions of Cauchy’s and Morera’s theorems hold.

4.43 Theorem (Cauchy formula, ITI). Let A CC Q be a regular do-
main of C and let f € H(Y). We have

/BJrAf(z)dz:O

ro=[ 1Y

pra (=2

and, for all z € A,
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4.44 Remark. Actually, if we switch to Lebesgue’s integral, Stokes’s the-
orem holds for every admissible domain, see Section 3.4. Consequently,
switching to Lebesgue’s integral, we infer that Theorem 4.43 holds for ev-
ery admissible domain A CC €. Furthermore, if we also assume that 2 is
admissible and f € H(Q) N C°(Q) with |Df| € £1(Q2), then Theorem 4.43
also holds with A = €.

4.45 Remark. Theorem 4.43 in particular says that Goursat’s lemma for
functions in H(Q) N C1(€2) is a trivial consequence of Stokes’s formula in
the plane. Since a priori it is not evident that holomorphic functions are of
class C!, we need a proof that applies to solely holomorphic functions: this
was done in the proof of Theorem 4.18 or can be done by an approximation
procedure, see [GM5].

4.4 Examples of Holomorphic
Functions

4.4.1 Some simple functions
Here we present basic examples of holomorphic functions.
4.46 f(z) = 22. Tt is a holomorphic function from C to C with f’(z) = 2z. In real
Cartesian coordinates we have
22 = (2% — %) + i2zy if 2z =z + 1y,

and in polar coordinates )
if z = re*?.

2

52— 2,200

It is easily seen that the transformation z — z

) maps lines through the origin into half-lines from the origin,
(ii) maps circles around the origin into circles around the origin,
iii) maps the hyperbolas 22 — y? = k into vertical lines,
) maps the hyperbolas 2zy = k into horizontal lines.

4.47 The exponential function. The complex exponential is defined as
e® = e*(cosy + isiny), z=z+1iy e€C.

It is a holomorphic function in C with De* = e* since, for instance,

oe®

ox ’ dy

It is easily seen that the transformation z — e*

= qe”.

(i) maps horizontal lines into half-lines from the origin,
(ii) maps vertical lines into circles around the origin,
(iii) satisfies |e*| = e”, in particular e® is bounded on the half-planes {z = z+iy |z <
z0}, xo € R,
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(iv) satisfies e # 0 Vz € C,
(v) satisfies e*T% = e%e® (,w € C,
(vi) is not injective, in fact, e* = e™ if and only if e*~% =1, i.e., if and only if z and
w have the same real part and imaginary part differing for a multiple of 27
e” =¢ev if and only if z—w=12rk, k€ Z:
we say that e® is periodic of period 2mi,
(vii) is the sum of the power series

>\ z
z __
e® = Z ol zeC
n=0
that converges uniformly on the compact sets of C.

4.48 Sinus and cosinus and hyperbolic sinus and cosinus. The functions sin z
and cos z, z € C, and the hyperbolic functions sinh z, cosh z, z € C are defined by means

of Euler’s formulas

eiz + efiz ) iz _ efiz
Ccos z 1= , sinz = . ,
2 21
z —z z —z
e +e ) —e
coshz := s sinh z =
2 2
They are holomorphic in C with
Dsinz = cos z, Dcosz = —sinz,
D sinh z = cosh z, D cosh z = sinh z.

The functions cos z and sin z vanish only at points z = 7/2 + km, k € Z and z = km,
k € Z, respectively, of the real axis; moreover they are unbounded in C since we have

lyl — e—lyl o=y 4 e—iTey Y ey
e e eTe e e e e
§|cosz|:‘ | < = coshy
2 2 2
and, similarly,
lyl — e—lyl ITe—Y _ o—iTey Yy —y
e e ) e'fe e e ed +e
<|sinz| = | | < = coshy.
2 2 2

The hyperbolic functions cosh z and sinh z are related to the trigonometric functions by
cosh z = cos(iz), sinh z = —isin(iz).
Therefore they vanish respectively at the points z = i(n/2 + k), k € Z, and z = ik,

k € Z, on the imaginary axis.
Finally, trigonometric and hyperbolic functions are all sums in C of their power

series, see [GM2],

i & Z2k i & Z2k+1
cosz = (-1) , sinz = (-1) .
= (2k)! = (2k 4+ 1)!
oo 2k oo 2k+1
z z
coshz = Z s sinhz = Z .
= (2k)! = (2k + 1)!

4.49 Tangent and hyperbolic tangent. The map tanz := ig;z is well defined and
holomorphic in C\ {z = w/2+ kw | k € Z}. Notice that tan z is bounded and away from
zero as far as z stays away from the real axis; in fact, for z = x 4 iy we have

eV — eTiTey e Y 4e¥
|tan z| = | ) ) | < * = cothy, (4.20)
leiTe=V + e iTeY| T e¥ —e"Y
hence |tanz| < cothyg in A := {z||Im (z)| > yo}. Similarly,
1 ee™V f ey e Y 4eY
|cot z| = _ | + | < Tt cothy. (4.21)

[tanz|  |eiTe—¥ —e~iTey| ~ eV — e~V
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4.4.2 Inverses of holomorphic functions

Let © C C. We recall that a function f : Q@ — C is locally invertible if
for every zo € () there exists a neighborhood Uy, of z¢ such that fy, is
invertible. We say that h : A — C is a local inverse of f defined on A if
f(h(w)) = w for all w € A. We have

4.50 Theorem (Local inverse of a holomorphic function). Let ) C
C be an open set and let f € H(Q) with f'(2) # 0 Vz € Q. Then

(i) f is open and locally invertible with continuous inverses.
(ii) If A C C is open and g : A — C is a continuous inverse of f, then
g € H(A) and

g (w) = Yw € A.

Proof. (i) By identifying R? with C, we denote by f also the real map f : Q C R? — R2.

Since f is holomorphic,
—b
Df(z0) = ( )
b a

where fr := a + ib. Consequently,
0# |f'(20)|* = | fz(20)|” = a® +b* = det Df(20)

for any zp € Q. The (real) local invertibility theorem then yields a neighborhood U,
of zo such that f Uso is open and invertible. It then follows that f is an open map and

that g := fl?leO is a continuous local inverse of f.

(ii) For v, w € A we have

9() —g(w) _ gv) —g(w) 1 s 1w
v —w flg@)) = Flg(w))  f'(g(w))
since g is continuous. [}

As already noticed in Chapter 1, the condition detDf(z) # 0 at every
point z € © does not suffice to give the global invertibility of f, the expo-
nential function being an example.

Theorem 4.50 (ii) reduces the existence of a holomorphic inverse of f
to the existence of a continuous inverse of f. Therefore, covering maps
and in particular Theorem 8.47 of [GM3] is a useful tool in discussing the
existence of holomorphic inverses. We have in fact the following.

4.51 Theorem. Let Q be an open set in C and let [ : Q — f(Q) be a
covering of f(Q) and a holomorphic function with f'(z) # 0Vz € Q. Then
f has a local inverse ha € H(A) for every connected and simply connected
open set A C f(Q). Moreover, the number of distinct inverse maps of f
on A agrees with the number of the connected components of f~1(A).
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Proof. First observe that A is path-connected and locally path-connected since it is
open and connected by assumption. Choose now a point xzg € 2 such that yo :=
f(x0) € A and let Xg be the connected component of f~1(A) that contains zg. Clearly
Xp is open in C, hence path-connected and locally path-connected.

We now claim that fix, : Xo — A is onto, hence a covering of A. In fact, by
Proposition 8.45 of [GM3], starting from a continuous curve « joining yo to y € A,
there exists a continuous curve B on f~1(A) with 8(0) = zo and f(b(t)) = a(t) Vt. In
particular we have 5(1) € Xo and f(8(1)) = a(l) = y.

Therefore, Theorem 8.47 of [GM3] yields that fx, is a homeomorphism from Xo
onto A. Thus h := (f|XO)*1 is a continuous local inverse of f, and h is holomorphic by
Theorem 4.50 (ii).

By construction the number of continuous inverses defined on A is greater than or
equal to the number of the connected components of f~1(A). On the other hand, if
h: A — C is a continuous inverse of f, then h(A) is connected, hence coincides with a

connected component X of f~1(A), thus concluding h = (f|)2)_1~ O

4.52 Remark. If f is locally invertible but not globally invertible, the
equation w = f(z) may have several solutions for a given w. In other
words, the graph of f(z)

{(z,w)E(Cx(C‘w:f(z)} (4.22)

is not the graph of a function h(w) of the second variable w. However, the
classic literature insists on seeing (4.22) as the graph of a multifunction
f~1, and refers to a local inverse h : A — C of f as to a leaf on A of the
multifunction f=!.

a. Complex logarithm

The previous considerations apply to the complex logarithm.

For z € C, z # 0, every w € C such that e* = z is called a complex
logarithm of z. Since z — €* is 2mi-periodic, there are infinitely many
w such that e* = z differing by 2knwi, k € Z. In other words, e* is not
globally invertible even, as we know, if it is locally invertible.

Observe that f(z) := e* is a covering map f: C — C\ {0} of C\ {0}.
Therefore, see Theorem 4.51, for any connected and simply connected open
set A C C\ {0}, there exists at least a local inverse log, € H(A) of z — €,
called also a leaf on A of the complex logarithm . By definition we have

exp (log (w)) = w Yw e A
and by Theorem 4.50 (ii),

1
Dloga (w) = w Yw € A.

The complex logarithm has infinitely many leaves on A. In fact, if h : A —
C is any leaf of the the complex logarithm, then

exp (h(w)) = w = exp (logx (w)) Yw e A
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ie.,

h(w) — loga (w) = 2wik(w) Yw € A

for some integer valued function k(w), actually an integer valued constant,
since the left-hand side of the previous equation is continuous and A is
connected. We therefore conclude the following.

4.53 Proposition. Let A C C\ {0} be open, connected, and simply
connected. Then there exist infinitely many local holomorphic inverses of
z — €% on A. Equivalently, there exist infinitely many leaves on A of the
complex logarithm. Moreover, if ¢ : A — C is one of these inverses, then
the functions ¢(z) + 27ki, k € Z are distinct leaves on A of the complex
logarithm, and any leaf on A has such a form.

As a special case, let R be the negative real axis,
R:= {z:erin(C yzO,xﬁO},

and let
A:=C\R

which is open, connected and simply connected. The connected compo-
nents of its inverse image

FYA) = {zeC‘z;«éﬂ—l—Qkﬂ, keZ}
are the sets

Sk = {zzm—&—iy,

(2k:—1)77<y<(2k+1)7r} kel

Using Theorem 4.51 or directly, we infer that the map z — e* when re-
stricted to Sy has a holomorphic inverse defined on C\ R with values on
Sk, that we call the kth leaf on C\ R of the logarithm; we denote it by
log(k).

The 0th leaf on C\ R is denoted simply by z = log w; we also call it
the principal determination of the logarithm, or the principal logarithm.

By definition, e!5"’ ¥ = u Vw € C \ R and

z = log®™ w if and only if {Z € Sk,

ef = w.

In particular, logl = 0 since e’ = 1 and 0 € Sy. All the leaves of the
logarithm on A agree up to an integer multiple of 27i. In particular,

log®) (z) =log z + i2km Vze A, Vk €Z.

Moreover,
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0 n+1
log(1 + z) = log (1 4 2) = Z(—l)”erl, |z| < 1.
n=0

Notice that the difficulty in inverting the complex exponential is the
same we encounter in inverting the uniform motion map, t — e, t € R.
In fact, for z with |z| = 1, the argument of z is the real number ¢ defined
modulus 27 such that e = z. For k € Z and z € C, z # —1, define the kth
leaf on C\ R of the argument of z, as the unique t €] — 7 + 2k7, w + 2k7]
such that e = z and denote it by arg (*) (2). If z = z +iy with —m +2k7 <
y <7+ 2kr and w € C\ R, then

. LE oY e”’:|w|,

w=e*=¢e"e", iff v = v

2k — ) <y< (2k+)r vl

2k-Dr<y<(2k+ 7w
(4.23)
which yields the polar formula for the logarithm on C\ R
log®) w := z + iy = log |w| + iarg ¥ ( |w|> (4.24)
w

Vk € Z and Yw € C\ {0}.
From (4.23) it easily follows that logz has a constant jump of 2mi
through R. In fact, if 29 € R, zo = z¢ + 0, xo # 0, then
zlLrglo log z = log |z0| + i,
Iz>0
lim log z = log |zo| — im.

Iz<0

Finally, since log z takes its values on Sy, a special care is needed in
computing with it: for instance, from the polar formula for the logarithm,
we have

miif =27 <arg(z) +arg(w) < —m,

log(zw) =logz +logw + ¢ 0 if —7<arg(z)+arg(w)<m,
—mi if 7w <arg(z) + arg(w) < 27.

b. Real powers

Let A be a connected and simply connected set of C\ {0} and let logx :
A — C be aleaf on A of the logarithm. We define the leaves of z¢ : A — C,
a € R, by means of the leaves of the logarithm by

2% = e¥loBa z € A.

Of course, each leaf of 2% is holomorphic on A with
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« —
D(z%) = e8az ™ = g1 z € A.
z

In general z® has at most infinitely many leaves as the complex logarithm.
Let us compute the number of distinct leaves of z%* on A. Let h; and hs be
two leaves of the logarithm that, we know, differ by 27ki for some k € Z.
The corresponding leaves of z* then agree if and only if a(hg(w)—hy(w)) =
a2rki is an integer multiple of 27, i.e., if and only if ak is an integer.
Therefore, we distinguish three cases:

(i) o € Z. In this case, ak is always an integer; hence, all the leaves of
z% are the same, and

Z2+2Z... -z ifa>0,

< -~ -

|a] times
=411

e e e e 1fa<0

z z

< ~ -

|a| times

(ii) @ € Q, o = p/q with p,q coprime. In this case, ok is an integer if
and only if k£ is a multiple of ¢. Hence, z% has ¢ distinct leaves. If
p = 1, then z'/7 denotes the local inverses defined on A of z — 29,
since /9 = exp (,loga 2), and

q times
A

(z1/0)a = 2! . 1/q = Zexp 1OgA 2))
= exp (loga (2 )):z Vz € A.

(iii) « is irrational. In this case there are infinitely many distinct leaves
since ak is not integer for any k.

Finally, notice that in a fixed leaf on A, in general
(zw)™ # z%w®
In fact,

«
(Zzau:ga = exp (a(log(zw) —log z — log w))

exp (mia) if — 27 < arg(z) +arg(w) <,
=41 if —m <arg(z)+arg(w) <m,

exp (—mia) if w < arg(z) + arg (w) < 27.
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Figure 4.10. Two textbooks on holomorphic functions.

4.5 Singularities

Let us begin stating a remark that will be useful for the sequel on the
zeros of a holomorphic function. Let 2 C C be an open set, f € H(2) and
zop € €. As we have seen, f agrees with its power series expansion in a
neighborhood of zy. We say that f has a zero of order m at zg if

oo
E aszzo (z — 20) E ak+mzfzo)k
k=m

with a,, # 0.

4.54 Proposition. Let  C C be an open set, f € H(R2), and zy € Q.
The following claims are equivalent.

(i) f has a zero of order m at zg.

(i) f(z0) = f'(z0) = f"(20) = --- = f(" V() = 0 and f™ () # 0.

(iii) There exists g € H(Q) such that f(z) = (z—20)"g(z) with g(zo) # 0.

(iv) m is the largest integer k such that f(z)/(z — 20)* extends to a holo-
morphic function on €.

4.55 9. Prove Proposition 4.54.

Let 2 C C be an open set and let z9 € Q. If f € H(Q\ {z0}), we say
that zq is a singularity for f.

We say that f € H(Q\ {z0}) has a continuous (resp. holomorphic)
extension to zg if there is a map F' € C°(Q) (respectively F' € H(Q)) such
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that F'= fon Q\{z}. If f € H(Q\{20}) has a holomorphic extension to
Q, we say that zg is a removable singularity for f, otherwise, we say that
zp is a singular point for f.

a. Removable singularities

4.56 Theorem (Riemann’s extension theorem). Let Q@ C C be an
open set, let zg € Q and f € H(Q\ {z0}). The following claims are equiv-
alent

Proof. Trivially (i) = (ii) = (iii) = (iv) = (v). Let us prove that (v) = (i). Set

_ if

g(z) := (2 —20)f(2) if z€C\ {0} , and h(z) := (z — 2z0)9(2).
0 if z =29

The claim (v) is equivalent to the continuity of g(z) at zo, hence

h(z) — h(z0) = h(z) = (z — 20)g(20) + (2 — z0)o(1) as z — 2.

In other words, h(z) is C-differentiable at zo with h(z9) = 0 and h'(20) = g(z0) = 0. It
follows that h € H(f2), and, by Proposition 4.54,

h(=) = (2 — 20)k(2)
for some k € H(Q2). Therefore
(z = 20)*f(2) = h(2) = (= — 20)*k(2),

and k(z) is a holomorphic extension of f to Q. O

4.57 Corollary. Let Q C C be an open set, zo € Q and f € H(2\ {z0}).
Then

(i) zo is a removable singularity for f if and only if

limsup | f(2)] < 4o0.

zZ—2Zz0
(i) zo is a singular point for f if and only if

limsup | f(2)] = +o0.

zZ—2Zz0
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b. Poles

4.58 Definition. Let Q C C be an open set, zp € 0, f € H(Q\{z0}) and
let m be a positive integer. We say that zg is a pole of order m for f if zg
is a removable singularity of (z — 20)™ f(2) but not of (z — z0)™ 1 f(2).

As a consequence of Riemann’s extension theorem we get the following.

4.59 Proposition. Let f € H(Q\ {z20}). 20 is a pole of order m for f if
and only if m is the smallest integer k for which |(z — 20)* f(2)| is bounded
in a neighborhood of zg.

Pole singularities are well-characterized.

4.60 Theorem. Let Q C C be an open set, zo € Q and f € H(Q\ {z0}).
Then f has a pole at zy if and only if |f(2)| — +o00 as z — zy. Moreover,
for any integer m > 1, the following claims are equivalent.

(i) f has a pole of order m at zo.
(ii) There exists g € H(Y) with g(z0) # 0 such that

9(2)

fy=, 7" Vz e Q\ {2}
(z — 20)

(iii) There exists r > 0 such that f(z) = > o, ar(z — 20)* VB(20,7) \
{ZO}.

(iv) There exist a ball B(zo,7) C Q and h € H(B(z0,7)), h # 0, such that
f(Z) = (zfzf);""h(z) Vz € B(Zo,'f') \ {ZO}
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(v) There exist a ball B(zo,r) C Q and positive constants 0 < X < A
independent of r such that

1 1
A < <A B .
Iz_zo|m = |f(Z)‘ = Iz_zo|m Vz € (ZO,T)\{ZO}

Proof. Let us prove the second part of the claim, as the first part follows at once from
(v):
(i) = (ii). Since zp is a removable singularity for (z — z0)™ f(z), there exists g € H(f2)
such that (z—20)™ f(2) = g(z) Vz # z0. Moreover, if g(z9) = 0, then g(z) = (2 —20)9(?)
with § € H(), hence (2 — 20)™ 1 f(2) = g(2), i.e., 2o is a removable singularity for
(2 — 20)™ "1 f(2), contradicting the fact that f has a pole of order m at zp.
(ii) is trivially equivalent to (iii).
(ii) = (iv). Since g(z0) # 0 and g € H(S2), then there exists r > 0 such that B(zo,r) C
and h :=1/g is holomorphic in B(zg,r) C Q.
(iv) = (v) Set
inf 1 1
= in , = sup .
z€B(z0,r/2) |h(z)| 2€B(z0,7/2) |h(z)|

Then 0 < A < A < co and, since f(z) in B(zo,p), we infer

— 1
 (2—20)"h(2)

L<ifEla ¥z € B(x0,7/2) \ {20}.

|z — 2ol |z = zo|™

(v) = (i) The estimate |(z—z0)™ f(z)| < A implies by Riemann’s extension theorem that
2p is a removable singularity for (z — z0)™ f(2), and the estimate |(z — z0)™ ! f(2)| >
M|z — 20| 7! implies that (z —29)™ ! f(2) is unbounded around 2. Again by Riemann’s
extension theorem zg is not a removable singularity for (z — z0)™ ! f(2). O

4.61 9. Let P,Q be two polynomials. Suppose that zg is a zero of order m for @ and

P(z0) # 0. Show that zg is a pole of order m for f(z) := ggz;

c. Essential singularities

Let Q C C be an open set, 2o € Q, and f € H(Q\ {z0}). If 2o is neither a
removable singularity nor a pole for f, we say that z is an essential singu-
larity. From Corollary 4.57 and Theorem 4.60 zq is an essential singularity
if and only if

liminf|f(2)| < 400,  and  limsup|f(z)| = +oc.
zZ—2Zz0

zZ—2Zz0

Actually, the following holds.

4.62 Proposition. Let  C C be an open set, zg € Q, and f € H(Q\
{20}). 20 is an essential singularity for f if and only if

liminf |f(2)] =0, limsup |f(2)] = +o0.
220 z—20
Proof. In fact, if liminf. .., |f(z)| > 0, then 1/|f(z)| is bounded in a neighborhood of

z0, hence zg is a removable singularity for 1/f. Consequently |f(z)| — L (L = oo or
L € C), and zp needs to be a removable singularity or a pole for f, a contradiction. O
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In other words, f has an essential singularity at zq if, roughly, |f(2)|
oscillates between zero and infinity in every neighborhood of zy. The fol-
lowing theorem is even stronger.

4.63 Theorem (Casorati—Weierstrass). If f € H(Q\{z0}) has an es-
sential singularity at zo, then for all § > 0 the set f(B(z0,0) \ {z0}) of
values of fiB(zy,6)\{z} 15 dense in C.

Proof. Suppose that for a ¢ € C and an ey > 0 we have |f(z) — ¢| > e for all z €
B(z0,0) \ {#0}. Then
f(z)—c

z— 20

o(z) =

has a pole at zq since |¢(2)| = |z — 20| '|f(2) — c| — 00 as z — 2z¢. Consequently, there
exists an integer m > 1 such that |z — 29|™|f(z)| — 0, i.e., zo is a removable singularity
for (z — 20)" f(z), a contradiction. O

We also state without proof the following celebrated result about es-
sential singularities.

4.64 Theorem (Picard). If f € H(Q2\{z0}) has an essential singularity
at 2o, then for all § > 0 the set f(B(z0,0) \{20}) of values of fiB(z9,5)\{z0}
leaves out at most one point.

4.65 €. Show that e!/# has an essential singularity at 0.
4.66 9. Show that 1/sin(z) has poles at the points z = k7, k € Z.

4.67 . Show that ezz_1 has a removable singularity at 0 and poles of order 1 at the

points zy := 2kwi, k € Z \ {0}. Consequently show that
oo
z Br 1
-1 szo peo Ve lE<

The numbers {By} are called Bernoulli’s numbers; they are characterized by the re-

cursive formulas
Bp =1,
{ v (4.25)

S1 (B, =0 Va1,

see [GM2].

d. Singularities at infinity

4.68 Definition. We say that f : {|z| > R} — C has a removable singu-
larity, a pole, or an essential singularity at infinity if f(1/z) has respec-
tively a removable singularity, a pole, or an essential singularity at 0.

4.69 Example. For example
(i) 2™ has a pole of order n at infinity,
(ii) e® has an essential singularity at infinity,
(iii) 1_7_2 has a removable singularity at infinity.

4.70 9. Show that a nonconstant function f € H(C\ {z1, #2,..., zn}) has at least a
singular point in the plane or at infinity.
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e. Singular points at boundary and radius of convergence

The notion of a singular point extends also to boundary points. For a
holomorphic function f € H(2) we say that zo € 99 is a singular point
for f at 0Q, if there is no neighborhood B(zg, d) of zp and no holomorphic

function f € H(B(z0,0)) such that f = f on B(z9,8) N €.

4.71 Theorem. Let [ : B(zg,p) — C be the sum of a power series,

o0
= an(z — 20)F,
k=0

with convergence radius p > 0. Then there exists at least a point ( €
0B(zo,r) that is singular for f.

Proof. Let Q@ D B(zo,p) be the largest open set in which f can be holomorphically
extended. Since the extension of f has a power series development around zp with
radius of convergence r := dist (z0,0) and 99 is closed, we find ¢ € 9Q such that

|¢ — 20| = r. By construction ¢ is a singular point of f. O
4.72 9. Show that f(z) :=3> 77, z: has a singularity at z = 1.

4.73 9. Show that Y o7 | f:; has a singularity at z = 1.

f. Laurent series development

A Laurent series around zg is the sum of a power series in the variable

z — zp with radius of convergence ps and of a power series in the variable
Z_IZO of radius 1/p; with p1 < pa,

o0
Zakz—zo Zakz—zo +Zaszzok' (4.26)

k=—o0 k=1

We call the series > po | a_g (2—120)7" the singular part of the Laurent series

(4.26).
From the theorems about power series we find:

(i) The Laurent series (4.26) converges absolutely in the open annulus

A(zo, p1,p2) = {Z ‘ P <l|z—z < P2}7
and uniformly on compact sets K C A(zo, p1, p2).
(ii) The sum of the Laurent series (4.26) is holomorphic in A(zo, p1, p2).

From Cauchy’s formula, we immediately get that every function f €
H(B(z0,7) \ {20}) with a pole of order m at zp has a Laurent series devel-
opment on the annulus B(zg, ) \ {20},

a_ a—_m+1 a_1
f(z) = (ng,g)m"k(ngg)mfl+"'+Zizo+a0+a1(2—20)+~---

Actually, we have the following.
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4.74 Theorem. Let 0 < p; < pa < oo and let f € H(A(zo, p1,p2)). Then

F2)= ) a(z—2)"  Vz€ Alz0,p1,p2)
where Vk € Z
1 f(Q)
= d 4. 7
ak o /(%B(ZO’T) (¢ — z)k+1 G (4.27)

r being arbitrary in ]p1, p2.

Proof. The uniqueness of the Laurent series development follows from the identity
principle, and the calculus of the development follows from Cauchy’s formula. For z €
A(zo, p1, p2), choose 11 < r2 such that p1 < r1 < |z — 20| < 72 < p2. From Cauchy’s

formula
£(z) = 1 / () dc

21 Jo+ A(zg,r1,r0) § — 2

B [0 1 1)
2mi /8+B(zo,r2) (—=z 9 2mi /8+B(zo,r1) (—=z a

If { € 9B(z0,1r2) we have

11 Krz—20\F = (z—2)F
(-2 ¢- > ( ) *Z@—zo)kﬂ

e k=0

(4.28)

where the series converges uniformly on B(zo,72), and, similarly, for z € dB(z0,71)

SO () T

zZ—z0 {2~ 70 Z—z20 iz NZ— 20
(¢ — zo)F+1!

k=—o0

uniformly in 9B(zgp,r1). Therefore, by interchanging the series and the integral signs,

from (4.28) we infer
oo

fz)= > ar(z—2)"
k=—o0
in A(zo0,71,72) with
1 1) .
i /<9+B(z0,r2) (¢ = s+l d¢ if k>0,

ap =

1 f(O

d¢ if k<O.
2mi »/c'ﬁ’B(zo,Tl) (C - ZO)k+1 ¢ =

Since
/ f(©)

9+ B(zg,r) (C - ZO)k+1

£(©)

—z0)
the claim in the theorem follows. O

d¢

does not depend on r for p1 < r < p2 (¢ — © » 1is holomorphic in A(zo, p1, p2)),
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4.75 Laurent and Fourier series. Let f be holomorphic on A(0;1 —
€,1+¢), where € > 0, and let

+oo
Z enz™ = f(z)

n——oo

be its Laurent series development. As we know,

Cn 1 / f(C) dC _ 1 o f(ew)e—me de.

T 2w Jigoy ¢ T 2 g
If we set o(t) := f(e) = 3.7 ¢ e, then we see that the Laurent

series of f at e is the Fourier series of ¢(t) at t € R.
Conversely, every trigonometric series in the complex variable z

o0
0320 + ;(ak coskz + by sinkz)

can be written, by the change of variable e’ := (, as the Laurent series

—+oo
>_end”
—o00

with
a, — b .
. ao o " 5 " ifn>0
=g T Yal, b,
2 “ J;Z ifn<0.

If the last series converges in the annulus {z|r < |¢| < R}, r < 1 <
R, then Zfz ¢, (™ is a Laurent series with sum a holomorphic function.
Consequently the trigonometric series converges in the strip logr < —y <
log R parallel to the real axis and has a holomorphic function as sum. In

the limit case, r = R = 1, the Fourier series may or may not converge, see
[GM3].

4.76 9. Write the Fourier series of
asint
t) = s al < 1.
(1) 1 — 2acost + a2 lal
[Hint: Notice that (t) = f(e’t) where
1—22

fe)= 2¢[Z2,(a+ i)erl] 7

then compute the Laurent series of f(z) to find ¢(t) = > 72 ; a” sinnt.]



4.6 Residues 195

4.6 Residues

Let © be open, zg € Q, and f € H(Q\{z0}). Goursat’s lemma tells us that

the number
e
9% B(zo0,7)

is independent on r as far as B(zp,r) C €. The number

1
Res (f,z0) = . / f(z)dz
2mi 9+ B(zo,r)
is called the residue of f at zy. Of course, by Goursat’s lemma
Res (f,z) =

if f is holomorphic in a neighborhood of z.
Similarly, if A is bounded and f € H(C\ A), the residue of f at infinity
is the number 1

Res (f,00) == ~ori /a+B(0,r) f(z)dz

where r is such that A C B(0,r). If we change variable, see Exercise 4.145,
we find 1

— . z)dz
2mi /a+13(0,2r) fz)
1 1\ 1
_ b d (4.29)
2mi /a+B(o,1/(2r)) f(C> ¢? ¢

- ne((1) L)

As a consequence of Goursat’s lemma, we then get the following at once.

Res (f,00) =

4.77 Theorem (Residue theorem, I). Let Q) C C be open, z1,...,2, €
Q, feHOQ\ {21, 22,..., zn}) and let A CC Q be a regular domain such
that {z1, z2,..., zn} C A. Then

f(z)dz = QWiZn:Res (f,zj).

o+ A e

4.78 Theorem (Residue theorem, IT). Let K C C be a compact set,

let @ := C\ K, let A C Q be a bounded regular domain, and let f €
HQN {21, 22,..., 2n}) where z1,...,2, € A. Then

f(z)dz = —27rz(Res fyo0) + ZRes 1.z )

o+ A =

4.79 Corollary. If f € H(C\ {z1, #2,..., zn}), then

Res (f, 00 +ZRes fizi) =

i=1
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a. Calculus of residues

On account of Theorem 4.74, we have

4.80 Corollary. Let f be the sum of a Laurent series,

o0

flz)= Z ak(zfzo)k

k=—o0

on B(zo,7) \ {20}, 7 > 0. Then Res (f, z0) = a_1.

Let us discuss a few cases.

(i) Trivially, we have

Res ( 1 ; ) 1 iftm=1,
s <0 | =
(2 —z0)™ 0 otherwise.

(ii) If f has a removable singularity at zo, then Res (f, z9) = 0.
(iii) Suppose that f has a pole of order one at z,

(iv)

f(z)= a1 +ap+tai(z—z)+....
zZ — 20
Multiplying by z — zo, we find
(z—20)f(2) =a—1+0O(1) as z — 2o
hence
Res (f,z0) = lim (z — z0) f(2).

In the special case f(z) = g(z)/h(z) where g, h are holomorphic and
h(z) has a simple zero at zg we have h'(z9) # 0 and

o) zmm o gl)
=200 42) = hz) - h(z) 7P 7 W(z0)

thus concluding

as z — 2o,

Res (28 =0) = 5((2)) '

If f is holomorphic in B(zo,0) \ {z0} and has a pole of order m > 1
at zg, we have
9(2)

=, 0

where g € H(B(z0,0)) with g(zo) # 0. It follows that the coefficient
a_1 of the Laurent series of f is the coefficient of (2 — z9)™ ™! of the
power series development of g. Consequently

D™(g)(z0)
(m—1)!

= b dm D (e - ) ).

(m — 1)! Z—20

Res(f,z0) =a_1 =



4.6 Residues 197

(v) If f is holomorphic in B(z,0) \ {20} and has a pole of order m > 1
at zg, we can also proceed by computing inductively the singular part
of the development of f. In fact, if

fz) =

A —m a—1
h
(z—zo)m+ +z—z0+ (2)

with h € H(B(z0,9)), then

Ay = lim,_, (2 — 20)™ f(2),

a—mp1 = lim, (2 — 20)™ " (f(z) - (zi;;y3m' )7

a—1 =lim,_,.,(z — z0) (f(Z) - Ej,m ar(z — ZO)k)7

and we may proceed as follows. For f(z) = g(2)/(z — 20)™ we set
him(z) := g(2), and inductively when j =m,m —1,...,1

{Aj = g;(20),

gi1(z) = )90,
Then
g(z) A A
= = h )
f(Z) (Z _ ZO)m (Z _ ZO)m + + 2~ 2 + 0(’2)

(vi) If f is the quotient of two polynomials, one can also use Hermite’s
algorithm to compute the singular part of the Laurent development,
see [GM2].

b. Definite integrals by the residue method

A number of integrals can be computed by means of the residue theorem.
In fact, if the domain of integration is a nonclosed curve v : [0,1] — C
as for instance, an interval, we may think this trajectory as part of the
oriented boundary of a domain A. If f extends as a holomorphic function
with possibly singularities on a domain 2 O A, and we are able to compute
the integral of f on 9T A\ ([0, 1]), then the method of residues applies for
computing the integral over v. In trying to do that, of course, there is no
general rule. Here we collect some significant cases.

4.81 Trigonometric integrands. Consider a definite integral of the

type
27

R(cost,sint) dt,
0
where R is a rational function. We may interpret it as an integral on
0B(0,1). In fact, since
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Figure 4.12. Frontispieces of two treatises on holomorphic functions.

1 1 1 1 .
<z+ ) = cos 0, ,(z— ) =sinb, if z:= e’e7
2 z 21 z
by setting

= (3 Do)

27
/ R(cost,sint) dt = / f(z)d=.
0 a+B(0,1)

If f has no singular point on 9B(0, 1), equivalently, if t — R(cost,sint) is
continuous on [0, 27|, Theorem 4.77 yields

we get

27

R(cost,sint) dt = / f(z)dz =2mi Z Res (f,2).
0 9+B(0,1) z€B(0,1)

4.82 9. If p1, p2,..., px are the poles of f on 9B(0, 1), compute the integral along the
oriented boundary of the domain B(0,1) \ U; B(pi, €), € << 1. Infer, as in the proof of
the residue theorem, that when € — 0 one has

. R(cost,sint) dt = / f(z)dz

0 a+B(0,1)

=2mi Y Res(f,z)+m >  Res(f,2)

2€B(0,1) 2€0B(0,1)

4.83 Example. Let us show that for a > |b| we have

2 1
/ A=
0o a-+bsinf Va2 — b2
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Figure 4.13. Path integrations for improper and Fourier type integrals.

Y _e— iy

Writing siny = ¢~ ¢
of the unit ball, we get

and rewriting the integral as a line integral on the boundary

/277 1 de—/ dz _/ 2dz
o a-+bsing a+B(0,1) 12(a+b(z —z71)/2i) B o+ B(0,1) bz% + 2iaz — b

The function bz2 4 2iaz — b has exactly two zeros

—a+ Va2 - b2 —a— Va2 —b2
21 1= i, 22 1= i
b b
and only z1 belongs to the disk. It is a pole of order one for f(z) = bz2+227laz—b hence
2 1
Res (f,z1) = =...= .
(20 = 5. 4 91 iva2 — b2

Therefore, from the residue theorem we get
/% o 2m 2w
o a+bsind  iva2—b2 a2 —b2’

4.84 Improper integrals. Consider an integral of the type

/+Oo F(#)dt = Tlim /_ F(t) dt

=
o r—400

where f is continuous on R. Suppose moreover that f extends as a func-
tion f(z) that is holomorphic except for at most finitely many points on
a neighborhood of the upper half-plane A := {z |32z > 0} and such that
|zf(z)] — 0 as |z| — oo, z € A. Since f is continuous on the real line, sin-
gularities of f(z) do not lie on the real line by assumption, and, moreover,
the singularies of f with positive imaginary part are contained in a ball
B(0, R) for a suitably large R since zf(z) — 0 as z — o0, z € A. Then for
r > R we have

Tf(x)dx—l— f(z)dz =2mi Z Res (f,2)
-r Ir I2>0

where v, is the counterclockwise oriented boundary of the half-disk C, in
Figure 4.13. From the assumption,

<M(r)-mr—20 per r — oo

‘ f(z)dz
e
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where M(r) := sup,., |f(2)|, hence

/00 f(z)dz = lim f( )dx = 27 Z Res (f,z

r—00
Iz>0

4.85 Example. The above applies to compute

/°° dx
o 146"
i(2k+1)m

In fact, if Cy., 7 >> 1, is as above, of the six distinct roots of 264+1 =0, z;, :=e
k=0,...,5, that are the (31mple) poles of f(2) :=1/(1 + 29), only 20, 21, 22 belong to
Chr. For k =0,1,2 we have

5(2k + D
Res(f,z0) = - = e ' 6
R T 625 6
Therefore, we have
2 (2k+ Lm

T dx dz 271 2
/ + / - Z 6 =T
I v 1428 3

where 7, (t) := re'’, t € [0,]. Since [ 11226 — 0 when r — oo, we conclude

/°° de  «w
0 1+.1‘673

4.86 Proposition (Fourier type integrals). Let A :={z = x+iy|y >
0} and let f(z) be a holomorphic function on a neighborhood of A except for
a finite number of singularities none of which is real, such that |f(z)| — 0
per |z| — o0, z € A. Then, if w > 0, we have

/ f(z)e™® de = 2mi Z Res (f(2)e™?, 2). (4.30)

z€J2z>0

4.87 Lemma. Let A={z=ux+iy|y >0} andlet f : ANB(0,R) — C
be a continuous function such that |f(z)| — 0 as z — o0, z € A. Then, if
w >0,

/ f(z)e“*dz — 0 as r — oo

where v, 1 > R, denotes the counterclockwise oriented upper bound of the
half-disk C,. in Figure 4.13.

Proof. For r > R we have

™
. i0 . 0 _ ing. 0
f(z)elwzdz / f(re’ )e’LW’I‘COS e—wrsinf . i d97
0

’/T f(2)et* dz

Ir

hence

K .
< M(T’)/ 67WT51n9Td9
0



4.6 Residues 201

€ T

Figure 4.14. Path integrations for integrating e’*/t and for Euler’s integral in Exer-
cise 4.91.

where M (r) := sup,¢.,. [f(2)|- Since from Jordan’s inequality 72r < Sifg‘g <1for0<
0 < 7, we have

™ . /2 .
/ e—wrsme,’,,de _ 2/ e—wrsm@,’,,de < ™ (1 _ e—rw) < ™
0 0 2w

2w’

the result follows. o

Proof of Proposition 4.86. Choosing R large enough so that the poles of f with positive
imaginary part lie in Cg, for r > R we infer from the residue theorem

f(x)eiww dx + f(z)eiwz dz = 2mi Z Res (f(z)ei“’z, 2)
- r Iz>0

and, when r — oo, the claim on account of Lemma 4.87. O

Applying Proposition 4.86 to f(—z) we also have the following.

4.88 Proposition. Let B := {z = z +iy|y < 0} and let f(2) be a
holomorphic function on a neighborhood of B except for a finite number
of singularities none of which is real, such that |f(z)] — 0 as |z| — oo,
z € B. Then, if w > 0, we have

/_Oo flx)e ™" der = —2mi Z Res (f(2)e” 2, 2). (4.31)

2€32<0

4.89 Example. For k£ > 0 we have
o k
/ o8 932 do = "e k.
0 1 + xr 2

The only poles of f(z) := e**%/(1 4 22) are simple and at z = +i. Integrating along the
curves in Figure 4.13, we find

T eikxdx eikz e—k
+ dz = Res (f,1) = 2mi =me k.
/,T 14 a2 /Y,,, 14 22 (f+9) 2

Similarly, we find

s} e—ikx k
/ 5 dr =me ",
oo L4

2/"0 cos kx dx:/oo cos kx do — ek
0 1+1‘2 — o 1+1‘2

and, in conclusion,
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C27‘
/ \\ -
>
T

iT/n

/]

Figure 4.15. The integration curve to integrate Fresnel integrals.

c=e€

4.90 9§ Laplace’s formulas. Prove that for o, 3 > 0

+  Beos(ax) T Bsin(az) ™
do = de = _e P
/0 0 g B /0 0 2y g W=

4.91 9§ Euler’s integral. For o = 1 and 8 = 0, Laplace’s formulas suggest that

o0 M s H
sinx . sinz T
/ dr = lim der = .
0 €T r—0o0 Jq xT 2
iz

[Hint: Write sinz = ¢ 2 “ and show integrating along the line ¢ in Figure 4.14

that for € — 0 and r — c©
o iz T
/ © dz= lim lim ¢ dw = il

—o % r—o0e=0Jeczj<r @

4.92 Example (Fresnel integrals). Let us prove that

o0 o0 1
/ sinz? dx :/ cosz?dx = \/ﬂ.
0 0 2V 2
o0 9 1 /m
odx = 14 1).
/0 e T 2\/2( +7)

We first compute

We integrate the function f(z) := s holomorphic on C along the curve in Fig-
ure 4.15, then we split such a curve as the sum of the three curves
t(l+41
nO=ttebrd,  no="7" 1cwn

and v3(t) := re®t, t € [0,7/4]. Goursat’s theorem yields

f(z)dz — f(z)dz + f(z)dz=0 (4.32)
71 73

2

where

s
e =
V2 Jo 2V 2
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\j

Figure 4.16. Path integrations to integrate Mellin integrals.

Since i(cos § + isin )2 = icos(26) — sin 26, we can estimate the modulus of the third
integrals by

/W/4 re=r?sin(20) gg < /W/4 re= x0q9 =" (11— 6_7,2)’
0 - 0 4r

thus it converges to zero as r — oco. From (4.32) we conclude when r — oo that the

improper integral of €% exists on (0, +00) and

oo T 1
/ ¢’ de = lim [ &% de = \/7r (1+1).
0

r—oo [q 2

o _. 1
/ e~ gy = \/ﬂ— (1—19),
0 2\ 2

thus the claim, using Euler’s formulas for sinz and cosz. Finally, we notice that the
change of variables = = /¢, t > 0, yields also

Similarly, we have

oo

sintdt:\/ﬂ'7 /°° COStdt:\/ﬂ-.
0oVt 2 R 2

4.93 Proposition (Mellin integrals). Let f be a holomorphic function
in C minus finitely many points leaving outside Ry = {z = x +iy|y =
0, x > 0} and let a be a real number with 0 < o < 1. Suppose that
f(x) =0 asx — oo, x € R. Then

(1 — ™) /0OC f;:) dx = 27riz Res (fz(j) , z)

z#0
where z® denotes the leaf of 2% on C\ Ry such that (—1)® = e®108(=1) =

T
(& .

Proof. Set g(z) := f;j), z € C\ {0}. Denote by v, ¢ s the oriented boundary of D, . s

in Figure 4.16 where r >> 1, e << 1 and 0 << € in such a way that all singularities of
f but zero are contained in D, . 5. The residue theorem yields

/ g9(2)dz = 2mi Z Res <g(z), z)
Vr,e,5 220

for all r >> 1,e << 1 and 6 << e. Denoting with v+ and v— the two horizontal parts
of ¥, ¢,s and noticing that for z = x + iy, x > 0 and y — 07, we have
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(x:ealogz alogz _ .«

z — e T asy — 0T

alogz+i27a 2mia

@ _ galogz =e T asy — 07,

zZ =€ — €

we deduce for 6 — 0

T
/ g(z)dz — (1 — eQ"ia)/ g(z) dz + / g(z)dz — / g(z) dz.
Vr,e,8 € ot B(0,r) 8+ B(0,¢)

Consequently, we have

(1—e2mio) /: f;z) da+ /() dz— /a 7z dz =2mi » _ Res ( Zz ,z)-

o+B(0,r) 2 +B(0,e) 2 Jowrd
(4.33)

On the other hand, by Lemma 4.87 we have f8+B(O ) fz(j) dz — 0 as r — 0o, and

‘ / O
o+ B(0,e) 2°

Letting € — 0 and r — oo in (4.33) we get the result. O

< M(e)e*2me — 0 as € — 0.

4.94 9. Show that [ \/Iéﬂz) =

c. Sums of series by the residue method
4.95 Gauss’s sums. For n > 1, Gauss’s sums are defined as

n—1 5

2mik

S, = E e n .
k=0

For instance, So = 2, S5 = 1 +4v/3, Sy = 2(1 + i). For large n, consider
the function

. exp (2miz?/n)
f(Z) =2 e2miz _ |
which has poles at 0,+1,4+2,.... All poles are simple with residues
ﬂll. e2mik* /n respectively. Using the periodicity of ¢t — e, integrating along

the path in Figure 4.17, and letting w — oo, a long computation' yields
- o0 2,2
S, =2i(1 +i5”)\/n/ e 2T qt,
0
in particular,
0o e
201 +i) =8, = Si/ e 2™ dt
0
hence

1+ (—i)"
1—1

Ze%ﬁ 1+ i)(143")/n = Vn.

4.96 4. Compute the asymptotic development of [ e~*¢dt.
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n + tw

>
L

N

>
L

n —iw

Figure 4.17. Path integration for Gauss’s sums.

4.97 Theorem (Sums of series). Let f(z) be a holomorphic function in
C except on a finite number of isolated singularities at points different from

+1,42,.... Moreover, suppose that for some M,o > 1 we have |f(z)| <
—+oo

M/|z|* for all z with |z| >> 1. Then the series >, |f(n)| converges and
Mo

we have

S osm=- ¥ me( )

n=—oo 2 singularity of f

n#0 or z=0

—+oo

wf(z

E (=1)"f(n) =— E Res( f( ) ,z).

£ sin(7z)
n=-—oo z singularity of f

n#£0 or z=0

To prove the previous theorem, we observe the following.

4.98 Proposition. The functions cot(nz) and 1/sin(rz) are bounded on
the boundary of the square

. 1
Qn = {Z:$+1y“$"‘y|§n+ 2}

independently on n.
Proof. Let z = x + iy € 01 Q. We distinguish two cases. If |y| > 1/2 then, see (4.21),

1+ e 2pilyl 14e ™
< = =:
| cot(mz)| < coth(w|yl) | —e=2nlyl S 1 _ pmr C1,
whereas, if |y| < 1/2, then necessarily |z| = n + 1/2, hence cot(n(z + iy)) = cot(m/2 +
imy) = tanh(wy), from which

|cot(mz)| < tanh 7|y| < 1.

Therefore |cot(mz)| < C := max(C1, 1) on 9Qy. Similarly, one proceeds to prove that
1/ sin(7z) is bounded on 8@, independently on n. O

I see, e.g., G. Sansone, J. Gerretsen, Lectures on the Theory of Functions of a Complex

Variable, P. Noordhoff, Groningen, 1960, vol. 1, p. 139-141.
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Figure 4.18. Leonhard Euler (1707-1783) and Gosta Mittag-Leffler (1846-1927).

Proof of Theorem 4.97. The decay at infinity of |f| clearly implies the convergence of
the two series >_>° ;| f(n)] and >0, |f(—n)|. Let us prove the first equality; one can
similarly prove the second using instead the boundedness of 1/sin(wz). Set g(z) :=
f(z)m cot(mz). Since | cot z| < C on 8Q, with C independent on n, we have
8C'M 1
< (n + 2) ~0 (4.34)

’/(%Qn f(2) cot(mz) dz (n+ ;)a

as n — oo. On the other hand, f has no singularites outside @, for n large and g
has poles only at 0,+£1,£2,... or inside @,, for n large. From the residue theorem and
(4.34) we infer that

Z Res (ﬂf(z) COt(TI'Z),Z) —0 as n — 0o.

2€Qn

Since the singular points of cot(mz) different from zero are simple poles and f is holo-
morphic in a neighborhood of those points, we find for k € Z, k # 0

cos(mz 7 cos(mk
Res (g(2), k) = Res (£(2)n ) &) = 5oy TN g,
sin(7z) m cos(mk)
hence
n
Z f(k) + Z Res (g9(z),2) — 0 as n — oo,
k=—n z2€Qn
k0 zsingularity of f or =0
i.e., the result. m]

4.99 Theorem (Mittag-Leffler). Let f be a holomorphic function in
C minus a sequence of points {a,}, all simple poles for f and without
accumulation points. Set b, := Res (f(z),a,). Suppose there is a sequence
of radii {ry} with r, — oo such that the restriction of f to 0B(0,ry,) is
continuous and for some M > 0 we have |f(z)] < M Vz € 0B(0,7,) Vn.
Then for all z and ¢ € C\ {an}, the series

;bn(anl—z B an1—§)
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converges, and
f(z) = Q) = —an(a 172 ~ . 174) Vz, ¢ € C\ {an}. (4.35)
n—1 mn mn

Moreover, equality holds in the sense of uniform convergence on compact
subsets of C x C.

Proof. If w # an Vn, the function g(t) := f(t)/(t — w)
(i) is holomorphic in C\ {a1,a2,...,w},
(ii) has a simple pole at each a, with residue given by

S 0 < iy ) b

s =
z w

Res (

zZ—an zZ—w anp — W
(iii) has a simple pole at w with residue given by
Res ( f2) Jw) = lim (=)l ) _ 4,
z—w Zow oz —w
From the residue theorem we can deduce

f Y by 1 /WB(OT) f(n) dn.

ar€B0m) ap —w 27 n—w
Evaluating with w = z and ¢ and subtracting we get

i@-ro+ > w1 (436)

ap — =z ap —
ap€B(0,ry) k k C

1 1 1
= t — dt
27ri/3+3(0,rn)f()(tfz t7§>

_ 1 ¢—=z
T 2mi /@+B(o,rn) ) (t—2)(t—2¢) "

If now 7y, > max(|z|,|¢|) and [t| = 7, we have |(t — 2)(t — O)| > (rn — |2])(|rn] = |¢])
hence

11 M|¢ — z|27ry . _
/mB(o,mf(t)(H tfc)dt‘gvnﬂzn(rnfo 0 eenoee

uniformly on C x C. It follows from (4.36) that for all z and ¢ in C\ {an},
1 1
-0+ > w( - _C)ao
ap€B(0,7y) @k z @k

as n — oo uniformly on bounded sets of Cx C, i.e., the convergence of 377 | by, (a 172 —

1 4) and the (4.35). o

an
4.100 Example (The Euler formula for cot z). The function
1
f(z) =cotz—
z
has singular points at z = km, k € Z. Since
1  zcosz—sinz

cotz— = .
z zsinz
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f has a removable singularity at zero, and we may assume that f(0) = 0, has simple
poles at the points zp = kw, k = £1,£2,... and, by Proposition 4.98, is bounded
independently on n on 9Qn, Qn := {z + iy | |z|,|y| < n+ 1/2}; finally,

kmcos(km) —sin(km)

Res (f(2), kn) = sin(kw) 4+ kr cos(km)

Therefore, by Mittag-Leffler’s theorem we have at any point z # km, k € Z, k # 0,

1 1
cotz— = f(z)— f(0) =— ( _ )
f(z) = £(0) ”:;ow 2 o
n#£0
1 1
= > + ).
W \g—nmoonw
n#0
Rearranging the sum by first summing the terms with indices £1, +2,..., we find
t Z ( ! ) 2 i ! (4.37)
cotz — = =2z , .
i \z—nm z+n7r = 22 — n2x2

i.e., the celebrated Euler’s formula for cotangent: the series > | 22_;27[2 converges

for every z # km, k € Z, k # 0, uniformly on bounded sets and

zcotz71—2z
22

Integrating (4.37), we get for every z # km, k € Z, k # 0,

o (1) = s (1,31,

uniformly on bounded sets of C. Here log denotes a leaf of the complex logarithm
containing 1 and sin(z)/z with log1 = 0. Finally, by taking the exponential, we get the
Euler formula for sin z

y o,  Vatkm k€Z, k#0. (4.38)
— nNem

sinz = z loj ( n27r2) Vz # km, k € Z,

uniformly on bounded sets of C.

d. Z-transform

Let a = {a,} be a sequence that grows at most exponentially, i.e., there
are C' and R such that |a,| < CR™, so that

7= limsup {/]an| < R < +o0.

n—0o0

To the sequence {a,} one can associate the power series > 7 a,w",
which, as we know, converges in the disk {z]|z| < 1/r} to a holomor-
phic function S(w),

oo
= Zanw" Yw, |w| <1/r.
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The function S(w), or its unique holomorphic maximal extension, which we
denote again by S, is sometimes called in the applications the generating
function of the sequence {a,,}. Trivially, it is also well possible to consider
the negative power series > " ay !, which in turn converges in {z||z| >
r} to a function A(z)

— 1
A(z) = Z Uy Vz, |z| >r (4.39)
n=0

which is holomorphic in |z| > r since trivially
1
Az) = S< ) Vz, |z >
z

The function A(z), or its unique holomorphic maximal extension, which
we denote again by A, is called the Z-transform of the sequence {a,,}. The
number 7 is called the radius of convergence of the Z-transform.

The generating function and the Z-transform are trivially equivalent
tools that are useful in many circumstances as for instance in combina-
torics, probability theory, or when studying sampling or digital filters. We
state here a few facts as they follow easily from the theory of power series
and holomorphic functions by changing variable w — z = 5)

4.101 Proposition. Let A(z) be the Z-transform of {a,} and let ro =
limsup,, ., ¥/|an|. Then the series > oran b

(1) converges absolutely if |z| > rq,

(ii) does not converge if |z| < rq,

(iil) converges to A(z) uniformly on any closed set strictly contained in
{z]lz] > ra}.

We have

oo
n
Al(z) = — E n 1 Vz, |z > rq.
n=0

4.102 Proposition. Let{a,} and {b,} be two sequences and let A(z) and
B(z) be their Z-transforms with radii of convergence respectively r, and
Ty-

(i) (LINEARITY) Let A\, € C. The Z-transform C(z) of {Aan + by} is
defined at least on {z||z| > max(rq,7s)|} and

C(z) = N(z) + uB(z).

(ii) (CONVOLUTION PRODUCT) Let {(a*b),}, (a*b)y := > }_y arbn_r,
be the convolution product of the sequences {an} and {b,}. The
Z-transform C(z) of {(a * b),} is defined at least on {z||z| >
max(rq,rp)} and



210 4. Holomorphic Functions

(iii) (PrODUCT) The Z-transform C(z) of the sequence {anby} is defined
at least on {z]|z| > rqrp|} and

1 Z
ORI /MB(M A(w)B(w) dw

where o < p < |z|/Tp.

4.103 Example. Let us collect a few examples.

(i) Let &g be the sequence with 1 at place k and zero otherwise, often called the
Kronecker sequence. Its Z-transform is A(z) := zlk with » = 0.

(ii) (CONSTANT SAMPLES) The Z-transform of {an} with an :=1 Vn is

oo
1 1 z
A(z)=§ T 1T, |z] > 1.
n=0

z

(iii) (LINEAR SAMPLES) The Z-transform of {an}, an :=n Vn is

oo P oo oo
R D D P
n=0 n=0 n=0
z z
=—z2D = — , > 1.
o (z—1)2 1

(iv) (EXPONENTIAL SAMPLES) The Z-transform of {¢"} is

A=l = M= P s
= " z/q-1 z—q’

For instance A(z) = if an = e,

z—eiw

4.104 Example. The following examples illustrate how the action on a sequence op-
erates on the corresponding Z-transform.

(i) (FORWARD SHIFT) Let apn :={0,...,0,a1,a2,...} be the forward shift of k places
N o

k times
of the sequence {an,}. We have r, =7, and

- 1 1
B(z) = Zanzn+k = ZkA(z), lz| > 7q.
n==k
(ii) (BACKWARD SHIFT) If by, := a,, 4 defines the backward shifting of k places, then

again r, = rq and

1

ai Ak —1
Zn=2k<14(2)*a0* Lo >, |z| > 7.

k=1

oo
B(z) = Z An+k
n=0
(iii) (LINEAR SAMPLING) If b, = nan Vn, then r, = ro4 and
= 1
B(z) = b = —2A'(2), z| > 7.
SRS CEEE

(iv) (EXPONENTIAL SAMPLING) If by, = ¢"an, then r, = |q|re and

B(z) = A(Z), 2] > 7.



4.6 Residues 211

(v) (PERIODIC SAMPLING) If {b,} is periodic of period p, i.e., bptp = bp Vn, and

{bn if 0 <n <p,
an 1=

0 ifn>p,

then

) 1 co (k+1)p—1 1 oo p—1 1
B(z)zzbnznzz( E bnzn)zzzbnzn+kp

n=0 k=0 n==kp k=0n=0

oo p—1 oo e}

1 1 1 1 2P
:kzozkp(nz:%bnzn):kZ::Oka(nX:%anzn>:ZP?IA(z), |z] > 1.

Let A(z) be a holomorphic function on {z||z| > r} with a removable
singularity at infinity, i.e.,

A
limO wA(l/w) = lim () =0,
w— 2—00 z
then A(1/w) is the sum of a power series A(1/w) = Y .~ a,w™ in the
ball B(0,1/r), and

— 1
Az) = Zanzn, |z| > 7.
n=0
According to Theorem 4.74 and (4.29)

1 S(s) S(2) .
n = = s = — A " 5
a o /8+B(0,t) bl ds = Res (Zn+1 0) Res (A(z)z 00)

where 0 < ¢ < 1/r. Thus we can state the following.
4.105 Proposition. If A(z) = Y07 jay . |z| > 7, then
an = —Res (A(2)z" 1, 00) Vn.

Finally, we notice that if A is holomorphic in C but a finite number
of points {p1,...,pr}, as in the case of the quotient of two polynomials,
Corollary 4.79 yields

k
a, = —Res (2" 1 A(2),00) = ZRGS (A(2)2""", p)).
j=1

n=1 of order independent

Notice that for every j, p; is a singularity of A(z)z
"=1p;) Vn at p; can be

of n, so the computation of all residues Res (A(z)z
done in one single step.

The Z-transform is particularly useful when dealing with difference
linear equations.
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4.106 Example (Fibonacci numbers). The sequence {fy,} of Fibonacci numbers is
defined by

vz = font1+ fn, n >0,

f0:07 f1:17
and one computes, see [GM2],
1 (/14+VB\n (1—+/5\n
fn::%(( ) -0 )) n>0. (4.40)

We may get the same result by means of the Z-transform. We notice that the Z-
transform of {fn},
> 1
F(z) = anzn’
n=0

converges at least at each z with |z] > 2. Multiplying by 1/z™ each equation and
summing on n, we find

22(F(2) — fo — f1il/2) = 2(F(2) — fo) — F(2) =0,

F(z) = 2—Zz—1 Vz, |z| > 2.

1 2"
n=_ . / 5 dz
2mt Jo+B(o,r) 27 — 72— 1

Therefore,

where 7 > 2, or

2n

fn = —Res (gn(2), 00), gn(2) = 2_,_ 1

Now the computation of f, is only apparently iterative. The functions g (z) are holo-
morphic on C\ {a, b} where

1++5 1-+5
a = s b=
2 2
are the simple roots of the equation z? — z — 1 = 0. From Corollary 4.79

—Res (gn(2), 00) = Res (gn(2), a) + Res (gn(2), b)

i.e.,
fn = Res(gn(2),a) + Res (gn(2),b) = a™ ! + 0" !
" gnish R P | 2b— 1
1, 1
= a” — b".
V5 V5

hence (4.40).
In general, consider the linear difference equation
AnTptk + Ok—1Tntk—1 + -+ a0Tn = fry1, n > 0. (441)

Suppose that the Z-transform X (z) and F(z) of the sequences x,, and f,
(where fo = 0) have radius of convergence 7, and ;. Then by the linearity
and the formula for backward shifting we find
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= 1
an+lzn = ZF(Z)v
n=0

- 1
E (ak$n+k tak-1Tnyp—1+ 0+ aoffn) o
n=0
o k
= E E ajxn+] § g ajxn+] o
n=0 j=0 j=0n=0

j—1

= zk: a;z’ (X(z) Z;)
§=0

-
I
=)

hence the equality

I
-

J

Zajzj( z> =z F(z),

where P(z) := Z?:o a;z’ is the characteristic equation of (4.41), which
allows us to compute the Z-transform of the sequence {z,} in terms of
P(z), F(z) and of the first k terms of the sequence.

s
Il
=3

4.107 Proposition. Let P(z) be the characteristic polynomial of (4.41)
and F(z) the Z-transform of {fn}, fo 0. If 1/P(z) and F(z) are
holomorphic respectively in {|z| > rp} and {z||z] > r¢}, then the Z-
transform X (z) of a sequence {x,} satisfying (4.41) exists at least on
{z||z] > max(rp,rp)} and

[y

j7

1= (or+ (5 1)

7=0 =0

e. Z-transform of a sequence of vectors

The method of Z-transform is not limited to scalar equations. We may
extend it to sequences in a normed space, in particular to sequences in C”.
Consider the series

S =Y, feech. (4.42)
k=0 k=0

Tt is easily seen that the series (4.42) converges absolutely for every z with
|z| < p where

n—oo

Consequently the series (4.42) converges absolutely to a function F'(z) with
values in CV
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oo

F(z):= ka.zk ecCh, |z| < p
k=0

or, in coordinates, if fi == (fE, f2,..., f&¥) and F(z) := (F(2), F%(2),
o FN(2)),

Fi(z) = fiz¥ zl <o
k=0

foralli=1,...,N.
Consequently, we may apply the theory of residues to conclude for
instance that

fn:Res(ZnH,O) Vi=1,...,N, Vn >0,

or in vectorial notation

Jn :ReS(;(fz,O) Vn > 0.

Similarly, we may define the Z-transform of a sequence {f,}, f, € CV,
with | f,| < CR™ for some C and R > 0, as the series

S |
n=0
Tt converges absolutely at every z with |z| > r where

7= limsup ¥/|fnl,

n—0o0

to a function S(z),
— , 1
S =Y fa b el
n=0

with values on CV. Each component of S(z) is holomorphic, and by the
residue formula we have

fn = —Res(2"15(z),0) Vn > 0.

Moreover, if S(z) is holomorphic on C™ except for a finite number of sin-
gularities at p1, po, ..., Pk, then

k
fn = —Res (Zn—ls(z)’ OO) = ZRGS (Zn_ls(z)’pj)'
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4.108 Remark. A special interesting case is the case of series with matrix
coefficients Fj, € My« n(C),

> Fpm (4.43)

The power series (4.43) converges absolutely for all z with |z| < p,

1
:= lim sup ’{/|Fn|
p

n—00

where |F| is the norm of the associated operator F, © — Fz, i.e.,

F
|F|:= sup [Fel
zecN ‘x‘
x#0

to a function F : B(0, p) C C — Mp,n(C),

F(z):=Y Fnp2" € Myn(C), |z <p,
n=0
or, term by term,

oo

Fi(z) =) (Fn)iz", |z <p.

n=0

f. Systems of recurrences and Z-transform

Let A € Myxx and {F,} C C* with Fy = 0. Consider the system of
recurrences

Xnt1=AX, +Foy1 Yn >0, (4.44)
X given.
Here we want to find its solution, given by
X, =A"Xo+ Y A"IF;  Wn>1, (4.45)

=1

by means of the Z-transform.
Let X(2) =Y " o X, and F(z) = > 0" F, . be the Z-transforms
of {X,} and {F,} (Fy := 0) with radius of convergence rx and rp, re-

spectively. Multiplying the equations in (4.44) by Zln we find

2(X(2) — Xo) = AX(2) + 2F(2), |z| >>1

ie.,

(z Id — A)X(z) = 2(F(2) + Xo).
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If z is not an eigenvalue of A, in particular if |z| is sufficiently large, then
zId — A is invertible, hence

-1
X(2) ZZ<zIde) (F(2) + Xo), 2| >> 1 (4.46)
or, by Cramer’s formula,

X(z)= det(» 111 N zcof(z1d — A)(F(z) + Xo)

from which
X, = —Res (2" X (2), 00) Vn > 0.

Cramer’s formula shows us that the singularities of X (z2) are the eigen-
values of A and the possible singularities of F(z). In particular, if F'(z) is
holomorphic on the whole of C, we get

X, = —Res (2" ' X(2),00) = Z Res (2" 71X (2),\). (4.47)

A eigenvalue of A

4.109 Example (Fibonacci numbers, IT). Fibonacci’s recurrence can be written as
Fpy1 = AF, Vn >0,

o) -(2)

If F(z):=>72Fn zln , multiplying by zln each equation we find

2(F(z) - Fo) = AF(2),

i.e.,

F(z) =z(z1d — A)"'Fy

if z is not an eigenvalue for A. Now

sd—A=( 7% 71
-1 z-1
-1 1
d-A)l= _ % z .
(2 ) z2z1< 1 z

X() = 22 —Zz -1 <i>

— vyl _
fannf_Res(y,z,l’OO)'

and by Cramer’s rule

Thus

and again, see Example 4.106,
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4.7 Further Consequences of Cauchy’s
Formula

a. The argument principle

4.110 Theorem (The argument principle). Let A CC Q be a regular
domain of C, by, ba,..., by € A and let f € H(Q\ {b1, ba,..., b}) be
continuous and nonzero on 0A. Assume that by, ba, ..., b are poles of
order respectively q1, q2, - .., qk, and let ay, as, ..., ap be the zeros of f in
A with multiplicity respectively p1, pa, ..., pn. Then

L[ O, N, %
, aC=>"pi—Y 4
2mi Jora £0) T M T S

= # zeros - # poles of f according to multiplicity.

Proof. The residue theorem yields
! / 7'©) dCZiRes(f/ a')—‘rzk:Res(f/ b-).
27i Jo+a f(C) = £ = £
In a neighborhood of a; we have

f(2) = (2)(z — a;j)P7, ¢ holomorphic, ¢(a;) # 0,
hence

F') _ @ —a) te@pi—a)P Tt o) b
1) (=)= — aj)Ps o(x) " z—a;’

therefore Res (’;/ , aj) =pj-

Similarly, in a neighborhood of b; we have f(z) = ¥(z)(z—b;)~% for a holomorphic
function ¥ with 1 (b;) # 0. It follows

Fe) _ v g
f@) T ek ozt

i.e., Res <'§,7b3> = —qj- [m]

4.111 Theorem. As in Theorem 4.110, suppose moreover that g is a
holomorphic function in Q). Then we have

1 Q) . e -
o /8+Ag(2) #O) d(*;pjg(aj)*;%g(bj)

4.112 . Prove Theorem 4.111.

4.113 §. Under the assumptions of Theorem 4.110, compute

1 2f(z) 1 22f'(z)
271 /3+A f(z) dz, 271 /3+A f(z) dz.
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4.114 §. By means of Theorem 4.111 prove the following.

Theorem (Jensen). Let f be a holomorphic function with singularities in an open

set Q with finitely many poles b1, ba, ..., by of order respectively qi, q2,..., q, con-
tained in a ball B(0, R). Suppose moreover that f is continuous on 0B(0, R) and let
ai, az,..., a be the zeros of f of multiplicity respectively p1, p2,..., pr on the ball

B(0, R). Suppose that f(0) exists and f(0) # 0. Then

27 . k h
yr [ tog 1) o = log | F(O)] + 3 pilow(R/lai]) — Y i log(R/ b
T Jo i=1

i=1

b. Rouché’s theorem

4.115 Theorem (Rouché). Let Q C C be an open set, let f,g € H(Q),
and let A CC Q be a reqular domain of C. If

£ =9l <lg(Q] V(e a4,

then f and g have the same number of zeros in A counted according to
their multiplicities.

Proof. For t € [0, 1] the function h¢(z) := g(2z) + t(f(z) — g(z)) belongs to H(2). From
the assumption, we have

[he (O] = 19(¢) + t(F(S) = g(ONI < V(O = tf(C) —g(O] >0
for all { € 0A. The argument principle yields

/8+A Zigg d¢ = # zeros of hy in A.

Since the quantity on the left is continuous in ¢, the number of zeros of h¢ in A (counted
according to their multiplicities) varies with continuity when ¢ varies in [0, 1]. Since the
number of zeros is an integer quantity, it is constant. Thus, we find

# zeros of g = # zeros of hg = # zeros of hy = # zeros of f in A.

0

4.116 9. Let f € H(Q) be nonconstant and let zg € Q be a root of multiplicty k
of f(z) = a. Show that, for every sufficiently small neighborhood U of zg, there is a
neighborhood V' of a such that for all b € V' the equation f(z) = b has exactly k distinct
solutions in U. [Hint: Notice that there exists p > 0 such that |f(z) —a] > § > 0 on
0B(zo0, p) and that

o J'(2) _ 1 _
27”k_/a+B(zo,p) f(z)fadz_/ycfadc_l(%a)

where 7 is the image of 1 B(z0, p) by f and I(v,a) is the winding number of v with
respect to a. If b is close to a, we also have |f(z) —b| > §/2 > 0 Vz € 8B(z0,p) and
I(~,b) = I(v,a), see Proposition 4.40. It follows that f(z) = b has k roots in B(zo, p)
when counted according to their multiplicities. They are simple since f/(z) # 0 in a
sufficiently small neighborhood of zp.]
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c. Maximum principle
Let © be a bounded domain in C and f € H(S2). If B(zp,7) C C, Cauchy’s

formula 1 £0)
fGo) = o, | a

270 Ja+ B(zo,r) § — %0

rewrites as
1 271'

f(z0) = f(zo +re') b, (4.48)
ie., f(zo0) is the average of f on dB(zp,r) Vr. This implies, or, better,
is equivalent to saying that f(zp) is the average of f on B(zg,r), as one
can easily prove. This is referred to as the mean property of holomorphic
functions. As a consequence we have the following.

2 0

4.117 Theorem (Maximum principle). Let f € H(Q), Q being a do-
main of C. If |f| has an interior local mazimum point, then f is constant.
Moreover, if f € H(Q)NCY(Q), then

If(z)| <sup|f(z)] VzeQ
o9

and, if f is not constant,

|f(2)] <sup|f(2)] 2z e
o0

Proof. Let us prove the first part of the claim, from which the second part follows at
OnceI.f f(z0) = 0 the claim is trivial. Otherwise, multiplying by 1/f(z0), we can and do
assume that f(zo) = 1. In this case, we trivially have
R(1 - f(2)) 2RA - [f(2)]) 20 for z € B(z20,70),
R(1— f(2)) =0 if and only if f(z)=1.
We deduce from the mean property that

27T .
R — f(z0 + 7€) do = 0;

(4.49)

while, from the first of (4.49), that f(z) =1 on dB(zo,r). Since r is arbitrary, f =1 in
a ball B(zo,70) C €, hence in €, since € is connected. [}

4.118 Corollary. Let Q be a domain of C, B(zp,7) CC Q, and let f €
H(Q). If

o)l < min{|£(O)l | ¢ € 0B(z0,7)
then f has a zero in B(zo,7).
Proof. Suppose f # 0 in B(zg,r), then g(z) := 1/ f(z) is holomorphic in some open set
Q' with B(zg,r) CC Q. From the maximum principle

lg(zo)| < sup  [g(Q)]
(€0B(z0,7)

ie.,
min{|f(<)\ \ ce aB(zo,r)} < 1f(z0)ls

a contradiction. [}
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d. On the convergence of holomorphic functions

From Cauchy’s formula and the maximum principle, we infer at once the
following theorems.

4.119 Theorem (Weierstrass). Let {fr} C H(Q). If {fx} converges
uniformly to f in , then f € H(Q).

4.120 Theorem (Morera). Let {fi} C H(Q). If {fr} converges uni-
formly to f on compact subsets of Q, then f € H(Y) and for all integers
J» Djfx — Dj;f uniformly on compact sets of Q).

Cauchy’s estimates, which give uniform equiboundedness on compact
sets of each sequence of derivatives of a uniformly equibounded sequence
of holomorphic functions, together with the Ascoli-Arzela theorem yields
at once the following.

4.121 Theorem (Montel). Let {fi} be a sequence of holomorphic func-
tions in Q that are uniformly equibounded on the compact sets of Q2. There

exists a subsequence of {fr} that converges uniformly on the compact sets
of Q to a function f € H(Q).

4.122 Theorem (Vitali). Let {fr} C H(Q) be an equibounded sequence
on the compact sets of Q0 and let {z,} be a sequence converging to zy € 2.
If {fr} converges pointwise in {z,} U{zo}, then {fr} converges uniformly
on compact sets of Q to f € H(Q).

Another classical theorem concerning the convergence of holomorphic
functions is the following.

4.123 Theorem (Hurwitz). Let {fi} C H(Q2) be a sequence that con-
verges uniformly on compact subsets of  to f € H(§2).

(i) If B(zo,7) CC Q and f(z) # 0 on 0B(zo,7), then there exists n such
that f, and f have the same number of zeros in B(zg,r),
(i1) If every f, is injective and f is nonconstant, then f is injective.

Proof. Let § := inf{|f(2)| ||z — 20| = r} > 0. Since fx — f uniformly on the compact
sets of 2, there exists n such that for all n > n

Q125> 0 2 1falc) = FOI V¢ € OB(zo,m).

(i) then follows from Rouché’s theorem. Let us prove (ii). Suppose that f is nonconstant
and noninjective. Then there exist two distinct points z and w such that f(z) = f(w).
Set F(¢) := f(¢) — f(w) and Fn(¢) := fn(¢) — fn(w). Since F(z) = 0 and F is non-
constant, we infer from Theorem 4.35 that z is an isolated zero of F, i.e., there exists
r < min(dist (z, 09), dist (2, w)) such that F(¢) # 0 for all { € 9B(z,r). Since F, — F
uniformly on compact sets of 2, from (i) we infer that F; and F have the same number
of zeros on B(zp,r), a contradiction since Fy, is injective and F(z) = 0. 0
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e. Schwarz’s lemma

4.124 Theorem (Schwarz’s lemma). Let f € H(D) where D is the
unit disk D = {z||z| < 1}. If

f(0)=0 and [f(2)] <1 forall z, |z| <1,
then
(i) [f'(O)] <1 and [f(2)| < |2| Vz € D,
(i) if |f'(0)] =1 or |f(20)|] = |20| at zo # 0, then f(z) = az Vz € D for
some o € C with |a] = 1.

Proof. (i) The function

z)/z if 2z#0,
sy = [ it
f1) ifz=0,
is holomorphic in D. Since |f(z)] < 1 Vz € D, we have |g(z)| < r~! on dB(0,7) Vr,

0 < r < 1, and the maximum principle yields |g(z)| < r~! for all z € B(0,r). When
r — 1, it follows that |g(z)| <1 for all z € D, i.e., |f(z)| < |z| and | f'(0)| = |g(0)| < 1.

(ii) If |f(z0)| = |z0| for some zg € D, zo # 0, or, if |f/(0)| = 1, the function |g| attains
its maximum at an interior point of D. Thus, by the maximum principle, g is constant,
g(z) = a with |a| = 1, consequently f(z) = az. O

f. Open mapping and the inverse theorem

The maximum principle yields a self-contained proof of the local invert-
ibility theorem for holomorphic functions. We have the following.

4.125 Theorem. Fvery nonconstant holomorphic function f € H(Q) is
an open map.

Proof. Let zg € Q and wo = f(20). We need to prove that for every r > 0 there exists
§ > 0 such that B(wo,d) C f(B(z0,7)). Since f is not constant, z — f(z) — wo has an
isolated zero in Q. Therefore, for r small enough, we have f(z) # 0 in dB(z0,7). Set

0<26:= |f(z) —wol.

min
¢€dB(z0,T)
For all w € B(wo, d) and all ¢ € 9B(zo,r) we have
[£(Q) = w] = [f(€) — wo| — |wo —w| =6

while |f(z0) — w| < 6. Consequently, for the holomorphic function Fy,(z) := f(z) — w
we have

Fy < i F, .
[Frw(20)] Cearggw)l w(C)]

This implies that F,, has a zero in B(zo,r), i.e., for every w € B(wo,€) there exists
z € B(zo,r) such that f(z) = w. In other words, B(wo,d) C f(B(z0,7)). O

4.126 Theorem. Let f € H() be one-to-one. Then [’ never vanishes,
f(2) is open, and f=1: f(2) — Q is holomorphic with

@ w) =1 Vwe f(Q).
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Proof. Since f is open by Theorem 4.125, f(2) is open and f is a homeomorphism
from Q into f(Q). Suppose now that f’(z9) # 0 at some 29 € Q and let g = f~! and
wo = f(z0). We have

g(w) —g(wo) _ gw)—g(wo) _ 1
w-wo  f(g(w) — flg(wo))  f(gwo))

since w — g(w) is continuous. This proves that g = f~! is holomorphic on the open
set S:={z€ Q| f'(z) # 0} and

F Y@ (z) =1 Vvzes. (4.50)

Let us show finally that f’ # 0 in . Since f is nonconstant, the zeros of f’ form a
closed and discrete subset of Q. Therefore, f(S) is closed and discrete, too. Moreover,
as we have seen, f~1 is holomorphic on f(2\ S) = f(Q) \ f(S), thus f~1: f(Q) — Q
is a holomorphic function with eventually a closed, discrete set of point singularities,
which are, in fact, removable since f~! is continuous on f(Q). Finally, passing to the
limit, we extend (4.50) to all points zg € f(2). O

4.8 Biholomorphisms

Let Q be an open set of C. A function f : @ — f(Q) C C is called a
biholomorphism between Q and f(€) if f is holomorphic, invertible with
holomorphic inverse. Of course, a biholomorphism is also a homeomor-
phism and, as we stated in Theorem 4.126, f is a biholomorphism between
Q and f(Q) iff f is holomorphic and injective. A biholomorphism with
Q = f(Q) is called an automorphism of 2. We now discuss automorphisms
of the unit disk D = B(0, 1).

4.127 Definition. Let a € C, |a| < 1. The map

zZ—a

1
c)OCI('Z) '71_0/2’ Z#a

is called a Mobius transformation.

It is easy to show that

(i) ¢4 is holomorphic in {z # 1/a}, in particular, ¢, € H(D),
(ii) ¢q maps D one-to-one into D, and ¢, ! = ¢_, since 4 (p_a(2)) =
z= @—a(@a(z)_ga
(i) [ea(e)] = |15
tive.
(iv) ¢'(0) =1—laf?, g4(a) = (1 —[af*) "1
Essentially, Mobius transformations are all and the sole automorphisms
of D.

=1, i.e., @, : D — 0D is injective and surjec-
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4.128 Theorem. If f: D — D is an automorphism of D, then f = ap,
for some a € D and « € C with |a| = 1, i.e., every automorphism of D is
the composition of a Mobius transformation with a rotation. In particular,
f extends to a biholomorphism in a neighborhood ) of D, which is in
particular a homeomorphism from D into D.

Proof. Suppose that f(0) = 0. Schwarz’s lemma applied to f and f~! yields
IF@) <12l = 1T FEN S 1f(2)] - VzeD,

hence |f(z)| = |z|. Now, again by Schwarz’s lemma f(z) = cz. For the general case it
suffices to consider F := fop_q4, a = f~1(0). O

The following also holds, but we shall not prove it.

4.129 Theorem. We have

(i) All and the sole automorphisms of C are the maps
z —az+Db, ae€C\{0}, beC,

(ii) All and the sole automorphisms of C\ {0} are the maps of the type
z — az or z — b/z with a,b € C\ {0}.

a. Riemann mapping theorem

A natural question to ask is whether or when two given domains € and
Q' are biholomorphic. Of course, they need to be homeomorphic, but this
does not suffice. We have the following.

4.130 Proposition. C and the unit disk {|z| < 1} are not biholomorphic.

Proof. In fact, if f : C — D is holomorphic, f is constant by Liouville’s theorem. O

We could also prove the following, but we shall not do it.

4.131 Proposition. The annuli {r1 < |z| < R1} and {r2 < |z| < Rs}
are biholomorphic if and only if R%rl = Ro/ry; in this case, a family of
biholomorphisms is given by z — €Az, X :=rq/r;, w € R.

We shall only discuss the case of simply-connected domains Q and €'.

4.132 Theorem (Riemann). Fvery simply connected domain Q2 # C is
biholomorphic to the unit disk. More precisely, for every zg € § there exists
a unique f € H(Q) with f(z0) =0, f'(z0) real with f'(z0) > 0 such that f
is a biholomorphism between Q@ and the unit disk {|z| < 1}.
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Proof. Uniqueness: The uniqueness is proved by contradiction: if fi and f2 are two
biholomorphisms between €2 and the unit disk D, then f2 0 fi~ ! is an automorphism of

the unit disk, and by Schwarz’s lemma, f2 o fl_l(z) =zVz e D,ie, fi1 = fo.

Ezistence: The existence is proved by successive steps. Following Koebe?, one considers
the family

F = {g € H(Q), g injective, |g(2)| <1, g(z0) =0 and ¢'(20) € R, g'(20) > 0}

We then show that there exists f € F that maximizes |f’(z0)| and that such a function
has the requested properties.

Step 1 F # 0. Choose a ¢ Q and, Q being simply connected, consider in  a leaf
of v/z — a, which we denote by h(z). The image h({2) is open hence covers a disk
B(h(z0), p) of sufficiently small radius. Moreover, h(£2) is contained in one of the two
connected components of f~1(2), f(z) = 22 + a. Thus h(z0) and —h(z0) belong to
different connected components of f~1(£2), hence for a sufficiently small p we also have
B(—h(z0),p)) N =0, ie., |h(z) + h(z0)| > p Vz € Q, in particular 2|h(z0)| > p. We
now claim that the function

go(z) =" W (z0)] h(z0) h(z) = h(z0)
" 4 |h(20)]? W (20) h(z) + h(z0)

belongs to F. In fact, it is holomorphic, go(z0) = 0, ¢’(20) € R and is positive, and
lgo(2)] < 1 Vz € Q, since

h(z) = h(z0)

> (G
h(z) + h(z0)

0, -
h(z0)  h(z)+h(z0)! = p

) = (2o

Step 2. Let {gn} C F be a sequence such that |g;,(20)| — sup,c |9’ (20)|. Since {gn}
is equibounded, it has a subsequence, which we still denote by {gn}, which converges
uniformly on compact sets of €2 to a holomorphic function f. Clearly, in © we have
f(z0) = 0and f'(20) =7, |7| = sup e £ |9'(20)| < +o0 and f is not constant. Moreover,
f is injective. In fact, for g € F with g(z) — g(z1) # 0 in Q \ {21}, Hurwitz’s theorem
grants that for the limit f we also have f(z) — f(z1) # 0 in Q \ {z1}. This proves that
f € F, f maximizes |¢g’(z0)| among the functions in g € F, and, by Theorem 4.126, f
is a biholomorphism between 2 onto f(£2).

Step 3. We claim that the function f constructed in Step 2 maps onto the disk. Suppose
this is not the case and let wo with |wg| < 1 be such that f(z) # wo Vz € Q. Then we

can define a leaf in Q of
F(z):= F(z) = wo
1 —wof(z)

that is again injective with |F'| < 1. Now set

_ |F'(z0)| F(2)— F(20)
) = F'(z0) 1— F(20)F(2)

that belongs to F since it vanishes at zp and has positive derivative at zp. It turns out

that 1+ ol
=+ |w
G'(20) = Oy >4,
24/ |wol

a contradiction. O

2 See L. V. Ahlfors, Complex Analysis, McGraw-Hill, New York, 1966.
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We may ask what happens when z — zg € 0. It can be shown that
in this case f(z,) converges to the boundary of the disk and that, if f :
Q — ' is a biholomorphism and 9 and 99’ are Jordan curves, then f
extends to a homeomorphism from Q to €. In general, the study of the
boundary values of holomorphic functions is quite complicated and we skip
this topic.

b. Harmonic functions and Riemann’s mapping theorem

Consider the problem of solving the Dirichlet problem in a simply connec-
ted domain 2 for the Laplace equation

Au=0 1in Q,
u=g su 0f).

If f:Q — Q is a biholomorphism that extends continuously to £ and
Ulz) :==u(f(2)), 2€Q,

it is easy to show that w is harmonic in €’ if and only if U is harmonic
in Q@ and U(z) = g(f(z)) on 0fY. Therefore Riemann’s mapping theorem
transforms in this case the problem of solving the Dirichlet problem in a
simply connected domain €2 into the problem of solving on the unit disk
D the corresponding Dirichlet problem

Av=0 in D,
v=g(f) ondD

for which an explicit solution is available, see Poisson’s and Schwarz’s
formulas.

According to Riemann there is a strong connection between solving in
the simply connected domain 2 the Dirichlet problem

Au=0 1in Q,
u=g su 02
for all ¢ and constructing a biholomorphism of € onto the unit disk.
In fact, let f : © — D be a biholomorphism with only a zero at zg,

ie, f(z0) = 0, and suppose that zy is a simple zero, f'(z0) # 0. In a
neighborhood of zy we then have

f(z)=c(z—2)+..., c1 = f'(20) # 0.
Consequently
/@) =c1+cz—20)+...
zZ— 20

is holomorphic near zp, hence in 2, and nonzero (since f vanishes only at
20), therefore
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F(z) :=—log /)
zZ— 20
is holomorphic in 2, and its real part
£ (2)]
u(z) := —lo
(2) 8 12— 2ol

is harmonic. Therefore we conclude that, if a biholomorphism from €2 to
D has to exists, then |f(z)| =1 on 9D, and u has to solve

Au=20 in Q,
u(z) = log ‘ZEZO‘ on Of.

Conversely, if we are able to solve this problem, defining the conjugate
harmonic of u as a primitive v of the differential form

—Uy dx + Uy dy

according to Cauchy—Riemann equations, u + iv is holomorphic and actu-
ally f(z) :=u(z) + iv(2) is the biholomorphism we were looking for.

c. Schwarz’s and Poisson’s formulas

Let f € CO(B(0, R)) NH(B(0. R)), f(2) = u(w,y) + iv(a,y), = = « + .
As we know functions u and v are harmonic. Moreover, the function v,
called the harmonic conjugate of u, is determined apart from an additive
constant by the values of u on B(0, R), and, actually, by the values of u
on 0B(0, R).

4.133 Theorem. Let B := B(0,R) and let f € H(B) N C°(B), f(z) =
u(r,0) + w(r,0), (r,0) being the polar coordinates in B. Then

w0 = [Tura( - 7 )ae
iv(r,0) =iv(0) + 2177 /OQWU(R’W)(CEZ — Ciz)dgo.

Consequently we get Schwarz’s formula

2m
16 =)+, [ ulre) T

0 or, equivalently, Poisson’s formula

where ( = Re'?, z =re
1 [ R? —r?
u(r,9) = 27 /0 u(B, ) R? — 2Rr cos(0 — @) + 12 d¢.
2Rrsin(0 — ¢)

1 2
'U(T', 9) = U(O) + o l U(R) SD) R2 _ QRT'COS(O _ 90) + 7,.2 ®.
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Proof. For ¢ := Re’¥ and B := B(0, R), we have

_ 1 fQ .1 ¢
f(z) = o /a+B P =, ; f(()c_z dy (4.51)
if z € B and L ¢
9mi /8+Bf(C)C_zdgp:O (4.52)
if z ¢ B. Now for )
_r_ <
T T
(4.52) gives
1 2 z
= o /o f(C)Zicds@
and subtracting from (4.51)
B 1 27 C 2
o= [0 ST e (459

while summing to (4.51)

f<z)=2;/02"f<o(cfz+zjc)w

:f(0)+217r /j”f(c)(cfz—ciz)dgo, (4.54)

from which Schwarz’s formula follows at once. O

4.134 Remark. We notice that for every continuous function u € C°(D)
Schwarz’s and Poisson’s formulas yield a holomorphic function f € H(D)
with R(f) = w on OD.

4.135 §. Develop gfz as a geometric series to find

g
8

1 r\V .
U(T79)12 -‘r’ (R) (ay cos vl + by sinvh),

s
Il
—

v(r,0) = v(0) +

I

s
Il
-

(;)U(fby cos vl + a, sin vf),

where
1

27 1 27
ay 1= / u(R, ) cos(ny) de, by = / u(R, o) sin(ne) de.
m™Jo ™ Jo

d. Hilbert’s transform

4.136 Theorem. Let H := {23z > 0}, f € H(H) N C°(H) and let u
and v denote respectively the real and the imaginary part of f on the real
azis, f(x+10)=:u(z)+iv(x). If

() limp,) o f(;) =0,
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I'r

De,R FR

) m
AU m T, | —— 1. .Y L.
x x
Figure 4.19. The domain D, g.
(i) f € C% locally in H, i.e.,
lf(z) = f(x+40)| < C |z — z|* forallx+1i0,z€ H, |v— 2| <1

for some constant C > 0,

then o
f(z +1i0) == zir [mf(t)tjxdt,

u(z) = — ! /+0° o(t) dx,

r—t

or, equivalently,

— 00

v(z) = 1/+OO u(t) dz,

o T

where the integrals have to be interpreted as Cauchy’s principal integrals®

+oo
/ u(t) dxr = lim u(t) dx.
oo L@ =0 Jft—a|>ep T —

Proof. Set g(z) := & s enHn \ {z} and let 0 < € < R. Since g is holomorphic in H

z—x’
and continuous in H \ {z}, we have

[, ataz=o,
0+ D¢ r

where D, g is the domain in Figure 4.19. Therefore,

/aﬂRj(—zldz’/mej(_Zld*/ ft)d”/ o Ldt=0 (455

From the growth of f at infinity, we infer
/ ) dz — 0 as R — oo,
otrRr # — T
and from the Holder-continuity of f at x, we infer
1 —
/ 1) dz = f(m)/ dz + Fz) = (@) dz =iwf(z) + O(e%))
oFtr. 2 — X oFtr. 2 — o+, VA

as € — 0, and the claim follows from (4.55) when R — oo and € — 0. O

3 In the sense, for instance,

+oo g €1 +oo g
/ dr = lim (/ d:er/ d:):) =0.
oo X3 e—0t \J_oo 3 . x3
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20 f(z0)

T
-
-

y

Figure 4.20. A C-linear transformation.

4.9 Exercises

4.137 9. Let f:Q C R? — C be differentiable. Prove that

(folfu)ae = =23(f=f2),  detDf = |f:> = |£.%.
[Hint: Infer from (4.1)
(falfy)rz +idet Df = fyfo. ]

4.138 §. Let f:Q — C be C-differentiable. Prove that
|f'(20)]? = det Df(20).

4.139 q. Let f € H(Q) where Q is a connected open set. Prove that f is constant if
f'(z)=0VzeC.

4.140 9. Let f € H(Q2). Then f is constant in Q iff one of the following conditions
holds:
(i) Rf(z) is constant in Q,
(ii) Sf(z) is constant in Q,
(iii) |f(z)] is constant in Q.

4.141 9. Let £: C ~ R? — C ~ R? be a R-linear map with associated matrix A. Prove
that ¢ is C-linear, ¢(z) = az, a € C, if and only if

AJ =JA

where J is the matrix ( 0 1) associated to the counterclockwise rotation of an angle

/2.

4.142 9. A matrix A € M2 2(R), A = <(Z Z) is called conform if

a? + b2 =% +d?, ac+ bd = 0.

Prove that, if A is conform, then there exist A € R and a rotation matrix R, RTR = 1d,
det R = 1, such that A = AR. Moreover, prove in the case A # 0 that A is conform iff
A preserves the cosinus of the angle between two generic vectors:

_ (Au|Av) _ (ufv)

cos(Au, Av) = =
(A A = |l 1Al = Jul o]

= cos(u, v).
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4.143 9. Check that
0%u 9%u

4 =4 = Au.
020z 020z

4.144 §. Let f: 0B(z0, R) — C be a continuous function. Prove that

/ f(z)dz = 7/ f(—=2)d=.
9t B(20,R) 0t B(—z0,R)

4.145 9. Let f:0B(0, R) — C be a continuous function. Prove that

1\ 1
/ f(z)dz:/ f( ) 5 dw.
o+ B(0,R) o+B(0,1/R) \w/ w

4.146 §. Let Q C C be open and let A be an elementary domain for €. Prove

1/ f(© = flz) ifzeA,
2mi Jota (—z 0 if 2 ¢ A.

4.147 9. Prove the following.

cos(z1 + z2) = cos z1 cos z2 — sin 21 sin 22, cos? 2 + sin? z = 1,
sin(z1 + 2z2) = cos 21 sin z2 + cos 22 sin 21, cosh? z — sinh? z = 1,
. . ™ .
cos(—z) = cos z, sin(—z) = —sinz, cos(z—, ) =sinz,
e” = cosh z + sinh z, e'” =cosz +isinz,
sin(z + ty) = sinz coshy + i cos x sinh y, cos(z + iy) = cosx coshy — isinx sinh y.

4.148 §. Compute the derivatives of the trigonometric and hyperbolic functions and
try to find relationships among those functions.

4.149 9. Prove that the restriction of sin z to {z = z+1y| |z| < m/2} is invertible with
inverse given by sin~! z = 1 log(iz + V1 — 22).

4.150 9. Prove that the restriction of tanhz to {z = = + iy | |h| < 7/2} is invertible

ci1 s . -1, _1 14z
with inverse given by tanh™" z = ; log ;T7.

4.151 §. Prove the following.

/27‘ cos k6 4o — 1(=1)kr /°° elar do = T e—alal
0

)

5+ 3cos@ 2 3k oo @% + 2 lal
4.152 9. Compute the asymptotic development of [>°e~*¢dt.

4.153 §. Compute the residues of

22 — 22 e
1= e agy ™ TE)=

both directly or by means of their Laurent development.
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4.154 §. Compute
1 6zt
. / dz
2mi Jo+B(0,3) 22(22 + 22+ 2)

4.155 §. Prove that

27 dt T, iffpl < 1,
/ i v p€C\ B0, 1),
o 1—2pcost+p b2 iflpl>1,
2m dt 27p
5 = s p>1.
o (p+cost) (v/p2 —1)3

4.156 §. Prove that

too g2 ™
/ dr = ,
oo 14t V2
/+°° dr  3V2n«

= s > Oa
—oo (zt+at)? 8 a’ “

oo .1’2
/ dx,
oo (2 +1)2(22 + 22 + 2)
/+°° x2P 1 T
dr = ,
0 1+ 224 4 sin <2p+17r>
2q
forall p,g e N,0O<p<q.

4.157 §. Prove that, if a > 0 and b > 0, then
+o0 iax +o0 iax
/ ¢ dx = 2mie~?, / ¢ _dx=0.
oo T —1b oo T+1ib

Summing and subtracting, find again Laplace’s formulas

[ R g, [TEmes 1w,
o T2+ o z2+p6? 2

4.158 §. Compute

+° grsinx
9 5 dz.
oo T2 —0O

231
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Figure 4.21. A few holomorphic transformations.



4.159 9. Prove that

n=1"
4 )
n=1 n 90
oo
1 ™
Z = cotha, a >0,
4 n2+a? a
n=-—oo

(71)1’1,71 ﬂ.2

i

n2 12°
1 7/ sinh 2mwa + sin 27a
E = ( ), a > 0.
< n* +4a*  4a3 \cosh 2ma — cos 2ma
n=-—oo
4.160 §. Prove that
oo ], 1 2 oo (] 2
/ os( +;E )d:r:TrlogQ, / (ng)Q dx
0 1 + X 0 1 + X

4.161 §. Prove the following identities.

1 1 = (—=1)F
- +2ZZ 22 _ g2p2’

sin z z
k=1

> 2k + 1
Z >

COoSs z

((2k+1)g) ey
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4.162 §. Prove that, if g is holomorphic around 0 and e is the path given by the

upper half-circle oriented anticlockwise with center 0 and radius € > 0, then

e—0 271 z 2

4.163 §. Show that

sin? Trm) de =
oo
oo

a+m2 (1—2a?) 8

4.164 §. Show that
™ > 1
sin?(mz) n; (z—n)2’

4.165 §. Compute

1 1
F =
(a) 271 AB+(O,1) C(¢=2)(¢—a)
for a € C, |a] # 1.

.
/ sin’ () dx = Tr(lfe_%)+ B
[

d¢
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4.166 . Show that the functions F(z) below are holomorphic in the respective do-
mains.

00—tz oo tzfl
F(z) = dt, R(z) >0, F(z) = dt, 0 < R(2) < 2,
=[]0, pd RE) CR ®)

L cottz L tsinz
F(z) = dt, ® -1,0 F(z) = dt, R 0.
()= [ e me) ¢ 10 ()= [0 e Re) >

4.167 9. Show that 0 is a removable singularity for the function
sin z z 1 1 1

, s cotz— - . .
z tan z z e —1 sinz

4.168 §. Show that z = 0 is a pole for the functions

z z
b b
1—cosz (e# —1)2
while z = oo for )
sin z, e?, e ?
and z = 0 for x
2% cos z(e'/% = 1)
z

are essential singularities.

4.169 § Schwarz’s lemma. Let f : D — D, D = B(0,1), be holomorphic. Prove
that
f(z) = f(20 z— 20 1—|f(20)[?
(2) ()Sl \’ I (20)] < |()2|.
1—f(2)f(z0)! ~ 11— 220 1~ |20l

[Hint: Use a Mobius transformation both in the domain and the target disk.]

4.170 9. Let f be holomorphic in the strip ®(z) < 7/4, and such that |f(z)| < 1 and
f(0) = 0. Prove that |f(z)| < |tanz|.

4.171 § Schwarz’s reflection principle. Let  be an open set, Q C {z+iy |y > 0},
let * be symmetric to  with respect to the real axis. Suppose that the intersection
of  with the real axis is an interval I. Prove that, if f € CO(Q U I) NH(S2), then

flz) ifzeQUI,
f(z) ifzeQ*

F(z):=

is holomorphic on Q U I U Q*.

4.172 9. Let D be the unit disk and f € C°(D) N H(D). Prove that f is constant if
|f(2)] =1 for every z with |z| = 1. [Hint: Extend f with f(z) := f(1/z), z € C\ D to
the entire C.]

4.173 9 A representation formula for the inverse. Let f € H(B(0, R)) be holo-
morphic in |z] < r with f(0) = 0, f/(0) # 0 and f(z) # 0in 0 < |2| < r and let
p<r.

(i) Show that

1 zf'(2)
glw) = 2mi /a+B(o,p) f(z) —w @

defines a holomorphic function on {w | |w| < inf.cap(0,p) [f(2)[}-
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(i) Prove that f(g(w)) = w if |w| < infgp(,, | fl-
[Hint: Notice that [f(2)| > |w| if |w| < infsp(o,p) |f|, consequently f(z) and f(z) —w
have the same number of zeros in B(0, p) by Rouché’s theorem. From Theorem 4.111,
infer that g is the inverse of f.]

4.174 § Hadamard’s three circles theorem. Let f be holomorphic in an open set
0 < R1 < |z| < Rz that contains the annulus R; < |z| < Ra. Set

M(R) := max{|f(z)| | |z| = R},
and prove that for Ry < R < Ra,

Ra R R
M(R)log Ri < M(Rl)lOg R2M(R2)log Ry

or in other words, prove that log M (R) is a convex function of log R. [Hint: Notice that
for all z, R1 < |z| < Ra2, we have

2117 ()] < max{|21°1f ()] | 2] = Ra or |2] = Ro }

and choose M(R3)
_ log a(w))
o= R J
log Ry

4.175 9. Let f be holomorphic in H := {z|3(z) > 0} and continuous in {I(z) > 0}.
Prove that f identically vanishes if it vanishes in {z =z + iy |y = 0,z € [0, 1]}.

4.176 9. Let f(z) = u(z,y) + iv(z,y) be holomorphic in a neighborhood of [0,1] x
[0,1] C R2. Suppose that u(z,y) = 0 in [0, 1] x {0} and [0, 1] x {1} and that v(z,y) =0
in {0} x [0,1] and {1} x [0,1]. Show that f = 0 in Q. [Hint: Consider f2(z).]



5. Surfaces and Level Sets

In the first two sections of this chapter we discuss the notion of surface and,
related to it, the inverse and the implicit function theorems. Applications
as well as some aspects of the local theory of surfaces will be discussed in
the last two sections.

5.1 Immersed and Embedded
Surfaces

An important step for the development of analysis and geometry is the
realization of the intuitive idea of a reqular surface in R™. A sphere and a
cylinder are regular surfaces in R?, the cone is not, at least near the vertex.
The idea of a surface develops around the concept of a diffeomorphism and
its analysis uses the inverse function theorem.

5.1.1 Diffeomorphisms

5.1 Definition. Let X CR" and Y C R" be two sets. A map ¢ : X — Y
1s called a diffeomorphism if

(i) ¢ is injective and surjective between X and Y,
(ii) ¢ has an extension ¢ : Q@ — R™ of class C' to an open set Q@ D X,
(iii) »~1 has an extension ¢ : A — R" of class C to an open set A DY

Of course, ¢ is a diffeomorphism from X to Y if and only if ¢! is a

diffeomorphism from Y to X. Therefore, we say that X and Y are diffeo-
morphic if there exists a diffeomorphism between X and Y. Moreover, if
amap ¢ : X — Y can be chosen in such a way that both ¢ and ¢! are
of class C*, k > 1, respectively, in suitable open sets 2 D X and A DY,
we say that X and Y are C*-diffeomorphic.

In the literature, the definition is somewhat different, as in general one
refers to intrinsic differential structures on X and Y. However, Defini-
tion 5.1 is more suitable when discussing submanifolds of R™.

M. Giaquinta and G. Modica, Mathematical Analysis: An Introduction to Functions 237
of Several Variables, DOI: 10.1007/978-0-8176-4612-7_5,
© Birkhduser Boston, a part of Springer Science + Business Media, LLC 2009
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——

N

Figure 5.1. A regular noninjective map.

5.2 . Let ¢ : X C R" — R™ be a diffeomorphism between X and Y = ¢(X). Observe
the following.

(i) wand ¢~
and Y.
(ii) ¢ is also a diffeomorphism between A and p(A) for every A C X.

I extend to C'! maps, in particular, ¢ is a homeomorphism between X

5.3 . Show that being diffeomorphic is an equivalence relation, i.e.,

(i) X is diffeomorphic to X, VX C R",
(i) if Y C R™ is diffeomorphic to X C R", then X is diffeomorphic to Y,
(iii) if Z C R¥ is diffeomorphic to Y € R™ and Y is diffeomorphic to X C R", then Z
is diffeomorphic to X.

If Q C R" is an open set, a map ¢ :  — R" of class C! is a diffeo-
morphism onto ¢(€) if there exists an open set W D () and a map
¥ W — R™ of class C*(W) such that ¥(p(x)) = x Vo € Q. In this case
we say that ¢(Q) is an embedded submanifold of R™. The chain rule then
yields

Dy (o(z))Dp(z) = Id for all z € Q;

hence Dy(z) is injective and we have proved the following.

5.4 Proposition. Let ¢ : Q@ C R" — R"™ be a diffeomorphism from an
open set @ C R" into R™, then v < n, and for every x € ) the linear map
Dy(x) is injective or, equivalently, Dyp(x) has mazimal rank r.

5.5 9. Let ¢ : Q C R" — R™, Q open, be a diffeomorphism. Prove that, if () is open
in R™, then r = n and Df(x) is nonsingular.

A typical diffeomorphism from an open set of R" is the projection of a
graph.

5.6 Proposition. Let 2 C R" be an open set and let f: Q — R™ be a
map of class C*. Then the map ¢ : Q — R” xR™ given by p(x) := (x, f(z))
is a diffemorphism from Q0 onto the graph of f

Gy := {(a:,y) ER"XR™|2zeQ, y= f(x)}

Proof. In fact, ¢ is injective, Imp = G, and the inverse of ¢ : Gy — Q has a C*°
extension as, for instance, the orthogonal projection on the first factor 2 x R" — Q
defined by (z,y) — =. m]



5.1 Immersed and Embedded Surfaces 239
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Figure 5.2. Two books on surfaces.

a. Tangent vectors

5.7 Definition. Let Q@ C R" be an open set and let ¢ : Q@ — R" be a
diffeomorphism with 1 < r < n. For xg € ©(Q), let ug € Q be the unique
point with o(ug) = xo. The tangent space to () at xg € p(Q) is the
linear subspace of R™ image of the tangent map of ¢ at uy,

Tan ,, () := Im (Dy(ugp)).

Since ¢ is a diffeomorphism, Dp(ug) has maximal rank r, hence Tan ,,©(€2)
has dimension 7.

As it is defined, the tangent space depends on the parameterization
© and not just on its image ©(2), meaning that there may exist another
diffeomorphism v : A — R™ defined on another open set A C R® with
Y(A) = ¢(Q) such that Im (D(xg)) # Im (Dp(ug)) at some point xg =
©(up) = 1¥(vp). But this cannot happen. In fact, from Proposition 5.8
below we have r = s and ¢ = ¢ o h for a diffeomorphism h : A — Q, thus
h(vg) = ug and

D(vo) = Dep(0)Dh(vo).

Since h is nonsingular, we conclude Im (Dt)(vg)) = Im (D¢(ug)). This also
shows that the dimension of a parameterized surface depends only on the
surface and not on the particular parameterization.

5.8 Proposition. Let Q) and A be two open sets respectively in R"™ and R,
and let ¢ : Q@ — R™ p: A — R™ be two diffeomorphisms. If o(Q) = 1 (A),
then there exists a diffeomorphism h : A — Q onto Q such that ¥ = poh.
In particular r = s.
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CyS
Figure 5.3. C;S and Tan ;S.

Proof. Of course, h := ¢~ ' 0% does it: we only need to show that h and h~! are of class
CLIfW D ¢(Q) is open and f : W — Q is the C'-map that extends ¢!, then we have
h(z) = ¢~ o9p(2) = f(¥(2)) Yz € p~1(W). Therefore h is of class C'! as composition
of two maps of class C!. Similarly, one shows that h~! is of class C'. In conclusion, h
is a diffeomorphism from 2 onto A, in particular r = s, see Proposition 5.4. 0O

We conclude with a few remarks on the tangent space to a surface. Let
S C R™ be a set. We say that a vector v € R™ is tangent to S at z € S if
there exists a curve s :] — 8, 6[— S of class C* with s(0) = 0 and s'(0) = v.
As M, A € Ry is tangent to S at x if v is tangent to S at x, the set of
tangent vectors to S at x form a cone with vertex at 0 denoted

C.S.

5.9 Proposition. Let Q be an open set in R". Let ¢ : Q C R™ — R™, Q)
open, be a diffeomorphism. Then the tangent cone to () at xg := p(ug)
is the tangent space to () at xo,

CZL’O @(Q) = Tan Iow(Q)'

Proof. Let r(t) := vt + ug, v € R", be the line in R"” through ug. The curve s(t) :=
@(r(t)) is well defined for ¢ near zero, lies in () and is of class C'; moreover s(0) =
and s’(0) = Dy(zg)v. Since v € R” is arbitrary, we then infer

1m (D (o)) © Cag ().
Let s :] — §,8[— S be a curve of class C! with trajectory in ¢(Q) with s(0) = z¢ and
let r(t) := ¢~ 1(s(t)) be the corresponding curve in 2. Since ¢ is a diffeomorphism, 7(t)
is of class C! in 2, and we have 7(0) = ug and s'(0) = De(ug)(r’(0)), therefore

Cagp(€) C Im (Dip(up)).
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5.1.2 r-dimensional surfaces in R"

The image of an open set  of R by a diffeomorphism ¢ : Q@ — R™
into R™, 1 < r < n, realizes only partially the intuitive idea of a surface,
since several surfaces cannot be parameterized on a open set of R", as, for
instance, the circle S* := {22 +4? = 1} in R?, which is not homeomorphic
to any interval of R.

Roughly an r-dimensional surface in R”, 1 < r < n, is a subset that is
locally diffeomorphic to an open set of R". However, there are two possible
ways of localizing: in the space of parameters or in the target space. This
leads to two notions of surface, both useful.

a. Submanifolds

Localizing the definition of diffeomorphism in the target space yields the
following.

5.10 Definition. A r-submanifold of R” of class C* is a set M C R™ all
points of which have an open neighborhood W C R™ such that M N'W s
C*-diffeomorphic to an open set of C".

Of course, if p : Q C R", Q open, is a diffeomorphism, then ¢(Q) is trivially
a r-submanifold of R™. We say that ¢(Q) is an embedded submanifold of
R™ of dimension r. In particular, the graph of a map f: 2 C R” — R™ of
class C'! is an r-dimensional embedded submanifold of R"+™,

As a consequence of Proposition 5.9 we easily get

5.11 Corollary. Let M be an r-submanifold of R™. Then Tan M has
dimension r and C, M = Tan ,M Vx € M.

5.12 9. Show the following.
i) In R?, the hyperbolas 2 — y? = 1, the parabola y = x2, the ellipse x2 + 232 = 1
Y. Yy Yy Y

define 1-dimensional submanifolds of class C*° of R2.

(ii) The unit sphere R™

snti={o e R|Jaf? =1}

is a (n — 1)-submanifold of R™ of class C*°.

(iii) The set {(x,y) € R? | 22 = 32} is not an r-submanifold of R™.

(iv) An r-submanifold of R" is locally homeomorphic to an open set of R".

b. Immersions

Localizing the definition of diffeomorphism in the space of parameters we
instead set the following.

5.13 Definition. An immersion is a map ¢ : Q@ — R™, where Q C R" is
open, 1 < r < n, that is locally a diffeomorphism, i.e., any ug € Q has
an open neighborhood Uy, such that ¢y, s a diffeomorphism from Uy,
onto o(Uy,). An r-dimensional immersed submanifold in R™ is the image
©(Q) of an immersion ¢ : Q@ C R" — R™.
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Figure 5.4. From the left: (i) and (ii) are two injective immersed 1-surfaces in R?, and
(iii) is a 1-submanifold in R?.

Notice that, if ¢ :  — R™ is an immersion, then Dy(u) has maximal rank
r at every u € Q.

Let ¢ : Q C R" — R"™ be an immersion. Of course, the noninjectivity of
 is an obstruction for ¢ to be a diffeomorphism from  onto ¢(€2). More-
over, an injective immersion is not yet a diffeomorphism, see Figure 5.5.
Also the tangent cone at a point is in general a real cone and not a plane,
see Figure 5.3. However, the obstruction for ¢ to be a diffeomorphism is
purely topological. We in fact have the following.

5.14 Theorem. Let ¢ : Q CR" — R", 1 <71 < n be an injective immer-
sion. The following claims are equivalent.

(i) ¢ is open, equivalently, =1 : p(2) — Q is continuous.
(ii) () is an r-dimensional embedded submanifold of R™.
(iii) ¢ is a diffeomorphism.

Proof. Trivially (iii) implies (i) and (ii).

Let us prove that (i) implies (ii) and (iii). Let zo € ¢(€2), up €  be such that ¢(ug) = xo
and let Up be an open neighborhood of ug such that ¢y, is a diffeomorphism. Since
¢ is open, we have p(Up) = W N () for an open set W C R™ that contains xg, thus
xo has an open neighborhood W such that W N ¢(Q) is diffeomorphic to Uy, . Since zg
is arbitrary, (ii) holds. Moreover, on account of Theorem 2.95 we have a locally finite
covering {B;} of ¢(2) by open balls, and corresponding maps ; : R® — U; C R” of
class O such that 1;(p(u)) = u Vu € U;. Let {a;} be an associated partition of unity
to {B;}, see Theorem 2.97. Set A := U; B; and let ¢ : A — R" be defined by

b(@) =D ai@p), T EA,
i=1

where we think of the 1)’s as defined on the whole space. Trivially, A is open, A D ¢(Q),
1 is of class C'! and for all u €  we have

Pp(w) = > ailp)ti(p(u) = > aile(w)di(p(u)

i=1 {ilp(ueB;}
= Y ae@iu= > (D aew))u=u.
{ilp(uw)eB;} {ilp(w)eB;} =1

It remains to prove that (ii) implies (i). For that, fix ¢ € Q, let ug be such that ¢(ug) =
z0, and let W C R™ be an open neighborhood of zg, let A CR",let h: A — W Np(Q)
be a diffeomorphism and k : W — R” be such that k(h(y)) =y Yy € A. Then the map
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B

Figure 5.5. On the left an injective immersion that is not a homeomorphism since
»(Q) N B is connected whereasp™!(B) is not; nevertheless, v is a diffeomorphism as
shown on the right.

g:=kop: o 1(W) — A is injective, of class C' and trivially, p~! = g~! o h. Now, by
the chain rule Dg(u) = Dk(p(u))Dy(u), hence Dg(u) is nonsingular. It then follows
from the local invertibility theorem that g has a C! inverse, in particular, o=1 = g~ loh
is continuous. [}

5.1.3 Parameterizations of maximal rank

5.15 Theorem. Let ¢ : Q C R — R™ be a function of class C*, k > 1,
where Q0 is an open set in R", 1 < r < n. If Dy(ug) has mazimal rank r
at ug € 2, then there exists an open neighborhood U of ug such that py is

a C*-diffeomorphism. Moreover, p(U) is the graph of a map of class C*
defined on an open set of a coordinate r-plane of R™.

Proof. Let ¢ = (1, ©%,..., ¢",...,¢"). By reordering the coordinates we
may assume that

det At 9" (ug) # 0.

ou
Split R™ as R™ = R" xR"~", and denote by (z,y), z € R", y € R*™", its co-
ordinates; finally, set 1) := (o', ©?,..., ¢") and ) := ("1 ... o).

Since the Jacobian of the map ¢ : @ — R” is nonzero at ug, the local
invertibility theorem yields an open neighborhood U C R" of ug such that

the restriction v := <p|([1]) is an open map with inverse h : v(U) — U of class

k .
C" ie.,

z = M (u), u = h(z),
y = 0@ (u), if and only if y = o3 (h(z)),
uelU z €v(U).

In other words, the map ¢ : v(U) x R*™" — U, ¥(z,y) := h(z) is of
class C* and inverts ¢u; finally p(U) is the graph of the function k(z) :=
¢ (h(2)), x € v(U). O
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R

R’I"

\J

: ¥(z0)

¢ (U)
Figure 5.6. Illustration of the proof of Theorem 5.15.

5.16 Definition. Let ¢ : Q — R” be a map of class C' defined on an
open set Q CR", 1 <r < n. If Dp(ug) has maximal rank r at every point
ug € Q, we say that ¢ is a regular parameterization of ().

Theorem 5.15 then yields the following.

5.17 Corollary. Let ¢ : Q C R" — R", Q open, 1 < r < n, be a map of
class C*, k > 1. The following claims are equivalent.

(i) ¢ is a reqular parameterization of o(€),
(il) @ is an immersion,
(iii) for every ug € Q there exists a neighborhood U of ug such that o(U)
is the graph of a C*-map k : W — R"™" defined on an open set W
of a r-dimensional coordinate plane.

5.18 9. Let N be an r-dimensional linear subspace of R", 1 < r < n. We say that
> C R"™ is a graph with respect to N or over N if there exist an open set W C R" and
amap k: W — R™" such that

R(X) = {(u, V) ER"XR""|ueW, v= k(u)}

where R : R™ — R™ maps linearly N onto {(u,v) € R" x R*~" |v = 0}.

Show that each of the claims in Corollary 5.17 is actually equivalent to saying that
for every ug € Q there exists a neighborhood U of ug such that ¢(U) is a graph of a
C*-map over Tan ,(,,)(U). [Hint: Observe that Dep(ug) and D(R o ¢)(uo) have the
same rank and use Theorem 5.15.]

The next theorem is a consequence, actually is equivalent to Theo-
rem 5.15. It claims that if ¢ : Q@ C R” — R" has maximal rank at some
point ug € €, then we can deform the target space with a diffeomorphism
in such a way that ¢(2) becomes flat. Here we present a direct proof:
Instead of factorizing ¢, we apply the local invertibility theorem to an
extension of .

5.19 Theorem. Let Q C R" be an open set and let p : Q@ — R™, r < n,
be a regular C*-map, k > 1. For every xo € ) there exist a neighborhood
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goy trm
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(wo, 0)
Figure 5.7. Illustration of the proof of Theorem 5.19.

U of zp in R", a ball B(0,5) C R™™ ", an open neighborhood W of 90(1‘02
in R™ and a diffeomorphism g : W C R" — U x B(0,r) C R™ of class C
such that

g(p(z)) = (2,0) Vo e U. (5.1)

Therefore, the maps h := (g*,...,g") and k := (¢g"*1,...,g") defined on

W are of class C* and

’ Vo e U.

Moreover, the map h extends (<p|U)71 to the open set W, p(U) is the zero-
set of k,

o(U) = {w ew ‘ k(w) = o}, (5.2)
and, finally, the Jacobian matrices of h and k have maximal rank.
Proof. By reordering the variables of R™, we can assume

A7)
azl,. .., z") (@) # 0.

Let f be the extension of ¢ to Q x R*™", f = f(z'... 2" t1,...,tn—y) given by
f=0Y 2., ™) with

i(z,1) = @ if i <n—
fi(z,t) <p(:£) ifi<n-—r, (5.3)
Px) +tiey fr<i<n.

We have
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At
A(xl...,x7) 0
A(pt ..., "
det D f(z,0) = det = det 8((83?1 ’fr)) (2),
) 7‘+1.”Y n
(c';p(zl...,zf) : Idp—r

hence det D f(z0,0) # 0. By Theorem 5.15 there exist a neighborhood Z := U x B(0, §)
of (20,0) in R” x R™~" an open set W := f(Z) in R"™, and a map g : W — Z of class
C* that inverts fz. Therefore, g is a diffeomorphism from W to Z and for all z € U
and ¢t € B(0,r) we have

g(f(z, 1)) = (z,1) Va € U, Vt € B(0,9); (5.4)

in particular g(f(x,0)) = (z,0), i.e., (5.1).
The relation (5.1) can be written as

h(p(x)) =
k(e(z))

if g =: (h,k). The first equality says that h : W — R” extends (<p|U)_1 to W. The
second relation implies that ¢(U) C {w € W | k(w) = 0}. On the other hand, if w € W,
there exists (z,t) € U x B(U, d) such that f(z,t) = w. If k(w) = 0, then ¢ = 0 and in
conclusion there exists ¢ € U such that ¢(z) = f(z,0) = w, that is,

* Yz e U
0

{w € W‘k(w) = O} C o(U),

and (5.2) is proved.
Observing that D f(zo,0) is the block matrix

Df(z0,0) =
B Id

with det A # 0, we deduce that Dg(¢(x0)) has the form

—BA~! Id

Consequently, the Jacobian matrices of the maps h and g at ¢(zo) are given by the two
matrices of maximal rank
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N O
NN

Figure 5.8. From the left: (a) y = —v/1 — 22 or © = /1 — %2, and (b) z = /1 — 2.

Dh = A1 0 , and Dk = < _BA—! 1d ) . (5.5)

O

5.20 9. Deduce Theorem 5.19 from Theorem 5.15.

5.2 Implicit Function Theorem

5.2.1 Implicit functions
The linear implicit equation in R?
ar+by=0

rewrites as y = (—a/b)x if b # 0, i.e., its solutions are the points of the
graph of a real function of one variable. If we consider nonlinear implicit
equations as for instance

oz, y) =a2° +y> — 1,

the situation is more complex. For instance, the solutions of 22 +3%2—1 =10
are the points of the unit circle of R? which is not a graph. However, pieces
of it are graphs. We say that the circle is locally a graph, see Figure 5.8.

A theorem due to Ulisse Dini (1845-1918) states that the solutions of a
generic nonlinear implicit equation or system are locally a graph provided
some qualitative conditions hold. Let

o(z) =0, z=(z 2%,..., 2") eR"

be a nonlinear equation, ¢ : R” — R of class C'' and let zy be a solution.
If Do(z0) # 0, then the solutions of ¢(x) = 0 are locally the points of the
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graph of a C'-function of (n — 1) variables defined on an open set of a
coordinate (n — 1)-plane of R™. In other words, the set of solutions

o(x) =0}

is near g a (n — 1)-submanifold. In particular, the tangent space to I' at
To exists and

F::{xGR”

Tan ,,T' = ker Dé(z0) = V(o).

As stated the theorem also holds for systems of implicit equations

(5.6)
AN )

and it is known as the implicit function theorem. Again the linear case is il-
luminating. Let C' € M,, ,,(R) be a matrix of maximal rank. By reordering
the variables we may assume

c=(a B)

where A € M, ,—m(R) and B € M,, ., (R) and det B # 0. Denoting by
z=(x,y), x € R""™ gy € R™, the coordinates in R", the system Cz = 0

rewrites as
(A B) <x> = Az +By=0.
Y

Since det B # 0, we may write the m-variable y as function of the n — m-

variable x
y=-B Az

Therefore, if C has mazimal rank n, the solutions of Cz = 0 are the points
on the (linear) graph of y = —B~'Ax.

The implicit function theorem extends the previous claim to the case
of a system of nonlinear equations.

5.21 Theorem (Implicit function theorem, I). Let zy € R™ be a so-
lution of ¢(x0) = 0 where ¢ := (¢, ¢%,..., ¢™), m < n, is of class C* in
an open neighborhood U C R™ of xy. Suppose that Dp(xg) has mazimal
rank m. Then the zero set of ¢, T' := {x € U|¢(x) = 0} is near xq the
graph of a function of class C* of n—m coordinate variables defined on an
open set of an (n —m)-dimensional coordinate plane of R™. In particular,
the tangent space at xg to I' is the kernel of the linear tangent map of ¢
at xg

Tan 5, I' = ker D¢ (xo) = Span {ngl(xo), V2 (xo),. .., ngm(xo)}l.

Actually, a more precise statement holds. We present it in the next
paragraph together with a few examples.
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Rm
#(z,y) =0

Yo

$:QCR" xR™ —R™

-
o

zo U R

Figure 5.9. The implicit function theorem.

a. The theorem

Let ¢ : Q CR® = R™ m < n, ¢ = (¢,...,6™) be of class C*, k > 1,
and let us consider the system

d(zt, 22, 2™) = 0. (5.7)

Suppose that the variables in R™ are split in two groups of respectively
r and m variables r + m = n, which we reorder in such a way that x =
(x',...,2") € R" and y = (z"*!,...,2") € R™. Denote now by

Do 0¢

9 (z,y) € My (R)  and oy

(z,y) € My m(R)

respectively the m x r submatrix of the first r columns and the m x m-
submatrix of the remaining m-columns of D¢ at (z,y). We have

_ 99 99
D¢ = ox Jy

5.22 Theorem (Implicit function theorem, IT). Let ¢ : & C R* —
R™ be a map of class C*(), k > 1, where 2 is open. With the previous
notations, suppose that R™ = R"” x R™,

0
é(xo,y0) =0 and det 8(5 (r0,90) #0

at some (xo,yo) € 2. Then there exist open neighborhoods W of (xg,yo)
i R" X R™, U of zg in R" and a map ¢ : U — R™ such that

(i) ¢pw : W — R™ is open,
(ii) ¢ is open and of class C*,
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(iii) finally,

W, U

{(m,y) €W if and only if {x €Y

P(z,y) =0 y = p(z).

We again postpone its proof until we state an apparently more general
version of it, Theorem 5.29, and we instead discuss a few consequences.
Set

= {(%y) € Q‘fb(x,y) = 0}

for the zero level set of ¢.

5.23 Corollary. Under the previous hypotheses and notations, the follow-
ing holds.

(i) TNW is the graph of the map ¢ : U — R™,
raw ={(@y) e Ww|o@y) =0} = {@y|ret, y=e@}.

(ii) By differentiating the system ¢(x, p(x)) =0 Vo € U, we get

Dole) = - (57) (el (wo)  VeeU. (58)

and for every z€ T'NW

Tan ,I' = ker D¢(z) = Span {ng)l (2),..., Vrbm(z)}L. (5.9)

Proof. (i) It is a rewriting of Theorem 5.22 (iii).

(ii) On account of (i), we have ¢(z, p(x)) = 0 Vo € U. Differentiating (recall the chain
rule) we get

Do(z, ¢(z)) =0, (5.10)
Do ()

that one can rewrite as

o o _
oz (2, ¢(z)) + oy (@, ¢(z))Dp(z) = 0,

i.e., (5.8). Moreover, the tangent space to ' N W at z = (z,p(z)) € W is the tangent
space to the graph of ¢ at (z,¢(x)), which is spanned by the linearly independent
columns of the right matrix in (5.10), hence by (5.10)

Tan (y,p(2)) [ C ker Dé(z, (2));

(5.9) then follows since Tan (, ,(+))I and ker D¢(z,p(x)) have the same dimension
n—m. 0
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Tan I

I'={¢(z) =0}

V(x)

Figure 5.10. The tangent and normal planes to I'.

5.24 Remark. We emphasize that, in the scalar case, m = 1, i.e., ¢ :
Q — R, for every z € 'NW, the tangent space Tan ,I" is the perpendicular

hyperplane to V¢(z), as we recall, ker D¢(z) = Span V(ﬁ(z)J‘.

5.25 Example. Trivially, the point (zo,¥0) := (1/v/2,1/+/2) is on the unit circle
p(x,y) =a®+y>—1=0 inR?

and (z —x0) + (y —yo) = 1 and  + y = 1 are respectively the tangent line and the
tangent space to the circle at (zo,yo).

Let us discuss this simple situation in terms of the implicit function theorem. We
have De(x,y) = (2x,2y), hence Dp(xo,vy0) = V2(1,1). Therefore, near (zo, o), the
circle is both the graph of a function y = ¢(z) and =z = (y) of class C°°, and the
tangent space is

ker Dé(xo0,y0) = {(az,y) ) V2(1,1) (;) — 0},

ie,xz+y=0.
Once we assume that ¢(x,y) = 0 is the graph of a C' map y = ¢(x) near 1/v/2, in
order to compute the tangent space, we may also write

22+ % (2) =1 for  near to 1/v/2.
Differentiating with respect to x we get 2z + 2p(x)¢’(z) = 0, hence ¢'(zo) = —1; in

other words, (1, —1) is the velocity vector of the curve x — ¢(z), thus (1, —1) spans the
tangent space to the circle at (zo,yo).

5.26 Example. Let I' C R? be the set of solutions of

z+logy+22z—-2=0,
2e+y?+e*—1—e=0

and let ¢(x,y, 2) := (x +logy + 22z — 2,2z +y? +e* — 1 —e). We have (0,1,1) € " and

Dé(0.1,1) = (; ! 2) |

2) =e—4 # 0, there is an open neighborhood W C R? of (0,1, 1) such

e
that I' N W writes as

Since det <1
2



252 5. Surfaces and Level Sets

XN

Penioal impllcite di usa o pii variabili indipeadest|

Figure 5.11. Ulisse Dini (1845-1918) and
a page of his Lezioni di Analisi Infinites-
imale, Pisa, 1909.

rnw= {(z,y,z)‘y:a(x),z:ﬁ(z)} (5.11)

where ¢ := (o, ) is of class C°°, i.e., PNW is the trajectory of the parameterized curve
z — (z,a(x), B(x)). Moreover, the tangent space (i.e., the tangent line) to the curve is
the kernel of D¢(0,1, 1), i.e., the solutions of

z+2y =0,
2 + 2y +ez = 0.

Notice that these solutions are orthogonal to the two rows (1,1,2) and (2,2,e) of
D(0,0,1).
Alternatively, once we assume (5.11), i.e.,

z +log ax) + 20(x) —2 =0,
224 a2(z) +ef@) —1-e=0
near zero, differentiating and taking into account that «(0) = 8(0) = 1, we find
2 +20/(0) + 46(0) =0,
2+ 2a/(0) + eB’(0) =0,
ie, o/(0) = —1, B/(0) = 0. As (1,a/(0),5'(0)) is the velocity vector of the curve

z — (z,a(x), B(z)), we conclude that the parametric equation of the tangent line to T’
at (0,1,1) is

T 1 0
yl=t|-1|+]1
z 0 1

Notice that (1, —1,0) is perpendicular both to (1,1,2) and (2,2, ¢).
Finally, notice that the tangent line to I' is the intersection of the tangent planes
at (0,1,1) to the surfaces of equations
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z+logy+22—2=0 and 2 +1y2+e*—1—e=0

corresponding to the rows of ¢.

5.27 9. Prove that the level set xe¥ 4+ ye® = 1 is the graph of a smooth function
y = ¢(z) in a neighborhood of (1,0). Compute ¢ (0).

5.28 €. Prove that the subset of R? of solutions of

22 by 422 =1,
ze¥ +ycosz+zz=1

is the graph of a curve x = z(z),y = y(z) in a neighborhood of (1,0, 0), and compute
its acceleration at (1,0, 0).

b. Foliations

Let ¢ : © — R™ be a function of class C* defined on an open set  C
R” x R™. For every ¢ € R™ the c level set of ¢ is the set

Lei={(@.y) € 2| dla,y) = e},

with evident analogy with the level lines of a geographic map in which
¢ models the altitude over the sea. The implicit function theorem states
that, if
0¢
®(x0,90) =0  and  det oy (z0,90) # 0,
then the zero level line is the graph of a function y = ¢(z) of class C! near
(20,90). What can we say about the close level lines, i.e., about

T.:= {(:v,y) ‘ o(z,y) = c}, c € R™, |c| small?

Of course, det 2‘5 (z,y) # 0 in a neighborhood of (z¢, yo). Since ¢ is of class

C', the implicit function theorem applies to close level sets. Actually, there
is a Cl-map (z,c) — ¢(z,c) such that for ¢ close to zero, the c level line
is near (zg, yo) the graph of x — ¢(x, ¢), see Figure 5.12, as it is stated in
the following.

5.29 Theorem (Implicit function theorem, III). Let ¢ : QQ — R™ be
a function of class C*, k > 1, where  C R” x R™ is an open set, m < n
and r :==n —m. Suppose that at (xo,yo) € Q we have

0
d(xo,y0) =0 and det (,;5 (0,90) # 0.

Then there exist an open connected neighborhood U of zo € R" a ball
B(0,6) in R™, an open set W C R™™™ and a function ¢ : U x B(0,§) —
R™ such that
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¢ €R™
(z,9(z,y)) U x B(0,6)
J
g r € R"
U
Figure 5.12. Illustration of the implicit function theorem.
(i) ¢yw is open,
(ii) o is an open map of class C*,
(iil) finally,
(l‘, y) S VV7 T € U,
c € B(0,6), if and only if c e B(0,9),
oz, y) = c, y = ().

Consequently, we have the following.
5.30 Corollary. Under the hypotheses and with the notation of Theo-
rem 5.29, we have
(i) for all ¢ € B(0,9), the c level line T'. of ¢ is the graph of the map
z— p(x,c), z €U,

FcﬂWz{(x,y)‘er, y:ga(x,c)}, (5.12)

in particular T. N W is a (n — m)-submanifold in R™.
(ii) We have ¢(x, ¢(x,c)) = ¢ V(z,¢) € U x B(0,9), and, differentiating,
we get

o ) =[5 (pl@0)] el

?;i (z,¢) = [gz (x, o(x, c))} 71.

In particular, for every z € TNW

Tan ,I' "W = ker D¢(z) = Span {V¢1 (2),..., qum(z)}L.



5.2 Implicit Function Theorem 255

Proof. (i) is a rewriting of Theorem 5.29 (iii); this yields also that ¢(z,¢(x,c)) = ¢
V(z,c) € U x B(0,6). Thus, differentiating the previous identity we get

Id, 0
Do(z, p(x,c)) = 0 Idm
o o
Ox Oc
i.e., (5.13) and the last part of the claim. O

Proof of Theorem 5.29. The function f(z,y) := (z,é(z,v)), (z,y) € Q, is of class CF
and its Jacobian (r +m) X (r + m)-matrix is given by

1d, 0
Df =

0d ¢

ox oy

We have det Df = det gz, hence det Df is nonzero at (zo,yo). From the local invert-

ibility theorem, Theorem 1.89, there exists an open neighborhood V of (zo,yo) such
that Z := f(V) is open and f|y is a diffeomorphism of class CF from V onto Z. Now
we choose an open connected neighborhood U of zo in R” and a ball B(0,4) in R™
such that U x B(0,8) C Z. If W := f~1(U x B(0,6)), then f is also a diffeomorphism
of class C* from W onto U x B(0,6). In particular, fiw is open, hence ¢ is open
as composition of f with the orthogonal projection onto the second factor. The inverse
map g : U x B(0,6) — W of fjy is of class C* and open. Let us write g as g =: (¥, )
where

Yi=(9" g%, 9")  and  @i=(¢"T .. g™,
The maps 1, are clearly of class C* and open since they are the compositions of g
with an orthogonal projection. This concludes the proof of (i) and (ii).

(iii) then readily follows. We only notice that the identities

flg(z,c)) = (z,¢) V(xz,c) € U x B(0,0),
9(f(z,y)) = (z,y) VY(z,y) €W

are clearly equivalent to

Y(x,c) =x Y(z,c) € U x B(0,4),
d(U(z,c), p(x,c)) =c V(z,c) € U x B(0,6), (5.14)
ez, d(z,y)) =y V(z,y) e W

because of the form of f and g, and = € U if (z,y) € W and ¢(z,y) = c. O

5.31 Remark. We have in fact proved that f : W — Z = U x B(0,9)
is a diffeomorphism from the ambient space R™ into R™ that maps each
level set T'. = {(z,y) € W|é(x,y) = ¢} of ¢ onto the planar surface
{(z,¢),x € U} if c € B(0,0).
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5.32 €. Theorem 5.29 generalizes Theorem 5.22. Prove that the two theorems are ac-
tually equivalent. [Hint: Under the assumptions of Theorem 5.29, apply Theorem 5.22
to the function

,LZ):RT x R™ XRm*}Rm’ w(m’czy) = d)(I,y)*C

to get the conclusion of Theorem 5.29.]

5.33 Example. The hypotheses of Theorem 5.22 are only sufficient to prove the

smoothness of the zero level set. In fact, if ¢ : U x R™ is of class C! and ¢: U x R — R
2

is defined by ¢(z,v) := y — ¢(x), we have det gz: (z,y) =1 and det 8;; (z,y) = 0 while

the zero level set of both functions ¢ and ¢? is given by the graph y = ¢(z).

5.34 An algorithm for the level sets. Let €2 be open in R” x R™ and
let ¢ : Q — R™ be a map of class C! with

¢

#»(0,0) =0 and det oy

(0,0) # 0.

Near (0,0) the zero level set is the graph of a C'-function y = ¢(z).
Thinking of the proofs of the inverse and the implicit function theorems,
we may design an algorithm for the approximation of ¢. Let

¢ ¢

L =
ox y

(0,0), M := _"(0,0).

From the first-order Taylor formula, we infer
0= f(z,y) — f(0,0) = Lo + My + R(z,y)
with |R(x,y)| = o(|z| + |y|); therefore, since M is invertible,
y=—-M"'Le — M 'R(z,y).
Hence, for a given x, ¢(x) is a fixed point of
y — F(y):=—-M 'Ly — M 'R(x,y).

For |z| sufficiently small, F' is a contraction on a suitable defined Banach
space. Therefore, an approximation scheme for ¢(z) is given by

Yo = F(O)a
Yr+1 = F(yr)

as k — oo, and one sees that, for |z| sufficiently small, {yi} converges to
p(z) at least exponentially.

5.35 §. Prove Theorem 5.22 in the case m = 1 and n = 2 developing the following
steps that use only the one-dimensional calculus.
(i) Show that there exists € > 0 such that ¢(zo,y) < 0 if yo —€ < y < yo and
(zo,y) > 0if yo <y <yo+e.
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Figure 5.13. Intersection of two transversal surfaces.

(ii) Show that there exists 6 > 0 such that ¢(z,yo —€) < 0 and ¢(x,yo +¢€) > 0 if
|z — xo| < 0.

(iii) Set R:= {(z,y)| |z—=z0| < 6, |[y—yo| < €}, and observe that one can choose € and
d in such a way that ¢y(z,y) > 0V (z,y) € R. Then show that for |z1 — zo| < ¢
the equation ¢(z1,y) = 0 has a unique solution y; with (z1,y1) € R: This defines
a function y = ¢(x) such that ¢(z, p(z)) = 0 for all z € (xg — §, zg + 9).

(d) Finally, show that ¢ is of class C1 and

Pz (2, 0(2)) + ¢y (@, o(2))¢’ (2) = 0.

Extend the previous proof to the case m =1, n > 2.

5.36 9. Assume that the implicit function theorem, Theorem 5.22, holds true. Infer
from it the local invertibility theorem, Theorem 1.89. Conclude that the statements of
Theorems 1.89 and 5.22 are equivalent. [Hint: Consider the equation y — ¢(z) = 0.]

c. Submersions
5.37 Definition. Let Q be an open set of R". A map ¢ : Q@ — R™ of

class Ct for which m < n and Rank D¢ (x) = m for all x € Q is called a
submersion.

If ¢ : Q C R® — R™ is a submersion, at every point x € Q an m X m
submatrix of the Jacobian matrix has nonzero determinant. After eventu-
ally reordering the variables, we can apply the implicit function theorem
to state the following.

5.38 Theorem. Let ¢ : Q C R” — R™ be a submersion of class C*,
k > 1. Then ¢ is an open map, and every level line of it is a (n — m)-
submanifold of R™ of class C'; moreover, Tan ,I'y(,) = ker Do(x) Vo €
QN Ty, where Ty := {y|d(y) =t} is the t level set of ¢.

For future use, we explicitly restate the case m = 1.

5.39 Proposition. Let ¢ : Q@ C R® — R be a submersion of class C*.
Then for every x € ), the level set of ¢ through x,

I, = {y € Qlo(y) = ¢(x)}
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4
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NI

Figure 5.14. From the left: (a) 22 —y% = 0, (b) p? —2a? cos§ = 0 and (c) p = sin @ cos 20.

is an (n — 1)-submanifold of R™ and
Tan T, = ker Dp(z) = Vp(r)- Vo € Q.

5.40 9 Intersections of submanifolds. Let M and N be two submanifolds of di-
mension 2 of R? with NN M # (). Show that if the tangent planes of M and N at each
point do not agree, then M N N is a Cl-curve.

In general, prove that, if M and N are submanifolds of R™ of dimension respectively
rand s, with r+s > n, and if Tan », M NTan ;N has dimension r+s—n at zo € MNN,
then there exists an open neighborhood W of zg such that M NNNW isanr+ s —n-
submanifold of R™. [Hint: Write M and N locally as level sets and apply the implicit
function theorem.]

5.2.2 Irregular level sets

The study and actually the behavior of the level set of a function near a
point at which its Jacobian matrix does not have maximal rank is more
complicated. A theorem that goes in this direction is in Section 5.3.8. Here
we confine ourselves to showing a few examples of irregular level sets in
two variables

{(Z‘, y) € RQ ‘ ¢(£I}7 y) = ¢(9€07y0)}
in a neighborhood of a critical point (zo,yo).

5.41 Example. For ¢(z,y) = 22 + y?, the zero level set ¢(x,y) = 0 is just the point
(0,0).

5.42 Example. Let ¢(x,y) := 22 — y2. The zero level set is the union of two lines
y = =z, see Figure 5.14. Near the origin we have a similar situation for Bernoulli’s
lemniscate

(? +42)2 —2a2(22 —y?) =0 a >0,

i.e., in polar coordinates, p? — 2a? cos§ = 0, see Figure 5.14.
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5.43 Example. The zero level set of

d(x,y) = (2 +97)* —y(a® — ¢?),
that in polar coordinates is the graph of p = sin 6 cos 20 has a double knot at the origin,
see Figure 5.14.

5.44 Example. The cissoid of Diocles is the zero level set of the function
d(a,y) = z(2” +y%) — 2%

It has a cusp at the origin with the positive z-axis as tangent cone, Figure 5.15.

5.45 Example. The zero level set of
(2% +y?)? = 3zy® =0,

has a triple point at the origin, see Figure 5.15.

5.46 Example. A famous example is the family of algebraic curves
y* =2’ (@ + )

that depend continuously on the parameter A. They have the form in Figure 5.16. When
A moves from positive to negative values, we are in the presence of a drastic change of
form, a “catastrophe”.

5.3 Some Applications

The local invertibility theorem and the implicit function theorems are use-
ful tools in several contexts. In this section we shall illustrate some of their
applications.

5.3.1 Small perturbations

This is a typical situation that appears quite often: Quadratic terms are
smaller than linear terms if the variable is small.

Figure 5.15. From the left: (a) The cissoid of Diocles and (b) (22 + y?)? — 3zy% = 0.
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Figure 5.16. y2 = 22(x + )\): From the left (a) A > 0, (b) A =0 and (c) A < 0.

a. Quadratic systems

Suppose we want to solve the following system of n equations in n un-
knowns

Za”mj +thxz+c =0, h=1,n (5.15)
17=1
or in brief
XTAX+BX+C=0
where X € R", A € M, ,(R"), A;; = ( ) B e M,,, and C € R™.

The map ¢ : R™ — R" defined by czS( )= XTAX + BX is of class C'*,
moreover, ¢(0) = 0, and

n

dpx (v)" = Z (a +aﬂ)XZvJ + ZBh :

i,7=1 i=1

so that dgo(v) = Bu. If B is invertible, the local invertibility theorem says
that there are two neighborhoods U and V of 0 € R™ so that (5.15) is
uniquely solvable in U for every C' € V.

b. Nonlinear Cauchy problem
Suppose we want to solve the Cauchy problem

{u’(t) = F(u(t)), te[0,T], (5.16)
u(0) = ug

where F: Q C R” — R" is of class C*, F/(0) = 0, and (0, ug) € . Observe
that if ug = 0, then u(t) = 0 is the unique solution to the problem.
Consider the transformation ¢ : X — Y, f(u) := (¢ — F(u),u(0)),
between the Banach spaces X := C([0,b]) and Y := C°(][0,b]) x R. It is
easily seen that ¢(0) = (0,0), ¢ is of class C* with differential at 0 given
by the linear map d¢g : X — Y, doo(v(t)) = (v'(t) —DF(0)v(t),v(0)). The
theory of linear systems yields a unique solution for the Cauchy problem
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{v’(t) ~DFO)u(t) = f(t), t€[0,T]

for any f € C°([0,T]) and vg € R for which

oller o,y < C (11 11se 0,71, 0)

see [GM3], or, in other words the map d¢y : X — Y is an isomorphism
of Banach spaces. The local invertibility theorem (in Banach spaces) then
yields the unique solvability of (5.16) in a neighborhood of 0 in C*([a, b])
provided wg is sufficiently small.

c. A boundary value problem
Suppose we want to solve the following boundary value problem

w’(t) + F(u(t)) = ¢(t), te][0,1],
— up, (5.17)

where F': Q C R® — R" is of class C', F(0) = DF(0) = 0 and ug, u1
are given real numbers. We consider the transformation ¢ : X — Y from
the Banach spaces X := C?([0,1]) and Y := C°([0,1]) x R x R given by
p(u(t)) == (' (t) + F(u(t)),u(0),u(1)). It is not difficult to check that
#»(0) = (0,0,0), ¢ is differentiable at every u € X with differential given
by

dfa(v(t) = (v(t) + DF(u(t)o(t), v(0),0(1) ),

in particular, dfo(v(t)) = (v"(¢),v(0),v(1)). Since dfy : X — Y is invert-
ible, the local invertibility theorem tell us that, for ug,u; small enough
and for (t) close to zero in the uniform norm, there is a unique function
close to zero in norm C? that solves (5.17).

d. C'-dependence on initial data

Let F(t,y) be a function of class C! in a neighborhood of (tg, yo) € R x R™.
As we know, see, e.g., [GM3, Chapter 3], the Cauchy problem

{y’(t) = F(t,y(t), (5.18)
y(to) = yo

has a unique local solution in a neighborhood of (tg,yo); moreover, the
solution y(t; yo) depends continuously on the initial datum yo. Fix yo and
shorten y(t;y0) as y :|to — 0,10 + 0[— R™.

Consider the map ¢ : X — Y between the Banach spaces X :=
Cl(Jto — 6,t0 + S[,R*) and Y := C°(to — 6,t0 + ) x R™ given by
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o(u) == (v — F(t,u),u(to)). Trivially, ¢(y) = (0,yo); one also checks that
¢ is differentiable with differential d¢, : X — Y given by

doy(v(t)) = (v/(8) = F(t,y(H)o(t), vlto) ).

The theory of linear systems of ODE says that d¢, : X — Y is an isomor-
phism of Banach spaces. Then the local invertibility theorem states that
¢ has an inverse ¢! of class C!. In particular, for every choice (e(t), &),
where €(t) is a continuous function sufficiently close in the uniform norm
to 0 and £ a vector close to yg, the problem

{ya> F(t,y(t) +(t), (5.19)
y(to) =&

has a unique solution close to y(¢) in X. Such a solution y(t,§) =
¢~ L(e(t),€) has a C'-dependence on &. In particular, we have proved the
following.

5.47 Theorem. Let F(t,y) be a function of class C' in a neighborhood
of (to,yo) in R x R™. There exist § > 0 and p > 0 such that for every
¢ € B(yo, p) there ezists a solution y = y(t, &) € C*(Jto—3, to+5[x B(yo, p))
that is of class C* in the variables (t,§).

5.48 4. Let F(t,y,)\) be of class C! in a neighborhood of (o, yo, Ao). Prove that the
local solution of

y(t7 )‘) = F(t7 y(t7 )‘)7 )‘)7
y(to, ) = vo

has a C'-dependence on the parameter A, and infer Theorem 5.47 from this. [Hint:
Consider the local solutions to

526N = G5 (6 y(tA), Nzt ) + 5T (1t 2), A)
z(to,\) =0

and the differential increments wy, ; := h—1 <z(t, A+ hejy) —z(t, )\)), and prove by means
of Gronwall’s lemma that uj ; — z as h — 0.]

5.3.2 Rectifiability theorem for vector fields

Let 2 be an open set of R” and let a(z) := (a!(z),...,a"(z)), x € 2, be
a vector field of class C'. In a neighborhood of every point of Q the local
(in time) flow of a, denoted by ¢;(x), is defined as the unique solution of
the Cauchy problem

{i%@ﬁza@ﬂﬂﬁ
wo(x) = .
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For t sufficiently small, the system being autonomous, we have
Ps 0 p1(T) = Pr45(x) = 1 0 ps(2).

5.49 Definition. Two vector fields a € C*(Q,R") and b € C*(Q*,R")
are said to be equivalent if there is a diffeomorphism u : Q" — Q such that
b(y) = (Du) " (y)a(u(y)) Yy € Q"

The relation of equivalence among vector fields is symmetric, reflexive,
and transitive. Moreover, a and b are equivalent if and only if there is a
diffeomorphism that transforms the flow of a into the flow of b. In fact, if
b(y) = (Du) " (u(y))a(u(y)), and ¢ (), 1 (y) are the flows respectively of
a and b, then

Yi(y) =u ' o ou(y),

since for the map v;(y) := u~! o ¢y o u(y), we compute vg(y) = y and

dUt

g W= Du‘l(%(y))d% (u(y)) = (Du) " (ve(y))ale:(uy)) = blve(y)),

dt

thus ¢, = vy because of the uniqueness of the Cauchy problem. Conversely,
differentiating vy = u=! 0 ; o u we see that a and b are equivalent.

5.50 Definition. We say that x¢ is a singular point, or a point in equi-
librium or a stagnation point for the vector field a(x) if a(xo) = 0.

5.51 Theorem (Rectifiability of vector fields). Leta be a vector field
of class C' in Q. Suppose a(xg) # 0. Then in a neighborhood of xo, the
vector field a(x) is equivalent to the parallel vector field e; := (1,0,...,0).
Consequently, two vector fields without stagnation points are locally equiv-
alent.

Proof. After an affine transformation, we may assume zg = 0, and even a(zg) = e1. Let
¢ be the flow generated by a. In a neighborhood of y = 0, the map = = u(y) defined
as

u(y) == ,1(0,9%,...,y")

is a local diffeomorphism since det Du(0) = 1; moreover, from

(Pt(u(y)) = Pt O(pyl (07 y27' . 7yn) = (py1+t(07 y27 e 7yn)
=ult+yh 9% "),

we conclude
uoprou(y) =y+ter.
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5.3.3 Critical points and critical values:
Sard’s lemma

Let © be an open set in R™ and let f : 2 — R™ be a map of class C'.

5.52 Definition. We say that x € Q is a critical point for f if the rank
of Df(x) is not maximal, i.e., Rank D f(x) < m. A point y € R™, whose
counterimage f~1(y) contains a critical point, is called a critical value for

The set of critical points of f is closed in €. In terms of the new terminology
we can state the following.

5.53 Theorem (Local invertibility theorem). Let f: Q C R — R"
be a map of class C*. If y € R™ is not a critical value for f, then the level
set f~1(y) is a discrete set.

5.54 Theorem (Implicit function theorem). Let f : ) C R® — R™,
m < n, be a map of class C1. If y € R™ is not a critical value for f, then
the level set f~Y(y) is a (n —m)-submanifold of R™.

A natural question to ask is how large the set of critical values can be.
If m > n, then all points of § are critical for f, hence all points of f(2)
are critical values for f. Instead, if m < n, critical values are rare.

5.55 Theorem. Let f: Q) C R® — R™ be a function of class C".

(1) If n < m, then the set of critical values has zero Lebesgue measure in
R™.

(i) (SARD) If m < n and f is sufficiently smooth, for instance f € CF,
k>n—m+1, then the set f(A) has zero Lebesgue measure in R™.

In particular, in both cases the set of moncritical values is dense in the
image of f.

The proof of Theorem 5.55 goes beyond the goals of this book. However,
we notice that the result (i) is contained in the area formula, and actually,
it is part of its proof, compare Chapter 2 and [GMS, Vol. 5]. The claim (ii)
is instead more delicate.! Nontrivial examples show that the smoothness
of f is essential. For the reader’s convenience we prove Theorem 5.55 (i)
only in the case n = m.

1 The proof, see, e.g., J. MILNOR, Topology from the Differentiable Viewpoint, Prince-
ton Univ. Press, 1965, uses both the implicit function theorem and Fubini’s theorem
and consists in showing, by induction on n, that, if C; denotes the set of points
at which the partial derivatives of f or order < i vanish, then successively the sets
FQ\Ch), f(Cit1\ Ci), and f(Ck), k large, have zero measure.
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Proof. The open set 2 is a denumerable union of bounded closed cubes, see, e.g., [GM2];
therefore we can assume that Q = [0,1] x -+ X [0,1] is contained in Q and that f(A)
has zero measure for

A= {x €qQ ‘ x is a critical value for f}.
Set M :=sup,cq [[Df(z)]|, so that

[f@) = fI <Mz -yl  Vo,yeq,

consequently, f(y) € B(f(x), M |z — y|) for all z,y € Q. Also notice that, by Taylor’s
formula, we have

[f(x) = fy) =Df)(@ —y)| Sw(z —yl) [z -y
with w(t) nondecreasing, 0 < w(t) < M and w(t) — 0 ast — 0.

Let a be a critical point for f. The image of the linear tangent map is a linear
subspace of dimension strictly less than n. If x € @, then

dist (f(z), f(a) + Df(a)(R™)) < |f(z) — f(a) - Df(a)(z — a)| S w(|z —al) |z — al
Le., if H := f(a) + Df(a)(R"),
dist (f(2), H) < w(|z — al) |z — al.
We then infer for n > 0 and « € Q N B(a, )
dist (f(z), H) <w(n)n
while |f(z) — f(a)| < Mn. Therefore f(Q N B(a,n)) is contained in the intersection of

the ball B(f(a), n) with the strip parallel to H of width 2w(n) 1, thus in a parallelepiped
of volume at most

2n71Mn71,r]n71 2W(7l) n= 2nMn71nn w(n)

Now divide @ in equal cubes of side 1/k. If one of these cubes contains a critical
point, then it is contained in the ball B(a,/n/k) and its image lies in a parallelepiped
of volume at most

2"M"71n"/2k7"w< \én)

Since there are at most k™ cubes in @Q, we have covered f(A) with a finite union of
cubes of total measure at most

2”M"71n"/2w<\2n).

The result follows since w( ‘{Cn) — 0as k — oo. O

5.56 Corollary. Let f: Q) C R® — R" be a map of class C*. The set of
noncritical values of f is dense in f(2). In particular, the counterimage

f~Yy) of y is made of a finite set of points for a.e. y € ().
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5.3.4 Morse lemma

5.57 Proposition (Morse lemma). Let f be a smooth function defined
in an open set of R™. Suppose that 0 € € is a nondegenerate critical point of
f,ie, Df(0) =0, det Hf(0) # 0. Then there exist an open neighborhood
U of 0 and a diffeomorphism ¢ : U — R™ such that

Flp(©) = —(€")" =+ = (€") + (€F1) + -+ (€")?

where k is the dimension of the largest eigenspace on which the quadratic
form associated to the Hessian matriz Hf(0) «& is negative.

Proof. We recall that by Hadamard’s lemma we have

flz) = Z hij(x)ztaed

4,j=1

in a ball around 0.
Let us prove the claim by induction on the dimension. After a linear transformation
we may assume that h11(0) = 1. Consider now the trasnformation y := ~v(z) defined by

yt =zt ifi#1,
yl = xl =+ ZiZl hu(m)xi.

Since Dv(0) # 0, v is invertible in a neighborhood of zero and it is not difficult to show
that

_ 1 i
FO W) =@M+ D h )y
i,j>1
Now, assume that in a neighborhood of 0 we have in suitable coordinates
n . .
F@) = 2@ £ @ E £ @+ Y Hy @'y
i,J=r
then by a linear change of coordinates we may achieve H,.-(0) # 0; the transform
yt =zt if i #£r,
y' =z’ + Zi>r H@r(l')ml

is then invertible near zero and again

fly) =D +@")’+ D> Hiwy'y'.

i<r ©,5>T

5.58 Corollary. The nondegenerate critical points of a C?-function are
isolated.
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Figure 5.17. The gradient flow.

5.3.5 Gradient flow

Let A be an open set in R and let f : A — R be a function of class C?(A).
For every initial position that is not critical for f the (local in time) unique

solution of
{x’(t) = Vf(x(t),
z(0) = =,
is called a trajectory of the gradient flow through x. We have:

(i) The trajectories of the gradient flow are orthogonal to the level sets

of f.

(ii) f is increasing along the trajectories of the gradient flow of f, in fact,
d

L T(0) = V() o2/ (1) = [V 0)

5.59 Proposition. If a trajectory of the gradient flow exists for all times
t > 0 and has a limit o when t — oo, then xq is a critical point for f.

Proof. On the contrary, suppose V f(zg) # 0. Then there exists a bounded neighbor-
hood U of zg such that |V f(z)| > m > 0 Va € U for some m > 0. We may also assume
that |f(x)| < M for some M > 0 and that for ¢ > t the trajectory lies in U, z(¢t) € U.
For all t > ¢ we then infer

t
Fat) = fa) = [ 1 () ds 2 mi(e—o),

ie., f(z(t)) — +oo, in contradiction with f(z(t)) — f(zo). O

5.60 Proposition. Let xg be a critical point for f with Hf(xg) < 0.
Then there exists a neighborhood U of xg such that every trajectory of the
gradient flow that begins at time t =0 in U ends at xq.

Proof. We have

n
m
Vi(@)e(@—20) = D fose;(@0+ s(x = 20))(x — 0)i(x — 20); < — 9 |z — @o?
ij=1
for all  in a ball B(zo,§) in which Hf(z)vev < —(m/2)|v|?. If we set ¥(t) := |z(t) —
x0|?, we find
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P () = 2(x(t) — z0) ez’ (t) < —mla(t) — zo|® = —m (1),

and, after integration,
log(#(t)) — log(¢(0)) < —mt (5.20)
for all times for which the trajectory is contained in B(zo,d). Thus the trajectory z(t)

is contained in B(zo,r), r := |x(0) — zo|. Therefore, z(t) is defined for all ¢ > 0 and,
passing to the limit as ¢ — oo in (5.20), one concludes that z(t) — zo. O

Proposition 5.60 motivates the terminology of stable critical point for a
point for which V f(zo) = 0 and Hf (z9) < 0. The above provides us with
a method for finding critical points of f. It is called the gradient method,
or the method of steepest descent (ascent, in our case).

5.3.6 Constrained critical points: the
multiplier rule

In this section, we discuss some necessary conditions for the extremals of a
smooth function in presence of constraints for the independent variables.

Let €2 be an open set in R™ and let S C R™ be a set. We say that xo € S
is a relative or local mazimum (minimum) point for f constrained to S if
there exists an open neighborhood W of x¢ in R™ such that f(z¢) > f(z)
(f(xo) < f(x)) for all z € SNW. Maximum and minimum points are also
called extremal points.

We shall only discuss extremals relative to smooth bilateral constraints,
i.e., submanifolds. For more general situations, see, e.g., [GM5].

Our considerations are purely local. Thus, we assume that ¢ : U C
R"™ — R"™ is a diffeomorphism and the constraint is given by the embedded
submanifold ¢(U). Let Q@ D ¢(U) be an open set and let f : Q@ — R
be a Cl-map. If z9 = ¢(up) is a relative maximum or minimum point
constrained to ¢(U), then ug is a relative internal maximum or minimum
point for f oy : U — R. By Fermat’s theorem

D(f o ¢)(ug) =0
i.e., using the chain rule,
Df(x0)Dp(ug) = 0.

Since the columns of the Jacobian matrix D¢(ug) span the tangent space
to ¢(U) at xo, the derivatives in the tangential directions of I' vanish,

Df(xzo)(v) =0 Vo € Tan ., I’

or, equivalently,
Vf(zo) L Tan 4, (U).

The above motivates the following definition.
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5.61 Definition. Let Q be an open set in R™, let f : Q@ — R be a C'-
function, and let T’ be an r-dimensional submanifold, 1 < r < n. We say
that xo € T is a critical point of f constrained (or relative to) I’ if

Vf(xo) L Tan,,T. (5.21)

In other words, zq is a critical point of f relative to I' if the derivatives in
the tangential directions of I vanish,

of

'y (x0) =D f(x0)(v) = Vf(xg)ev =0 Vv € Tan 4, I'.

5.62 Theorem (Lagrange multiplier rule). Let ¢ : Q@ — R™, ¢ =
(¢t 2,..., &™) be a function of class C* where ) is an open set of R™
and m < n. Let xg € Q be a point for which Rank D¢(x9) = m and let
I':={x e Q|¢(x) = d(xo)}. Finally let f:Q — R be a function of class
C'. The following claims are equivalent

(i) @ is a critical point for f constrained on T.

(ii) There exist constants \{,..., A0 such that
m .
Df(x0) = >  AD¢' (o). (5.22)
i=1
(iii) There exist constants A}, ..., A0 such that
Vf(wo) =Y AV (o). (5.23)
i=1

(iv) There exists A’ € R"™ such that (xo,\°) is an unconstrained critical
point for the function F': Q x R" — R,

F(x,\) := f(z) — Z \id' ().

(v) We have V f(xo) € InD¢(x0)*, where Dp(xg)* denotes the adjoint
matriz of Dé(xg) computed using an arbitrary scalar product in R™.

The numbers \!, ..., A% are called the Lagrange multipliers.

Proof. (i) < (ii). We have
Tan ;o' = ker D¢ (z0)
and
Df(zo)(v) =0 Vv such that D¢(zg)(v) = 0.

If we introduce the (n — r + 1) X n matrix
D¢(zo)

Df(zo)
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then (i) holds if and only if dimker G = dimker D¢ (z¢) = r. Since the rows of D¢(xq)
are linearly independent, (i) holds if and only if Df(zg) is a linear combination of the
rows of D¢(zg).

(ii) < (iii) is trivial, since for any map f: Q2 — R Df(v) = Vfev Vv € R™.
(ii) < (iv) since ker Dg(x0) " = Im D¢ (x0)* by the alternative theorem.
(i) & (v). The vanishing of the gradient of F(z,\) at (xo,A?) is in fact equivalent to
(if),
Df(zo) = 32i_4 A{Dé" (x0),
¢(zo) = 0.
O

5.63 9. Notice that in Theorem 5.62 the assumption that I' is a submanifold is essen-
tial. If f(z,y) =y in R? and T := {(z,y) |y — 22 = 0}, show that (0,0) is an absolute
minimizer for f constrained to T'; however, F(z,y, \) := y + A(y> — 22) has no critical
point.

5.3.7 Some applications

Several relevant inequalities, which are obtained by linear algebra meth-
ods or by Jensen’s inequality, can also be proved by means of Lagrange’s
multiplier rule. We conclude this section with a few examples.

a. Orthogonal projection and eigenvectors

5.64 Orthogonal projection. Let S be a linear subspace of R™, (| ) an inner prod-
uct on R™, ||z||? := (z|z) the induced norm, and b € R™. The function f(z) := ||z —b||?,
z € S, is continuous and nonnegative; moreover, f(||z||) — +oo as ||z|| — +o0, z € S.
Therefore, f has at least a minimum point g constrained to S for which

V(||zo — b]|?) = 2(zo — b) L Tan z,S = S,
ie.,
2(xg —blv) =0 Yv e S.
In other words, zq is the foot of the perpendicular to S through b.

5.65 The method of least squares. In the least mean square method and in the
linear regression, we need to find the minimizers of the function z — ||Az — y||2 where
y € RN and A € M n(R). As we have seen, using linear algebra z is such that
y— Az L ImA, i.e., once we fix an inner product also in R¥, A* (Az —y) = 0. This
last equation is easily found using Fermat’s theorem since

|Az —y[|? = [lyl|* — 2y s Az +||Az][?,
V(yeAz)=V(A¥yex)= A"y,
V||Az||?> = V(A*Azex) = 2A* Az
hence
V|Az —y||?> = A*(Az — y).

Of course, we may proceed similarly if the data model is nonlinear as for instance
if the data model is built upon a diffeomorphism ¢ : Q@ C RF — R”™ of class C!. In this
case we minimize
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z — |[p(x) = bl| = V/ (d(x) — b) e (p(x) —b),

and by Fermat’s theorem, we get

_ llé(x) bl

0 )
ozt

(z0) =2 _(¢(z0) — b)' D¢’ (o),

=1

ie, ¢(z) —y L Tan ,(4)p(Q).

5.66 Eigenvalues of a self-adjoint matrix. Let A € M, »(R™) be a self-adjoint
matrix. In linear algebra, see, e.g., [GM3], one sees that for the largest eigenvalue L one
has
L = max Azex
|z|=1
and the maximum is attained at the corresponding eigenvectors. We can find again such
a result by means of the Lagrange multiplier rule applied to the problem

Maximize Az ex

on the constraint |z|? = 1.

Since S := {z | |z| = 1} is compact, Az ez attains its maximum at some zg € S. Since
S is a submanifold of R™,

V(Az ez )(zo) = 2Azo L Tan 4,9, and 2|2 =1=0

2Axo = 2\ xo,
lzo] =1

for some A € R. In other words, zo is an eigenvector, and A is the corresponding
eigenvalue. Since Azpezo = \|zo|? = ), and x¢ maximizes Az ez on S, we conclude
that A is the largest eigenvalue and zg a corresponding eigenvector of norm one.

5.67 Least distance between two surfaces. Let S and T be two compact and
boundary-less submanifolds of R"™. We want to describe the minimizers of |z — y| with
the constraint * € S and y € T. Since the function |z — y|, (z,y) € R™ x R™, is con-
tinuous, and S x T" C R™ x R™ is compact, S and T being compact, the existence of a
couple (z0,Y0), o € S and yo € T, which realizes the least distance between S and T
follows at once from Weierstrass’s theorem. Clearly, S NT # @ if and only if the least
distance between S and T is zero, and, in this case, all points (z,z), z € SNT, are
minimum points. Otherwise, i.e., if SNT = 0, if (zo,y0), o # Yo, is a point of least
distance, then y — |zo — y|, y € T, has a mimimum at yo, and z — |z — yo|, z € S
has a minimum at zg. Therefore, see 5.64, the vector g — yo is both perpendicular to
Tan z,S and Tan 7"

5.68 q Linear programming. Let {c;}, {a;;} and {b;}, i =1,....m,j=1,...,n
be given constants. Consider the problems

Minimize 7, cjz; — min

under the constraints Z?:l ajjr; =by, 1=1,...,m,

Maximize >/, bjw; — max (5.25)
under the constraints Z:l1 a;jwi; =cj, j=1,...,n.

Prove that (5.24) is solvable if and only if (5.25) is solvable.
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5.69 Boltzmann’s distribution. Let E be the energy of a system of N particles, let
E1, Ea, ... Ey be the possible energetic levels of the particles, and let n; be the number
of particles with E; as energy. The most probable distribution is the one that maximizes
the quantity

() (e ey

ni no ng — 1 nilna!. .. ng!

under the constraints

k k
N=> n; E=Y nE;. (5.26)
i=1 i=1
Assuming N and n;, i = 1,..., k large enough and using Stirling’s formula to approxi-

mate the form of the distribution energy, we need to minimize

k

Z (ni(logni -1+ ; logni)

=1

under the constraints (5.26). If we further simplify, assuming that the n; are continuous
variables, and set

F(ni,na,...,ng, A, p)
k &

=5 om0+ Jokn) 3 () (St - ),

i=1 i=1 i=1

differentiating we get

1 1
n; +logmfl+2 + A+ pE; =0, i=1,...,k
. .

7 (3

and, neglecting the term 1/n;,
logn; = pk — X,
concluding that the Boltzmann distribution is given by
n; = Ce MEi
where C' and p are constants to be found so that (5.26) holds.

5.70 §. Taking the asymptotic development of log I and of its derivative, substantiate
the procedure we followed.

b. Inequalities

5.71 Young’s inequality. If a,b > 0 and p~! 4+ ¢~! = 1, then ab < a: + b;, see
[GM1]. To prove it we can also proceed by minimizing the function (a,b) — f(a,b) :=
a: + b: under the constraints ab =1, a > 0, b > 0. Since when ab = 1, for
aP a4
w(a) = f(a,b) = f(a,1/a) = » + ”

we have op(t) — 400 as t — 0T and t — +oo, the function f has at least a minimizer
(z,y) in S ={ab=1, a > 0, b > 0}. The multiplier rule says that

Viz,y) = AV(zy — 1),
zy=1
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for some A\ € R, i.e.,
aP~t =y,
y?! =,
zy=1, >0, y>0.
This system has (z,y, \) (1,1,1) as unique solution, thus the unique constrained

minimizer is (1,1), and f(1,1) = 1.

5.72 Arithmetic and geometric means. Recall that, for positive numbers x1, z2,
.., xn we have

1 n
Yrywe - xn < E T
nis

with equality if and only if 1 = z2 = -++ = zp, see [GM1]. We may find it again by
minimizing the function

1 n
flzi,22,...,2pn) == Zﬂ%
n 4
i=1
constrained to
S = {m:(xl,xg,...,zn)) 1T Ty = 1, :1:¢>0}

and proving that the unique minimizer is z := (1,1,...,1).
First, S is a submanifold. Next, it is easy to see that f(z) — +oo when z tends
to a boundary point of S. Therefore, Weierstrass’s theorem implies the existence of a
minimizer x = (z!, 22,..., ™) for f. The multiplier rule yields
Vi(z) = AV(z122 - -0 — 1),
1T Ty =1, ©; >0,
for some A\ € R, i.e.,
T1 = NAT2T3 - Tp,

T2 = NAT1T3 - Tp,

Tp = NAT1T2 - Tp—1-

Multiplying the ith row by x;, we find xf = nA for all 4, hence ac% = x% =...=g2
thus z1 =1 for all 4. Finally, A = 1/n.

The inequality between geometric and arithmetic means follows at once. In fact, if
z = (z1, x2,..., Tn) € R™ and z1x2 ...z, = k™, then z/k € S, hence

1 & x;
> =L
n = k
that yields

1 n
in > k= ¥Yr122 " Tn
L

5.73 Hadamard’s inequality. Let A € M, n(R) and let Aq, As,... A, be its
columns. The Hadamard inequality

n
(det A)2 < T 142 (5.27)
=1
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holds with equality if and only if the columns of A are orthogonal.

The following proof uses only linear algebra and the inequality between geometric
and arithmetic means.

First, suppose that A is symmetric with nonnegative eigenvalues. A1, A2, A\, so that
det A = A\ X2y and tr A = Z?:l A;i. From the inequality between geometric and
arithmetic means we get

det A = Ajda -+ Ap < (;anxi)”:(“A)" (5.28)
=1

n

with equality if and only if A = AId, A > 0.

Now, we observe that (5.27) is trivial if one of the columns is zero, otherwise, we
can assume that each column has length 1, |A;| = 1. In this case it suffices to prove
that

(det A)? < 1,
with equality if and only if A; e A; = 0;;. Since AT A is symmetric, with nonnegative
eigenvalues, we get from (5.28)

trATA
(detA)2:detATAg( ' )"—1
n

with equality if and only if ATA = Id, i.e., A;eA; = &;j.
An alternative proof of Hadamard’s inequality can be done using the multiplier
rule. It suffices to show that the function

f : Mn,n (R) - R+7 f(A) =det A,

constrained to
5= {A € Mnn ‘ |Ai| =1 Vi = 1,n},

A; being the columns of A, has a constrained maximum point, and all such constrained
maximum points X satisfy X7X = Id.

Since ¥ is compact and f is continuous, both maximizers and minimizers exist in
3. ¥ is defined by the equations

2 2 2 _
aj; fajy+ - taj, =1,
2 2 2 _
agz; +azy +--+az, =1,
2 2 2 _
an1+an2+.”+ann_1'

Its Jacobian matrix is the n x n2-matrix given by

a1 ... GQin 0 0

0 0 a1 ... G2n 0 0
2

0 0 apl ... Gnn

Thus it has maximal rank n since its column vectors are nonzero. Consequently, at
points X = [z;;] of constrained maximum or minimum for f we have

Odet X "
= ARTij
0xj hZ::l Y

for some (A1, A2,..., An) € R™. Since
X cof (X) = det X 1d, (5.29)
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we infer ag;tijx = cof (X);;, hence the stationarity equations become
COf(X)ji :2)\1'1‘”'7 if’i,j:L...,n,
(XTX)si = 2j_y xjizji =1
for some (A1, A2,..., An). Multiplying the first equation for x;, k # 4, and summing

on j, we find, using again (5.29),

0 = (Xcof (X))pi = 2 07—y @hjzsj = 22 (XXT )i,
(XTX);i = 1.
Now, we claim that the multipliers are nonzero. In fact, if one of the \;’s is zero, then
cof (X);; = 0 for all j, hence det X = 0 by (5.29): a contradiction, if X is a maximum
or a minimum point of A — det A restricted to X.
The stationarity equations then say that X7X = Id, and we conclude that, if X

is a maximizer or a minimizer for A — det A constrained to %, then X7X = Id. For
these matrices we finally have

(det X)? =det XTX =1
hence |det A| < |det X| = 1 VA € %, with equality if and only if AT A = Id.

5.74 Isoperimetric inequality. As a consequence of Hadamard’s formula, using
again the geometric-arithmetic inequality,

n n
1 n _
(det A)? < T 1A < (DT 14?)" =n " [AIB",  ||AI3:= > A2,
i=1 ij

i=1
i.e, the isoperimetric inequality for matrices
[det A| < n~"/2||Al|2,
with equality if and only if AT A = Id.

5.3.8 Lyapunov—Schmidt procedure

We can make use of the implicit function theorem for the study of nonlinear
equations
p(z) =0

in a neighborhood of a solution xg also when the linear tangent map of ¢
is not of maximal rank at xg.

Let ¢ : Q C R® — R? be a given map of class C'. We assume that
we can split the coordinates of the domain space R™ and the components
of ¢ into two groups, respectively x := (zl,... 2"), y = (2", ... 2")
and oM == (¢',..., 07 ™), o) := (p7~™H1 | ¢9), in such a way that
r=n —m and

9
¢(xo,y0) =0,  det oy (z0,90) # 0.

Though D¢ is not of maximal rank if ¢ > m, we can apply Theo-
rem 5.22 to ¢ : Q — R™ that is of maximal rank to find the following
formulation of the implicit function theorem.
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_

Figure 5.18. The level set of ¢ is a graph over the level set of g.

5.75 Theorem (Implicit function theorem, IV). Let ¢ : Q C R" x
R™ — RY be of class C*, k > 1, where Q C R"™ ™ is open and q > m. Set
oM = (¢, .., 0T™), P = (T Y).

If at (z0,90) € Q CR” x R™ we have
902
¢(.’170, ZUO) = Oa det ay (an ZUO) 7& 07

then there exist an open neighborhood U of xy, an open set W C R" x R™,
and a map ¢ : U — R™ that is open and of class C*(U) such that

(z,y) € W, : : x(le) v
ol g) = 0 if and only if oW (2, p(x)) =0,
’ y = p(z).

In other words, if ' = {(z,y) € Q| ¢(z,y) = 0} is the zero level set of
¢, then

Pw = {z e U|6M (@ @) =0,y = p(x)}
i.e., LNW is a graph over the zero level set A,

A= {x eU ’ oM (xz, o(x)) = O},

of the function (x) := ¢ (z,(x)). This way, the analysis of the level
set I' € R™™ is reduced to the analysis of the level set A C R” defined
with less equations and less unknowns, thus potentially easier. Notice that
I'NW and A are diffeomorphic.

5.76 Remark. Notice that the number of equations and independent
variables of 1 := ¢!)(x, p(z)) is smaller and at most m. Therefore, the
best we can do is choose coordinates so that m = Rank D¢(z). In this
case the residual implicit equation

oW (z, o(z)) = 0, xeU CR", r:=dimker Dp(xo,yo)

is called the bifurcation equation of the level ¢(z,y) = 0. Of course, when
Do(zo0,yo) has maximal rank, we have no bifurcation equation, and The-
orem 5.75 reduces to Theorem 5.22.
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Theorem 5.75 is the finite dimensional version in coordinates of the so-
called Lyapunov—Schmidt reduction procedure that has its natural context
in Banach spaces. First, we recall that we can decompose the domain and
the range of a linear map L : X — Y between vector spaces of finite
dimension into supplementary spaces

X :=kerL® S, Y:=ImL&aT
so that all x € X, y € Y uniquely decompose as

T =x1+ 22, x1 EkerL, x5 € S,
y=y1+y2, y1 €ImL, yp €T.

and the map L|g : S — Im L is one-to-one and onto.

If we choose coordinates in X in such a way that the first group de-
scribes ker L and the remaining y the supplementing space S, and we
choose the coordinates in Y in such a way that the first ¢ describe Im L,
then ¢ = dim S and det gL # 0. Moreover, the previous decomposition
identifies L g as the invertible factor of L.

Secondly, we recall that the previous construction can be done for every
linear continuous map L : X — Y between Banach spaces X and Y
provided L has closed range (this is always true if Y is finite dimensional,
see [GM3]). The implicit function theorem takes then the following form.

5.77 Theorem (Lyapunov—Schmidt procedure). Let ¢ : X — Y be
a map of class C*, k > 1 with $(0) = 0 between the Banach spaces X and
Y. Suppose that the Frechét differential at 0 of L := ¢'(0) has closed image.
Then X =ker L@ S, i.e., every x € X uniquely decomposes as © = x1+ T2,
x1 € ker L, xo € S; moreover, there are two open sets U, W € X and two
maps ¢ : UNker L — X and ¥ : U Nker L — Y such that

r=ux1+x2,21 € UNkerL,
zeW, ) .
{ if and only if P(xy) =0,
¢(z) =0
x2 = @(x1).

(5.30)

In other words, for
F:{xGX‘qb(w):O},

the piece I' N W of the level set T is the graph of the C*-map ¢ over the
level set {x1 € ker L |¢(21) = 0}. The equation ¢(x1) =0, 21 € UNker L,
is called the bifurcation equation of T'NW.

Since TNW and A = {«x € Unker L| 9 (x) = 0} are diffeomorphic, the
invariants under diffeomorphisms of I' W are described by the invariants
under diffeomorphisms of A C ker L.
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Proof. Step 1. As already stated, since the Fréchet differential of ¢ at 0 has closed
range, there exist closed subspaces S C X and T' C Y supplementing respectively, ker L
and Im L,

X :=kerL& S, Y =ImL&T,

so that every x € X and y € Y uniquely decompose as

r=x1+x2, ] Eker L, x93 € S,

y=vy1+y2, y1 €ImL, y2€T
and the restriction L|g is one-to-one, onto, continuous as map form S to Im L, and its
inverse (L|g)~! : ImL — S is continuous by Banach’s theorem, see [GM3]. Now we
extend (Ljg)~! to a continuous linear map M : Y — S by M(y1 +y2) := L~ (y1). By
construction ker M =T and Im M = S.

Now we repeat the proof of the implicit function theorem. Let F' : X — X be the
map defined by
F(z) = z1 + M¢(x).
For v € X we have
F'(0)(v) =v1 + ML(v) = v1 + ML(v1 +v2) = 1 + ML(v2) = v1 +v2 = v.

Then, the local invertibility theorem implies that F' is locally invertible near 0. There
exists an open neighborhood W of 0 such that Fjy is a diffeomorphism with inverse

G:U— W,U = F(W) of class C*. Finally, we set for z1 € U Nker L

p(z1) :=G(z1)2,  p(x1) = (G(z1))2. (5.31)
Step 2. We have

G(z1)1 =1 and 1+ o(z1) = G(z1) (5.32)
for all 21 € U Nker L. In fact, for 1 € U, we have G(z1) € W and z1 = F(G(z1)) =
G(z1) + M¢(G(x1)). Since the image of M is S, we have (My)1 = 0 Vy, thus
21 = (z1)1 = G(z1)1 hence G(z1) = G(z1)1 + G(z1)2 = 21 + p(21).

Step 3. Finally, let us prove (5.30). If € W and ¢(z) = 0, then

z=G(F(z)) = G(z1 + M¢p(x)) = G(z1),

in particular, 1 € U. From the first equality of (5.32) we infer x; € ker L, and from
the second one of (5.32) that 1 +z2 = « = G(z1) = z1 + ¢(x1), i.e, z2 = p(z1).
Moreover,
Y(x1) = ¢(G(z1))2 = ¢(z)2 = 02 = 0.

Conversely, from

r=ux1+x2, v € UNkerL,

Y(x1) =0,

z2 = p(z1)

and the second equality of (5.32) we get z = z1 + z2 = z1 + ¢(z1) = G(z1). In
particular, x € G(U) = W. Also F(z) = z1 + M¢(z) = x1, thus M¢(z) = 0 and, M
being invertible, ¢(z)1 = 0. Since ¢(z)2 = ¢(G(z1))2 = ¥(z1) = 0, we conclude

o) = ¢(x)1 + d(x)2 = 0.

O

5.78 Remark. We conclude this section with some remarks. We refer to
the notation in the statement and the proof of Theorem 5.77.
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Suppose ¢'(0) is surjective. We then have T'= {0}, and the bifurca-
tion equation 1 (x1) = 0 holds for every z; € ker L by definition of
1. Therefore, in this case, the level set {x € W | ¢(x) = 0} is a graph
over ker L.
An interesting case in which the Lyapunov—Schmidt procedure ap-
plies is that of maps whose Fréchet differential L = ¢'(z) is a Fred-
holm operator. Recall that L is a Fredholm operator if ker L and
the supplementary space to Im L are both finite-dimensional; Fred-
holm operators have closed range. In this case the set of solutions
of ¢(x) = 0 is, near xo, a graph over a level set contained in ker L,
hence of finite dimension. This way, the study of a large class of
infinite-dimensional equations transforms into the study of a system
of finitely many equations in a finite number of unknowns.
A special case arises when X =Y = H is a Hilbert space and L :=
¢'(0) is a compact perturbation of the identity, see [GM3], as L has
closed range because of the alternative theorem. In this case, it is
convenient to choose S := ker L'+, T := Im L+ and to repeat the proof
of the Lyapunov—Schmidt theorem by choosing as M the adjoint L*
of L instead of Llfgl, since ker L* = Im L', ker L = Im L** and
F(x):=x1+ L"¢(x)

is also a local diffeomorphism. This last claim deserves an expla-
nation. The function L*L : ker L+ — ker L' is an isomorphism of
Hilbert spaces by the alternative theorem. It follows that F/(0)(v) =
vy + L*L(v) = v1 + L*L(v2) is an isomorphism of H onto itself and
F(z) := z1 + L*¢(z) is a local diffeomorphism because of the local
invertibility theorem.

Since the inverse G of F(x) = x1 + M¢(x) is obtained via local
invertibility, we can set for G’ a scheme of successive approximations
that allow us to work in quite an explicit way on the bifurcation
equation ¢(z1) = ¢(G(21))2 = 0.

The critical points of a map V : Q@ C R™ — R are the solutions
of the system of n equations ¢(x) := DV (z) = 0 in n unkowns;
assume 0 is one of the critical points. We have D¢(0) = D?V(0) and
the bifurcation equation ¢ (z1) = [DV(G(z1))]2 = 0 is defined on
ker D¢(0), i.e., on the null space of D?V(0).

5.3.9 Maps with locally constant rank and
functional dependence

Suppose that the n x n matrix of the linear system

Axr=0

has rank smaller than n. Then some of the equations are linear combi-
nations of the others and therefore they can be eliminated as irrelevant.
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In the spirit of the implicit function theorem, a similar result holds for
nonlinear equations ¢(z) = 0 when D¢ has constant rank.

5.79 Theorem. Let ¢ : Q C R” x R™ — RY? be a function of class C*,
k> 1 where Q is open and ¢ > m. Set ¢ := (¢, ¢)) where

oM = (¢, 07™), P = (@)
and suppose that at (xo,y0) € @ C R” x R™ we have

9
é(xo,1y0) = 0, Rank dy (w0, y0) =m,

and, moreover, that Rank D¢(x,y) is m in all points of a neighborhood of
(z0,Y0). Then there exist an open neighborhood W of (xg,y0) € R™™, a
ball B(0,6) C R™, an open set Z C R™, and a map k : Z — RI™™ of class
C* such that $(W) is the graph of k over Z,

S(W) = {(u,v) € RY ’u ERI™, ve Zu= k(v)}. (5.33)

In particular,

o (z,y) = k(6P (z,y))  V(w,y) € W. (5.34)

In particular, (5.33) states that ¢(W) is an m-submanifold of R?, and
(5.34) states the functional dependence of the first components ¢!) from
the second ¢(?) according to the following.

5.80 Definition. Let ¢',...,¢? be q functions of class C' defined in the
open set Q C R™, and let ¢ : Q — RY, ¢ := (¢,...,¢%). We say that
ot ..., 39 are functionally dependent if there exists a submersion F : A —
RP, where A is open, ¢(2) C A C R, and p < q, such that

F(6!(2),*(@)s-... 7)) =0 Vo e,

Proof of Theorem 5.79. Step 1. We repeat once again the proof of the implicit function
theorem. The function f(z,y) := (x, ¢ (x,y)) is a local diffeomorphism near (o, o)
since det D f(zo,y0) # 0. Therefore, there exist an open connected neighborhood U of
zo and a ball B(0,6) C R™ such that for W := f~1(U x B(0,4)), the map fjy is

invertible with inverse g : U x B(0, ) — W of class C*. The map ¢ : U x B(0,8) — R™
defined by g(z,c) =: (x,¢(z,c)), is then open, of class C*, and

(‘Ivy) S W7 T € []7
c € B(0,9), if and only if c e B(0,9),
¢ (z,y) =c y = ¢(z,c).

In particular, ¢(2) (z, p(z,¢)) = ¢ V(z,¢) € U x B(0,d). Differentiating in x, we get
Do) (w,p(z,¢))T(,¢) =0 Vo eU (5.35)

where
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1]
ai (Z‘,C)

o (2)
dgy (Ivy) 7£ 0 near (x07y0)7

we may assume, possibly with smaller U and B(0,9), that the rows of D¢ (z,y)

linearly depend on the rows of Dg(2) (z,y) at every point of W. Consequently, there is
R(z,y) € Mym—rm such that

Step 2. Since Rank D¢ is constantly m near zo and det

D¢ (z, o(z,c)) = R(z, o(z, c) D3 (z, o(x, ), Vz € U, Ve € B(0,68). (5.36)

By differentiating the function v (z,c) := ¢ (x, p(z,c)) with respect to =, we infer
from (5.36) and (5.35)

Dy(z) = D¢ (2, p(x,¢)) T(w,¢) = R(z, p(x, ¢)) D (2, p(x, ¢)) T(w,c) = 0.
Therefore 1) is constant in z,
d(z,0) = k(c) = P (2, p(x,c))  V(z,¢) €U x B(0,9),

consequently, if Z := () (W) C R™, we have that Z is open, k is of class C¥(Z), and
0D (@, 0(@,)) = k(6 (2, ¢(@,0))) V(@) €U x B(0,9),

or, equivalently, ¢(1)(z) = k(¢(2) (z)) Vz e W. O

5.4 Curvature of Curves and Surfaces

5.4.1 Curvature of a curve in R"

Let v : [0, L] — R" be a curve of class C? parameterized by its arc length so

that |7/(s)| = 1. The unit vector (s) := ~/(s) is tangent to the trajectory of
v at s, and the acceleration vector, 4" (s), i.e., the variation of the tangent

unit vector 7?(5) to v, is perpendicular to t since

d

0= WGP =2(s)"(s)-

The vector

Fs) o= O (5) = 4"(5)

is also called the curvature vector of y. When E(s) is nonzero, the vector
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is called the principal normal to v at s, the nonnegative number |E(s)| is

called the scalar curvature of v, its inverse, p(s) := 1/|k(s)| is called the
radius of curvature of v at s, and, finally, the circle of center v(s)+p(s)7i(s)

and radius p(s) in the plane generated by (#(s),7(s)) is called the osculating
circle to v at s.

5.81 4. Prove that a circle of radius R in R? has 1/R and R respectively, as curvature
and curvature radius.

Writing Taylor’s formula v(s 4+ h) = v(s) + ' (s)h +~"(s)h?/2 + o(h?)

as
2

v(s+ h) =~(s) + hi(s) + h k(s)+o(|n]?)  ash—0;

2
we see that the curvature vector points in the direction in which the curve
turns, and its modulus is a measure (up to second order) of how regularly
the curve deflects from its tangent line in the plane spanned by f(s) and

5.82 9. Prove that Taylor’s developments of v and its osculating circle (both parameteri-
zed by the arc length) agree up to second terms included.

Let v : [a,b] — R™ be a regular and simple curve of class C! with
v(a) # ~(b). At each of its points p there are two unit tangent vectors t(s)
and —7?(3) corresponding to the parameterization of vy by the arc length and
to the opposite reparameterization respectively, ¢ : [0, L] — R"™, §(s) :=
fos [v/ ()] dt, and 61 : [0,L] — R™, 61(s) = d(L — s). In both cases the
curvature vector at p = d(s) depends only on the trajectory of the curve
(independently of its parameterization). Therefore, we may also refer to
the curvature vector, the scalar curvature, and the osculating circle of ~
at a point p = d(s) of its trajectory and write

kp):=k(s) if  p=r(s).

5.83 Curvature for a parameterized curve. Let v : [a,b] — R" be
a curve of class C? parameterized by an arbitrary parameter ¢. Then,

- v (t)
t(t) ;.=
W= )
hence
S dt dtdt  dy@E)y 11, ey
M= g T dras = dt(w'(tn) V@® P ¢ | 7):

By denoting with [v]™, v € R, the orthogonal projection of v into the
normal space to t,



5.4 Curvature of Curves and Surfaces 283

Differential Geometry
of
Curves and Surfaces

DIFFERENTIAL
GEOMETRY

Manfredo P. do Carmo

4. 1. STOKER Iistituto e Maremarics Pura e Aplicads FMPA Y
Rio e Jusacire, frazil

Wiliry Clamica Eifition Peblisked in 1999

)
WILEY
WILEY.INTERSCIENCE
 Divisicn of Joba Wiley & Sons
New York « Leadon - Sydeey - Torcats Prentice-Hatt, tnc., Englewood Cliffs, New Jérsey
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[N :=v — (vel)t,

we also have )
E(t) =
0= e

The curvature is strongly related to the first variation of the length
with respect to deformations.

" [fy"(t)]N. (5.37)

5.84 Proposition (First variation of the length). Let v : [a,b] —
R" be a regular curve of class C? and let ¢ : [~1,1] x R® — R"™ be a
deformation of v for which the end-points remain fized, i.e., a map of
class C? with ¢(0,x) = x Yo and

o(e.v(a)) =v(a),  o(e,v(b)) =~(b) Ve
If L. denotes the length of the curve v(t) := ¢(e,t), then

dL.

= | keV aH! .
de . /7 V dH (5.38)

where V(z) := g‘f (0,x) is the velocity of the flow ¢(e, ) at e = 0.

Proof. Without loss of generality, we assume that ~ is parameterized by the arc length,
7 :[0,L] — R™, L = length of v and |y/(t)| = 1, so that £(t) = v/(t) and k(t) := 7" ().

We set
h(e, 1) i=7e(t) = ¢(e; 7 (1))
and notice h € C2(] — 1, 1[x[a, b]). For every ¢ we have

LG:/OL‘g?(e,t)’dt
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and, differentiating under the integral sign, with respect to ¢ we infer

L L 2
ddL;(E):/O i()Z’Z(e,t)D dt:/o ‘g?(le’t)’(88?(5715)0886;(6,15)>dt.

Since
V=70 Hol=1,
0.0 = 2 0,90) = Va0,
we find iL L o
de€| B =/O v (t) o (;(t)) dt. (5.39)

Integrating by parts, since V' is zero at the extreme points of the curve, we conclude

L
= [ rwevee)

ie., (5.38). O

a. Moving frame for a planar curve

5.85 Moving frame and oriented curvature. For planar curves the
following alternative presentation can be useful. Let 7 : [0, L] — R? be a
simple plane curve of class C? parameterized by the arc length and let t_'(s)
be its velocity vector. We choose the unit vector 7i(s) perpendicular to #(s)
so that (£(s),7(s)) is positively oriented, meaning that det[t(s)|7(s)] = 1.
In coordinates, if £(s) = (z(s),y(s)), set fi(s) := (—y(s), z(s)). Thus,

k(s) = k(s)ii(s)  where  k(s) = k(s)eii(s) = 7"(s)efi(s);
the sign of k(s) depends on the choice of 7, accordingly k(s) is called the

oriented curvature of y, and the vectors (£(s), 7(s)) are called the moving
frame along ~.

5.86 §. Show that k > 0 if v “turns left”.

5.87 9. Prove that the oriented curvature of the graph of f : [a,b] — R, z — (=, f(x)),

1S
I e N
MO = e T <\/1+f’2) (@)

In particular, k(z) > 0 Vz if and only if f is convex.

Formula (5.37) writes with respect to the moving frame as the Huygens
formula

-

FI(t) = (7 () o #(2) ) Et) + |/ ()] K(2) 7i(2)
from which we deduce

o e
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or, in terms of the components (z(t), y(t)) of v(t),

_ () — ()" (1)
M= e e o4

5.88 Serret—Frenet formulas. Let v be a curve in R? of class C?, and
let (¢(s),7i(s)) be its moving frame. The curvature vector of 7 is a multiple
of 7 and by the definition of oriented curvature

£ (s) = k(s) = k(s) i(s).

On the other hand, since 7i(s) and 7’(s) are perpendicular and n = 2, we
have 7i'(s) = a(s)t(s). We may compute the proportionality coefficient
a(s) from

0= ts)erils) = (k(s)ii(s))iils) + (t(s))e(s)t(s) = k(s) + als),

hence =
7' (s) = —k(s)t(s).

In conclusion, the moving frame (t(s),7(s)) along v and the oriented cur-
vature k(s) are related by the Serret—Frenet formulas for planar curves

{F’(s) = k(s)ii(s), (5.42)

which can be written as the system of first-order differential equations

(5)] = A [s)](s)] . Als) = (lf(s) kgs)).

Integrating these equations twice, we see that the curvature vector of
a curve determines the curve apart from an isometry. More interesting is
the fact that the oriented curvature of a curve suffices to determine the
curve (modulus rigid motions of the plane).

5.89 Theorem. For any given continuous function h : [0, L] — R there
exists a curve vy : [0, L] — R? parameterized by the arc length with oriented
curvature h; moreover, v is unique modulus isometries of the plane.

Proof. Uniqueness. Suppose 1,72 : [0, L] — R? with respectively, (£1,71), ({2,72) as
moving frames, have the same oriented curvature. Let R be the rotation that moves
the vectors ¢1(0) and 71 (0) respectively into t2(0) and 72(0), and let

73(s) := R(y2(s) =42(0)) + 1(0), Vs €[0,1]

be the curve (obtained by a rigid motion of v2) so that its moving frame agrees at s = 0
with the moving frame of v1. We claim that v3(s) = vy1(s) Vs.
It is easily seen that
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B/(s) = k(s)fa(s), implies 3 (s) = k(s)is(s),
iz’ (s) = —k(s)) t2(s) iz’ (s) = —k(s)) £(s).

Therefore the matrices X1 (s) = [ﬁ (s)|71 (s)] and X3(s) = [fg(s)|ﬁ3(s)] both solve
the Cauchy problem

X/(s) = A(s)X(3) M$:< 0 h@)
X(0) = X (0), ~h(s) 0

hence agree for all s. In particular, v4(s) = #3(s) = 1(s) = 7| (s) Vs and, since y3(0) =
~1(0), we conclude y3(s) = v1(s) Vs.
0

Ezistence. Let A := < g) The Cauchy problem for X(t) € M2 2(R)

X'(s) = A(s)X(s),
X(0) = Id

has a unique global solution X(s), s € [0, L], see [GM3]. Moreover, since A is antisym-
metric, we have

(XTX) = XTATX + XTAX = XT(AT + A)X =0,

hence XT'X is constant. Since X (0) = Id, we conclude that the columns u, v of X = [u|v]
are orthonormal det[u|v] = 1. If we define

v(s) = /: u(T) dr, s € [0, L],

~ is parameterized by its arc length with (u,v) as moving frame and oriented curvature.
O

b. Moving frame of a curve in R3

We can proceed similarly for curves in R™. For the sake of brevity, we only
deal with curves in R3.

5.90 Moving frame and torsion. Let v : I — R3 be a curve of R? of
class C® parameterized by the arc length with 4/(s) # 0 and 7" (s) # 0. The
unit vectors t(s) = 7/(s) and 7i(s) := 4" (s)/|7"(s)| are orthonormal, and
we call v/ (s) the (vector) curvature of y at s, and denote by k(s) := |y (s)]
the scalar curvature so that v"(s) = k(s) 7i(s).

We now choose a third unit vector g(s), which is called the binormal

vector, perpendicular to both #(s) and 7i(s) such that det f(s)|ﬁ(s)|5(s)] =
1, or, in terms of cross product,

—,

b(s) :=t(s) x fi(s).

The triplet (£(s),7(s),b(s)) is called the moving frame along v and the

=

plane generated by t(s) and 7i(s) is called the osculating plane to v at
~(s). Trivially,
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ii(s) x b(s) = ts),  b(s) x tls) = i(s).
Since |7(s)] = 1 and 7i(s) and 7/ (s) are perpendicular,
= a(s)t

-,

(s)E(s) = 7(s)b(s)

i’ (s

where o can be computed as

als) = i'(s) e (s) = iﬁ(S)-f(S) — 7i(s) o1 (s) = —k(s)[7i(s)[* = —k(s),
while the function 7(s) := —3(s) = — @'(s) ¢ b(s) is called the torsion of ~

at y(s).

5.91 Serret—Frenet formulas. Since

—

V' (s) = (fs) x i(s)) = k(s)ii(s) x 7i(s) + Ts) x 7' (s)
= Bs)t(s) x bls) = —B(s)ii(s),

the moving frame (t_; 1, 5) along v satisfies the system of Serret—Frenet
ordinary differential equations

equivalently,

I

We notice that the torsion of a planar curve is null. Moreover, if y € C?3,
since

n

i (s) = As) [

-,

V(5) = 1ls),
V(5) = k(s)i(s), )
V() = (K()ii(s) = K ($)ii(s) — K ()ils) + k(5)7(5)b(s)

Taylor’s formula of third order writes as
K 3\ k(s),»  K'(s), 3\~
'y(s+h)—fy(s)+(h—6h)t(s)+( 5 h® + 6 h)n(s)

k(s)T(s), 5~
+ ( )6 ( )h3 b(s) + o(h?) per h — 0.
Therefore we can state: k(s) measures the deviation of the curve at v(s)
(up to second-order terms) from the tangent direction £(s) in the oscu-
lating plane, while the torsion, together with the curvature, measures the
deviation of the curve (up to third order) from the osculating plane.



288 5. Surfaces and Level Sets

Ueber Ueber
die Hypothesen, welche der Geometrie zu Grunde liegen.
die Hypothesen, Yo
B Riemann
welche dﬁmm m Gru.nde hagm on dm. Sackisen dow Vorfuser mAguihedt darsh I Dedekind )

Plan der Untersuchueg.

Bekauntlich setst die Geometrie sowohl den Begriff des Rammes, als

e enten Grandbegrife fr die Constructionen im Rasme als etwas

Gegebenes vorus.  Sie giebt von fhnen nur Nominaldefinitiones, wih-

Vo rend die wesentlichen Bestimmusgen in Form von Axiomes suftreten.
Das Verhiltniss dieser Vorasssetzungen bleibt dabei im Dunkeln: man

sieht weder in, ob und in wie weit fhre Verbindung nothwendig, Boch

B. Riemann u priori, ob sie moglich bt

Diese Duskelbeit wurde anch vem Euklid bis suf Legendre,

wm dem berQbmiesten neoeren Bearbelter der Geometrie s neunes,

weder von den woch ven dea Phi welehe sich

damit beschiftigien, geboben. Ea batte dies seinen Grund wobl darin,

duss der allgemeine Begriff mehrfach ansgedehnter Griason, unter wel-

chem din Rsumgrissen emthalten sind, gan: usbearbeitet Blish. leh

b mir daber munkchat die Aufgabe gestelli, den Be;nl.mf mebrisch

Grtsse was ally
Fa wird darsus hervomgehen, dss else mehrisch mmhuﬁm e

Aws dem dreiceloten Bande der Ablandlungen der Kbsiglichen Gesellachalt uD—-M-In-ananmul-\'ah—uhun
e Winsemckallen 1 O4ttingen. weck seiner Habilitatisn vecussabisten Colloquion wit der philovspbichen Faculidl
o Gottisgen voegesen wordes. Hiwrass seblist ek dis Form der Dantelliss,
Gottingen in wricher din asalytinches Usterschugen war saguiratet werdes. knaten; in
; sinem besocderes Auhatue pdeoke ich deabdiat saf dimelben nurtckmubstsen.
in dor Distsrichachen Bushbandlung

Braumcliweig, bn Jali 1867, R Dedekisd
1847, i

Figure 5.20. The frontispiece and the first page of a celebrated paper by G. F. Bernhard
Riemann (1826-1866) on geometries.

5.92 €. Prove that the curvature and the torsion of a curve 7 : I — R3 parameterized
by a generic parameter t are given by

Iy (£) x v (®)]
ly@®PE
dot [y )| 0| v0]
[y (£) x 7" ()2
The curvature and the torsion form a complete set of invariants for

curves in R? according to the following fundamental theorem of the local
theory of curves.

k(t) =

T(t) =

5.93 Theorem. For any couple of given continuous functions k(s) > 0
and 7(s), s € [0, L], there exists a curve 7y : [0, L] — R3 parameterized by
the arc length with curvature k(s) and torsion 7(s) at s; moreover, such a
curve is unique modulus rigid motions of R>.

5.94 9. Prove Theorem 5.89. [Hint: Repeat the argument for planar curves.]

5.4.2 Curvature of a submanifold of R

In this section, we define the curvature of an m-submanifold M in R"
and discuss some basic facts related to it. All our considerations will be of
local nature, therefore it is not restrictive to assume that M is an embed-
ded submanifold, i.e., the image of a diffeomorphism ¢ : B — R", B =
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B(0,1) € R™, m < n, of class C'. We shall denote with u!, u?, ..., u™
the coordinates in B and with 2!, z2,..., 2™ the coordinates in R™. As

we know, the tangent space T, M to M at p = ¢(u) is the image of Dy(u)

Y Qum™
for T),(M). Finally, we shall denote N, M the normal subspace to T),M in
R™.

and, since Dy(u) has maximal rank m, (gqﬁ (w), ..., 2% (u)) is a basis

a. First fundamental form

Let M be an embedded submanifold of R™, let ¢ : Q — M, Q open in R™,
be a diffeomorphism, and let p = p(u) € M. The norm of R™ induces by
restriction a quadratic form on 7T, M

I(a) := |a]? Va € T,M

called the first fundamental form of M at p. In coordinates, if p = @(u)
and a =Y " &~ aaqu (u) € T,M, then

() = ) gap(p)€™¢” = €TGE

a,f=1
where the matrix G = (Gag) := (gag),

Gos®) = 5 ()e 0% (u).

The matrix G(u) := (gag(v)) € My m(R) is called the metric tensor of
the parameterization ¢ at w. The metric G(u) is symmetric, moreover

G(u) = Do(u) " De(u).

Since Dp(u) is injective, all eigenvalues of G(u) are positive, and G(u)
and G(u)'/? are invertible with symmetric inverses. The entries of G (u) "
are denoted as G~! = (g*7).

The metric and the first fundamental form appear in the calculus of
the area of M and of the length of curves on M. Indeed, the area formula
of Chapter 2 states that

H™(M) = /B\/gdﬁm(u), g := det G.

Moreover, if v : [a,b] — M is a C'-curve in M, then

and

L(v) = b Ly (7/(t)) dt.
/
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5.95 Orthonormal bases of the tangent plane. Let X;,...,X,, be
m vectors in R™ and for every i = 1,...,m, let a; := Dp(u)X;. Denote
by X the m x m matrix X := [X1]|X3]...|X;,]. Then

(ai (X% )Rn = Dcp(u)XZ ° DQD(U)XJ = (XTGX)”
Therefore the following claims are equivalent.

(i) (a1, ag,..., amy) is an orthonormal base in R™,
(i) X'GX = 1d,
(iii) G'/2X is an isometry of R™,
(iv) XXT =G~1.

b. Second fundamental form

Let M be an embedded submanifold of R™, let ¢ : Q — M, Q open in R™,
be a diffeomorphism, and let p = p(u) € M. For any vector v € R™ denote
by v the orthogonal projection of v on N, M.

The second fundamental form of M at p is the map I, : T,M — N,M

defined for a = -7 €2 2% (u) € T,M by

m 2
I (a) == Z [auaagug(o)}NEQEB~ (5.43)

a,B=1

If we introduce the matrix ® € M, », (R™) whose entries are vectors in R"

2
®=(Pap), Pap:= L’?uiguﬁ (O)TV, (5.44)

we shorten (5.43) as

L(a) =¢T®¢,  £=(¢€%..., €M)

A priori, II,, depends on the parameterization of M as we have used the
components of @ in local coordinates for its definition. However, we have
the following.

5.96 Proposition. The second fundamental form is intrinsic on M, i.e.,
it does mot depend on the parameterization of M.

Proof. Let ¢ : B(0,1) — M and ¢ : A — M be two diffeomorphisms with image
M. Denote by u', u?,..., u™ the coordinates in B(0,1) and by v', v2 ... v™ the
coordinates in A. We may and do asssume that ¢(0) = ¢(0) = 0. From Proposition 5.8
1 = poh where h : A — B(0,1), h := ¢~ 0% is a diffeomorphism between A and

B(0,1). We infer that Dy (v) = D¢(h(v))Dh(v) Vv € A, i.e., by writing Dq f for of

v

D) = 3 07 (h(w) Dah(v),
i=1

hence
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m 82
DgDatp’ = Y

ij=1

Now, ifa € TpyM, a =31, & (,iﬁ = > n“Dat, or, equivalently,

ot i j - Dt i
T Dqh'Dgh - DgDqh".
ouioui A +;Bul pte

m
€= n*Dah’,
a=1
we get
m m
Y, 8 0% ) .
= T DahiDghin®n®
Z; 81}"‘81}57} K _.27 ouidui sl
a,B=1 ,J,0,8=1
m 8(,0 )
+ Z auiDgDahl'r]”"r]’G
a,3,i=1

m 82<p o m (9(;7 m . s
= P gigl 4 ( DgDahin®n’).
Z (rﬁu”“aufE ¢ Z: out 2; pLalt
i,j=1 i=1 a,B=1

Since the last term on the right-hand side is tangent to M, the vectors

Ul %y B 92 "
Z dveds T and Z 8ui8uj€ ¢

a,f=1 i,j=1

have the same normal component to 7}, M. o

5.97 Remark. For v € B and h small, the length of the vector (¢(u +
h)—p(u))N is the distance of p(u+h) —¢(u) from T, M, p = ¢(u). Taylor’s
formula yields

(ot m) = o) = 5 3 (L0 % (@) W+ olhP)

ij=1

1
= 2]Ip(h) +o(|p]?)  ash—0.

c. Curvature vector
5.98 Definition. Let a € T,M. The curvature vector in the direction a
of M at p is the normal vector k(a) € N,M defined by

- I,(a 1
R o= ) = e

in particular k(a) = My(a) if la] = 1.

We have k(\a) = k(a) for all A # 0. Moreover, it is easily seen that

E(a) is the orthogonal projection into N,M of the curvature vector of a
curve v(t) on M with v(0) = p and 7/(0) = a.
We may also regard the curvature as a variation of the normal plane.

Let a € T,M with components a = (a', a?,..., a") € R™. For every vector
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field X = (X1, X2 ..., X") of class C''(M), not necessarily tangent to M,
we set

L 0XT
= Z a'a’ O (p). (5.45)

ij=1

5.99 Proposition. Let vy,...,vp_m : M — R™ be n —m vector fields of
class C1(M) that form an orthonormal basis at p € M of N,M. Then for
every a € T, M
n—m
k(a) == = (a-Dava) va. (5.46)

a=1

Proof. Let a € Ty M with |a] =1 and let v :] — 1, 1[— M be a curve of class C? on M
parameterized by the arc length with v(0) = p and 7/(0) = a. Then k(a) = Ip(a) =
4""(0)N. On the other hand, for every o = 1,...,n — m, vq(y(t)) is orthogonal to ' (t)
for every t, (7/(t)|va(v(t))) = 0. Differentiating and evaluating at 0 we find

(" (0)|va(p)) + Z a aJ =0,
hence .
(k(a)lva) = (v (0)lva) = —a - Dava
which proves the claim, since {v,(p)} is an orthonormal basis of N, M. O

d. Mean curvature vector

Let (a1, ag, ..., an) be an orthonormal basis of T, M. The normal vector
Z k(a;) (5.47)
z:l

is called the mean curvature vector of M at p.

By definition, the mean curvature vector is independent of the choice
of the parameterization on M. Moreover, we can easily prove that it does
not depend on the chosen basis we use in its definition. In fact, for every
i=1,...,m let X; be such that a; := Dp(u)X; € T,M, and let X be
the m x m-matrix X := [X1]|Xz|...|Xm]. We have XTX = G~! and,
consequently,

m

g-! d xTex; = g (XTdX) = ! tr (6XXT)
Mo mn mn (5.48)
= tr(®G™1)

m

where @ is defined in (5.44).
Another useful expression for the mean curvature vector follows from
(5.46):
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Figure 5.21. Two fascinating beginner’s guides to differential geometry and geometric
measure theory.

n—m m
mH = — Z Z(ai D,V )V, (5.49)
a=1 i=1
where (v1, va,..., v, —m) are orthonormal vector fields at p that span
N,M and (a1, ag, ..., am) are orthonormal vectors that span T, M.

e. Curvature of surfaces of codimension one

Let M be an m-dimensional submanifold in R™*! and, as before, let ¢ :
Q — M be a diffeomorphism, Q@ C R™ open, 0 €  and p = (0). Its
normal space N,M has dimension 1 and, if v is a normal vector of norm
one, the second fundamental form of M at p takes the form

L(a) = (L(a)ev)v,  a€T,M,
consequently,
I(a)ev := > Rapl®¢’ =¢"RE
a,B=1

where £ is such that a = Dp(0)¢, € = (&1, &2, -+, &m), and R denotes the
m X m matrix with real entries

82
R = (Ra,@)7 Ra,@ = (aua({fuﬁ (0)-1/)

The number 1

"~ Jaf?

0

k(a) :== k(a)ev I,(a)ev
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is called the curvature of M at p in the direction a, and the number
H := ﬁoV

the mean curvature of M at p. Notice that in correspondence of the two
possible choices of the unit normal v, the sign of the curvature changes.

The matrix R is real symmetric, and its eigenvectors and eigenvalues
are called respectively, the principal directions of curvature and the prin-
cipal curvatures of M at p, since, if a := D¢(0)¢ where & € R™ is an
eigenvector of R of length 1 with eigenvalue A, then

A= M¢2 = €TRE = k(a).

By the spectral theorem, we can choose in T, M a basis (e1, €2, . .., €m),
such that e; = Dp(0)&; where &; is an orthonormal basis in R™ of eigen-
vectors of R. The corresponding eigenvalues are then the principal cur-
vatures ki = k(e1), ..., km = k(ew). If a = 31" a'e; € T,M, then
a=Dp(0) Y, a’¢; and

k(a) = (Em: aigi)TR(i a'€) = zmj d'al €T RE,

i=1 i,j=1

= iaiajtsijk(ei) = zm:ki(ai)Z
i=1

i=1

known as the Gauss formula for the curvature.
Common standard choices for the sign of v are the following:

o If M is given in parametric form, ¢ : B — M, v is chosen in such a way
that (D1, D2, ..., Dy_1¢,v) has positive determinant.

o If M is the boundary of an open set, v is chosen as the interior normal
in such a way that 992 has nonnegative curvature if € is convex.

5.100 9. Let Q C R2 be an open set whose boundary 9Q is a I-submanifold of R2.
Prove that 2 is convex if and only if the curvature of 952 is nonnegative.

5.101 9. Prove that the sphere of radius p in R™ has mean curvature 1/p.

5.102 9. Let
Ty = {(w.,2) | (Va2 +42 = R)? + 22 =}
be a two-dimensional torus in R3. Prove that its mean curvature is
R4+ 2pcosy
" 2p(R 4 pcos )

where ¢ is the angle shown in Figure 5.22. Notice that H > 0 if R > 2p. This shows
that the boundary of a nonconvex set in R™, n > 3, can have positive curvature. Finally,
compute the principal curvatures of T5.
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Figure 5.22. A two-dimensional torus.

5.103 Example (The graph of a function). Let M be the graph of the function
f:Q — R, Q open in R™. A parameterization of M is given by the map (u) :=
(u, f(u)), u € Q, and, for p := (u, f(u)), we have:
(i) The vectors of R*+1
0 0,
® :(0,...,0,1,0,...,0, f(u)), a=1,....n
ou™ ou™

where 1 is at the ath place, form a basis of T}, M.
(ii) The metric tensor of M is given by

af of

— T — —
G=1Id+ Df Df or, G = (gocﬂ)z 9ap = 504,8 + Ju Buﬁ

(ili) We have DfDfT = |Df|?.
(iv) The n x n matrix DfTDf has rank one, all its eigenvalues are zero except one
that is tr (DfTDf) = |Df|2. Therefore, the eigenvalues of G = Id+DfTDf are

1+ Df* 11,1,
and
Vo =VdetG = /1 + [DfP2.
(v) The inverse of the metric tensor is given by

1

G l=1d-
1+ [Df|?

DfTDf

since for every ¢ € R we have

(Id+DfIDf)(1d - cDfIDf) = Id+ (1 — )DfIDf — ¢|DfI?’DfIDf
Id+ (1 —c—c|Df]>)DfTDy.

(vi) The unit vector
1

YT 1+ D)

spans Tp M and points upward; moreover, det[D1¢|...|Dnelv] = /1 + |Df2.
(vii) Since ¢(z) = (z, f(x)), we have Do Dgy = (0,0,...,0,DaDgf), hence

(=Df(u), 1)

DaDgf

[Proae]" = e
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(viii) For all o, 3 =1,...,n we have

DaoDgf (

s "= ) g

_ 14 ‘Df|2DafDﬁf) v.

Equation (5.48) then yields

1

(14 D fzy3s2 (L4 DIy = DafDsfDaDyf) v

n
a,B=1
-2 (o)
a=1 V1+|Df|?
(ix) Finally, the (scalar) mean curvature is given by

H::LQX:DQ< Dot )

V1+|DfJ?

f. Gradient and divergence on a surface

Let M be an embedded submanifold of R™, and, as usual, let ¢ : Q — M,
 open in R™, be a diffeomorphism, let 0 € Q and let p = ©(0). Let f €
C(M), meaning that f is a function of class C'* in an open neighborhood
of the embedded submanifold M of R™. The orthogonal projection onto
T,M of the gradient Vf of f at p in R" is called the tangential gradient
of fin M at p and is denoted by V; f,

Vuf=Vf—-(HY

If T := Dy(0), then Vj, f = T¢ for some £ € R™ and, since Vf -V f €
N,(M), by the alternative theorem we have

T*(Vf — T€) = 0.

This yields
{=(T'T)7' TV [
ie.,
Vuf=T(TT) 'T*Vf(p) = TG 'T*Vf

or, more explicitly,
Varf = ZE“ Em: Mooy (5.50)
8u0‘ ) = Oub

5.104 Definition. Let X : M — R™ be a vector field of class C* (M), not
necessarily tangent to M. The divergence on M of X at p is the number

leMX Zaz DaIX

see (5.45), where (a1, az, ..., a,) is an orthonormal basis of T,M.
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5.105 Remark. Using the divergence operator, we rewrite (5.49) as

n—m

~ 1
H=— di o )Va
mZ( IV p Ve )V

a=1

5.106 Proposition. div ;X does not depend on the chosen orthonormal
basis in its definition. Moreover, we have
i) If X +: M — T,M is a tangent vector field to M, X(p(u)) =
Dop(u)é(u), where & = (€4, €2,..., ™) € CH(Q), is its local repre-
sentation, then

div 7 X (¢(u)) = tr (G D’ DX Dy)
- op (X o) -
_ af o
- ;19 oue " ous Z:: o (o).
(5.51)
(i) If X : M — N,M is a normal vector field, then
div ;X (p) = —m X (p) « H(p) (5.52)

where H is the mean curvature vector of M at p.

Proof. (1) If (a1, a2,..., am) is an orthonormal basis of T, M, then a; = Dg(0);, ¢ =
1,...m for some (&1, &2,..., &m) € R™ such that the n X m matrix B = [£1]&2] ... [Em]
satisfies BBT = G~1. Therefore,

div ;X (p) = tr (DeB)'DXDyB) = tr (D DXDyBBT)
=tr (D’ DXDpG ™) =tr (G 'Dp’DXDy).

This proves the independence of div 5y X on the chosen orthonormal basis a1,...,am.
Alternatively, we may compute more explicitly, shortening 82@ with Dq,

divarX =30 DuX()= 3 3 €€ Dagh Dyt ot
i=1 i,a,B3=10,k=1

Z Z 4% Da, @ka Dyt

a,B=1£0,k=1
m
=Z Z 9P Do Dg(X* o) = > g*% DapeDg(X o)
k=1a,B=1 a,B=1

recalling also that S°1" | £8¢2 = g8,
Let us prove (5.51). With the convention that repeated indices are summed, we

compute
1 1
Da(V9€) = | €% Dag+ Dat®
V9 29
and taking into account the formula of differentiation of determinants and the symmetry
of G1

1 1 1
Dag= 97 Dagas = , 97 (Dare’ Do’ + Dro Do)

29 (5.53)

= g7 D' Dot
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Therefore,
1 a) e 74 ¥4 { e
\/gDa V9E” ) = Da&® + g7’ Dy  Dasp™§

= Do + Q’Y(sD'yS@E (Dé(ﬁaDQLPE) - DéfaDaSOZ)
= Da&® + g7’ Ds(X 0 )" — g7 gya Dst™
= g7’ Dy Ds(X 0 )"

i.c., (5.51).

(%) From the definition of divergence, if (v1, va,..., Vn—m) are vector fields that form
at p an orthonormal basis for Ny M, we have

mﬁ(p) =— Z (div pva) Va- (5.54)
a=1

On the other hand, since X is normal, we have X = 3 ""1"( X e vy )va, hence

n—m

divy X = > (div arva) va s X .
a=1
By comparison with (5.54), we get div ;X = —m HeX. O

5.107 Corollary. Let X : M — R™ be a vector field of class C*(M) that
vanishes near ¢(0B) = OM. Then

/ div yy XdH™ = —m/ X o H dH™.
M M

Proof. We split X in its tangential and normal components
X=X+4+XxT.

Since the operator div 3 is linear, we have div 37 X = div 3y X+ + div 7 X" and by
(5.52)

divy Xt =-mXteH =—-m XeH,
hence

/ div y XTdH™ = 7m/ HeX dH™.
M M

Finally, by writing X T (p(u)) = ST, £%(u) 4 (u), using the area formula and

ou™

Gauss-Green formulas in B = B(0, 1), we infer from (5.51)

m
. P
/M div X T dH™ = /B a§:1: oo (V) dzm =0

since £ = (£%) vanishes near the boundary of B. a
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plaais fixis inter 4o vormalibus, sute emnia consilesasdss venjuat
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N2

Figure 5.23. The first page of a paper by Carl Friedrich Gauss (1777-1855) where the
“theorema egregium” appears, and the frontispiece of Lecons sur la théorie générale
des surfaces by Gaston Darboux (1842-1917).

g. First variation of the area

The mean curvature and the divergence operator are tightly related to the
first variation of the area of a surface.

5.108 Proposition (First variation of area). Letp: B(0,1) C R™ —
R™ be a map of class C%, M := o(B(0,1)), and let ¢ : [-1,1] x R — R"
be a map of class C? that is the identity at € = 0 and does not move
A0B(0,1)),

o(e,x) =z, Vr € p(0B(0,1)), Ve.

Let M. be the surface image of © — @c(x) := ¢(e,x). Then

dH™ (M)

:/ divMVde:fm/ HeV dH™,
de le=0 M M

where V (p) := g‘f (0,p) is the velocity of the flow ¢(e,x) at e = 0.

Proof. For all e the area formula yields

H™(Ae) \/96 (u) dL™ (u)

B(0,1)
where ge(u) := det Ge(u) and Ge(u) := D! Dy,. Differentiating the determinant,

dvge 9(ge)as

1 B
de 2\/96 g () Oe

and setting g := det Go, Go_l = (9*P), we compute at € = 0
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Ve o o
Oe ‘E:O(U):\/g Z g ﬁ(”)(Da(]ﬁ(O,’U,)o86D5¢(O’u))

a,B=1

m
=9 Z P (DaapcDg(V o) ) =div 3V ().
a,B=1
Therefore, differentiating under the integral sign we get

m e 8 A
dH™ (Ac) :/ Ve ypm ==/ divMV\/ng’":/ div arV dH™.
de B Oe B M

and the result follows from Corollary 5.107. O

h. Laplace—Beltrami operator and the mean curvature
5.109 Definition. As usual, let ¢ : Q@ — R™, Q C R™, be a diffeomor-
phism, M = ¢(2) and p = p(u). The differential operator on M

Ay f=divm(Vaf), fe (M)
s called the Laplace—Beltrami operator on M, and functions f with
Aprf = 0 harmonic functions on M.

For f € C?(M), Ay f is a continuous real valued function defined on
M. Taking into account (5.50) and (5.51),

(Aarf)o Z | Oue (\/ 99" a(g:ﬁ@).
a,f=

5.110 Proposition. For i = 1,n let f' := ¢ o=t : M — R. Then
A f(p) :== (AnfH(p), ..., Aarf™(p)) belongs to NyM and

A f(p) = mH (p).

Proof. In fact, we compute
m

@vfop= 1 > Da(Vag®Dse')
\/g a,B=1

and

1 -
AppeDap = \/gDi (\/gglJDj‘Pe)Da‘Pe

1 iy
=, Pag - 97D DiDap’ =0
g
by recalling (5.53). The second claim follows, since
1 g iy g
App = % Digg” Djp + Di(g7)Djp+ 9" DiDjp
where the first two terms are tangential to M. Therefore, since we proved that A, f is
orthogonal to M,
N g _
Auf=(Auf) = (DiDjp)Ng" = tr(@G™) = m(p),
see (5.48). O
Surfaces with vanishing mean curvature are called minimal surfaces.

Proposition 5.110 then reads: the coordinates of an embedded minimal sur-
face are harmonic functions on the surface.
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i. Distance function

Let © be a bounded open domain, the boundary of which is an (n — 1)-
submanifold of class C*, k > 2. For all = € €, we set d(z) := dist (z, 0),
Qe :={z € Qld(z) < €} and we denote by v(£) the interior unit normal
to 00 at £ € 99Q.

5.111 Theorem. Let 2 be a bounded open domain in R™ with 0 of class
C*, k > 2. Then there exists ¢ > 0 such that the following holds.

(i) For all z € Q. there is a unique point £(x) € OQ of least distance
d(z) from x; moreover, x — &(x) is normal to OS2,

z = ¢(x) + d(x) v(E).

(i) The functions x — &(z) is of class C*~1 and the function z — d(x)
is of class C*. Moreover, d(x) solves the eikonal equation |Dd| = 1
n Q. and
Dd(z) = v(&(x)) in Q.
(iii) Consider for 0 < t < d(x) the t-level set of the distance function
My :={yeQ ‘ d(y) = t}. Then M; is of class C* and

n—1

1 ki
—Ad(@) = (n = DHy,(2) =~ ; oy (5.55)
where ki, ko, ..., ky, — 1 are the principal curvatures of 02 evaluated

at the least distance point &(x). In particular,

Hy, (z) = Hoa(€(@)).

The coordinates (&,t) for z = & + tv(§) € Q. are often called Fermi’s
coordinates of x.

Proof. Step 1. Let B(z,€) be a ball centered at z € 9. Since the distance function is
continuous, for every x € QN B(z, €), there exists a point y € I of least distance from
x. As we have seen, Fermat’s principle implies that  — y spans the normal line to 92
through y. Thus, if v(y) denotes the inward normal to 9 at y € 9, and d(x) is the
least distance of z from 92, we have z = y + d(z)v(y).

Step 2. We prove that for every z € 99 there is a neighborhood U(z) such that, for all
z € U(z) N Q there is a unique &(x) € U(z) N 0N of least distance d(z) from z, d is of
class C* and Dd(z) = v(n(z)) Vo € U(2).

Since the claim is invariant by rigid motions, we can suppose that z is the origin,
and that in an open neighborhood U C R™ of 0

(i) 9QNU is the graph of a function h of class C* defined on a ball B(0,r) of R?~!
with h(0) = 0 and VA(0) = 0,
(ii) the inward normal to 9 at 0 € R™ is (0,...,0,1),
(iii) the axes of R”~1 are directed as the eigenvectors of D2h(0).
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By our choice of the coordinate system, we have
D2h(0) = diag (k1, k2, ..., kn_1),

where ki1,...,kn—1 are the principal curvatures of 92 at 0. Consider now the map
¢ : B(0,7) x R — R"™ defined by

z = ¢(y,t) == (y, h(y)) + tv(y, h(y))
that is,
wi =y +tN;i(y)  fori=1,...,n—1,
zn = h(y) + tNn(y)
where N(y) := v(y, h(y)). We have

) _  —D;h(y) C _
Ni(y) = 1+ IVh()2 fori=1,...,n—1,
_ 1
No®) = 1 onre:

and, since Dh(0) = 0, we infer

D;jNi(0) = —kibij,

(5.56)
D, N, (0) =0,
hence
D¢(0,t) = diag (1 — thk1,...,1 —thn—1,1). (5.57)

In particular det D$(0,0) = 1, hence ¢ is a locally invertible map of class C*~1 in
a neighborhood of 0 € R™. Its inverse ¢ : B(0,e) — R"™ defined on a ball centered
at zero is of class CF~1. We now set for x € B(0,¢) w(z) := (¥'(2),...,¢" 1 (x)),
&(x) = (n(x), h(n(x))) and t(x)) = " (z). Trivially £(z) and t(z) are of class Ck—1
&(z) € 09 and ¢(y(z)) = z rewrites as

z = &(z) + t(z) v(&(x))) vz € U(0), (5.58)

from which we conclude that &(x) is the unique point in B(0, €) such that  — &(x) is
perpendicular to 9, thus the least distance point by Step 1, and that d(z) = |[x—&(z)| =
t(x). Consequently, d(z) is of class CF~1.

From (5.57) we easily get

1 1
Dy(z) = di e 1 5.59
vy =diag (| e 1) (5.59)
where ¢ = d(z) provided 7(z) = 0. In particular Dd(z) = (0,0,...,1) = v({(z)) when
w(x) = 0.

The above construction can be repeated at each point z € 92, hence we conclude
that

Dd(z) = v(&(x)) Va € B(0,¢). (5.60)

In particular Dd(z) is of class C*~1. This concludes Step 2.
Step 8. For all z € 9Q the results in Step 2 hold in B(z,€(z)). Since 9 is com-

pact, covering it with finitely many balls B., c(z,), .-+, Bz, e(z,) and choosing € =

}1 min;—; . €(2;), we conclude that the results in Step 2 hold in Q.. This proves (i)
and (ii).
Step 4. (5.49) and (5.60) yield for z € M,

n

(n— D) Hu, (2) = = Y Div'(é(z)) = —tr (Dr((2)) = —tr (D?d(z)) = —Ad(a).

i=1
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On the other hand, assuming that 7(z) = 0 and € My, we get from (5.59) and (5.56)
D?d(z) = D(v(¢(2))) = Du(n(x))Dé ()

—k1 0 0 0
0 —k2 O 0 0

1 1
=1 : D : | di s ,0)
: : : : : 128 <1 — tk1 1—tkyn—1
0 0 oo kno1 O
0 0 . 0 0
—k —kn—
:diag( ! ey n-l >
11—tk 1—thkp—1
thus concluding that for = € Q,
n—1 k.
Ad(z) = — ‘
(I) Z 1—tk;
i=1
where ¢t = d(z) and k1, ko, ..., kn — 1 are evaluated at the least distance point £(z). O

5.112 Remark. Notice that the assumption that 02 is at least of class
C? is truly necessary. In fact, let 0 < a < 1 and consider the open set

Q= {(@y) By =P y<1f

the boundary of which is of class C1'1=% near (0,0). It is easy to see that
if P = (0,y) € Q is close to the curve {y = |z|>~®}, then P has two
least distance points differing from (0, 0). Moreover one can show that the
distance function is not differentiable at P, see Exercise 5.143.

5.5 Exercises

5.113 §. Study the transformations

(2? — 92, zy), (Vz/y,/xy), z,y >0,

(e” cosy, e” siny), (2? — 2y, y — 2),

(sin(z + ), cos(z +1)).
5.114 q. Investigate the solvability in (z,y) of the system
z+y+uv=0,
ury +v =0
when (u,v) is small, and of the system
T+ Yz = u,
Y+ xy =wv,
242 +322 =w

in (z,y,z) when (u,v,w) is small.
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5.115 . Prove that the relation
22 4+ log(1 + zy) + zye® =0

defines a function z = ¢(z, y) in a neighborhood of the point (0, 1,0). Write its Taylor’s
polynomial of second degree with center (0.1) of ¢(z,y).

5.116 9. In thermodynamics one considers the equation ¢(p, V,T) = cost, where p, V,
and T are respectively the pressure, the volume, and the temperature of a gas. In case
we express one variable as function of the remaining two,

p=p(V,T), V=V(T), T=T(pV),
with p, V', and T sufficiently regular, prove that
Op OT oV

T dv dp
5.117 9. Prove that M := {(z,y, 2) | 22 = 22 + y?} is not an r-submanifold of R3.

5.118 9. Prove that the maps defined on R? by

2u 2v u? 40?2 —1
u2+v2+17u2+v2+17u2+v2+1>

2u 2v 1—u?—0?
u2+v2+17u2+v2+17u2+v2+1>

o =
o =
parameterize respectively S2 \ {North Pole} and S2 \ {South Pole} with R2.

5.119 €. Prove that the standard torus, obtained by rotating around the z-axis a circle
of radius r around a point on the y axis at distance R > r, is a 2-submanifold of R3.
Write it as a zero level set and find local parameterizations.

5.120 9. Let ¢ : R — R be a function of class C! with |¢/(t)] < 1/2 V t. Let f:R2? —
R? be the map defined by f(z,y) = (= + ¢(y),y + @(z)). Prove that f(R?) = R? and
that f is globally invertible.

5.121 9. Visualize the sets C' = {(z,y,u,v) € R*|z2 + 4% = 1, u?® +v? = 1} and
K :={(z,y,u,v) € R*| 22 +y% <1, u? +v? < 1} by describing their three-dimensional
slices and prove that C and K \ C' are submanifolds of R*.

5.122 9. An ideal pointwise mass is constrained to move on the circle of center 0 and
radius 1 and is connected to the point (1,0) by means of an ideal spring of elastic
constant k. Find its equilibrium positions.

5.123 €. A particle is constrained to move on the ellipse 422 + y?> = 4 and attracts
another particle constrained to move on the line 3z + 2y = 25. Find their equilibrim
positions if they exist.

5.124 9. Find the maximum and minimum points of the function > ! ; a;z’ con-
strained to > 7 ; |z?|P = 1, p > 1, and infer Holder inequality.



5.5 Exercises 305

5.125 9. Given n + 1 points P; = (zi,y:), ¢« = 0,1,...,n, we denote with [Py ... P,]
the closed polygonal line connecting successively Py, P1, ..., Py, Py. The length of this
polygonal is
n
L:=> " |Pi— Pipi| + |Pn — Py
i=0

and its enclosed area is

n
A= Zoriented area of [0P;_1 F;]
i=1

n
Zdet <$i—1 yi—l)
i=1 Zi

Yi

1
2

Show that this area is maximum among polygonals with n sides and given perimeter
when the polygon is regular, in particular,
1
A< cot (W ) L2

4 n
For n — oo deduce that for any polygon with n sides we have the isoperimetric inequal-
ity

A< T LA

A

5.126 9 Simple roots. Prove that the simple zeros of a polynomial are C°® functions
of the coeflicients of the polynomial. [Hint: If zg is a simple root for P, then P(zo) =0
and P’(zg) # 0.]

5.127 €. Prove that the simple eigenvalues of a matrix A are C'*° functions of the
entries of A. Then infer the following.

Proposition. Let A(t) be a differentiable curve in the space of nxn matrices. Suppose
that Ao is a simple eigenvalue of A(0). Show that for t small A(t) has an eigenvalue
A(t) that depends in a Ct-way from t and moreover Ao = A(0).

Hint: In order to prove the first claim, consider f(z, u, A) := (Ax — px, |z|?> — 1), prove
© %

OF (2,7 A) = 2 lim (A~ p1d)
8(1, )\) =X\ n— A

and use the fact that A is a simple zero of det(A — A1d).]

det

5.128 €. The equations
z? —yu =0,
zy +uv =0
implicitely define (u,v) as functions of (z,y) in a neighborhood of (zo, Yo, uo, vo) with
(yo,uo) # 0. If p(z,y) := (u,v), compute det Dp(z,y).
5.129 €. Prove that the system

T1 + a2 +x3 + T4 = ul,

T2 + X3 + T4 = uru2,

T3 + T4 = uru2usz,

T4 = UIU2U3U4
implicitely defines the x’s as functions of the u’s, and that
ONz1,...,x4) 3

= uiu3us.

det
O(ur,...,uq)
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5.130 §. Prove that the equations

u=x+vy+z,
v:u2+v2+z2,

w = u(3v —u?)/2
define a 2-submanifold in R3.

5.131 €. Find the maximum and minimum points of z2+y2+22 in each of the following
sets

{(:p,y,z) € R? ):):+y+z = Ba}, {(x,y,z) € R? )my+yz+:):z: 3a2},
{(:):,y, z) € R3 ):):yz = a3}.
and of z2 + y2 — 3z + 5y in the set

{@y2eR|@+y?=1@-y}

5.132 9. Prove that the special group SL(n,R) of n X n matrices with determinant 1
identified with points in R™ is a submanifold of R™® of dimension n2 — 1.
5.133 9. Identify the group of symmetric n X n matrices Sym,, (R), with R", r = (”;rl),

and let f : My n, — Sym,, (R) be the map f(X) := X”TX. Then the orthogonal group is
the counterimage of the identity, i.e., O(n) = f~1(Id). Prove that

dfx(H) =HTX +XTH VX € O(n), VH € My, »,

and infer that O(n) is a submanifold of R"” of dimension (3) = in(n—1).

5.134 9. Let A, B be two self-adjoint matrices in My »(R). Find the critical values of
Az ez constrained to Bzexz = 1.

5.135 9. Prove that a graph over [0, 1] has zero mean curvature if and only if it is a
straight line. Prove also that a graph over [0,1] has constant mean curvature k > 0
provided k < 2 and, in this case, it is a piece of a circle of radius larger than or equal
to 1/2.

5.136 9. As we have seen, there exists a unique (up to rigid motions) planar curve
~(s) parameterized by the arc length with given positive scalar curvature k(s). Prove
that the same result holds if k(s) > 0 provided k is analytic. Finally, show examples of
nonuniqueness if k(s) vanishes and is not analytic. [Hint: Compare scalar and oriented
curvatures. |

5.137 9 Envelopes. Let Q be an open set of R? and let I' be an interval around 0.
Let f: QxT — R f = f(z,y,¢), be a map of class C!, with f(x,y,c) = 0 at some
point and Vf(z,y,c) # 0 in Q x I". Consider the 1-parameter family of curves

M. = {(x,y)eﬂ‘f(x,y,c)zo}, cel.
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(i) A curve ¢ — ¢(c) := (&(c),n(c)), c € T, is such that
f(&(e),n(e),c) =0 and  Vf(&(c),n(c), ) L ¢ (c)
for all ¢ € I if and only if

FE@n, =0 and L fE@n(e).) =0

for all ¢ € I'. In this case, the curve ¢(c) is called the envelope of the family {M.}.
(ii) Prove that, if f(xo0,yo0,c0) = 0 and fec(20.y0,co) # 0, then locally, i.e., for small
|c — col, the family {M.} has an envelope.
(iii) Finally, show that, if moreover,

fzfcy*fyfcz?éo in (1'07y0760)

then the envelope curve p(c) is regular, i.e., ¢’(c) # 0.

5.138 9 Evolute. Let v : I — R2 be a curve with k(t) # 0 for all t. The curve

1

o(t) :=y(t) + K (t)

n(t)
is called the evolute of v. Prove that the tangent to o(t) is the normal to v at ¢.

5.139 €. Prove that if all normal lines to a planar curve meet at the same point, then
the trajectory of the curve is a circle.

5.140 9. Let y(s) : I — R3 be a curve parameterized by the arc length. Suppose that
7(s) # 0 and k’(s) # 0. Prove that the trajectory of ~ lies in a sphere if and only if

R'(s)\2 1

R? ( ) —cost,  R(s):= . .

(s) + (s) cos (s) k(s)

5.141 9. Show that a curve in polar coordinates p = p(6) has curvature given by

k(o) o= 20 P00
T e

5.142 q Evolute. Let X € C*(I,R?), k > 3, be a simple regular curve with k(t) as
curvature, p(t) as radius of curvature, and n(t) as normal at X (¢). The evolute of X (t)
is the curve Y(t) := X (¢) + p(t)n(t) If X(t) = (z(t),y(¢)) and Y (¢) = (£(¢), n(t)), prove
that
12 12 72 72
_ , T Fy _ ; Tty
£(t) =r—-y o'y — y/z//’ n(t) =yt o'y — y' .

Prove that the evolute of a cycloid z(t) = R(t + sint), y(t) = R(1 — cost), is again a
cycloid (Christiaan Huygens (1629-1695)) and the evolute of the parabola y = x2/2 is
Neile’s parabola 8(y — 1)3 = 2722 (William Neile (1637-1670)).

5.143 9. For 1 < a < 2, let My C R? be the graph of fo(z) = 2%, x € R. Prove that
fo € CY(R) and that fo € C2(R) if and only if o = 2. If

Mgy, == {(x,y) ‘ y > x%, dist ((z,y), Ma) = 5},

prove that

(i) Ma,e is a submanifold for all € > 0 if a = 2,
(ii) Ma,e is singular for all € > 0 at the point (0,y) € Mq,c if 0 < o < 2.
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5.144 9. Let f : R® — R be a function of class C! and Q := {x| f(z) < 0}. Suppose
that 9Q = {z| f(z) = 0} and that Df(z) # 0 Vz € 9Q. Prove that 9Q is a (n — 1)-
dimensional submanifold of R™ with exterior normal v(z) = V f(z)/|V f(z)| at = € 99,

and that
/Afda::/ |V f|dH™ L.
Q o0

5.145 9. Let Q be a bounded open domain of R™ with boundary of class C3, let d(x)
be the distance function between x and 992 and let

Qe ::QU{:EG Q°|d(z) < e}.

Prove that for € small, we have

HP1(990) — HP1(69) =/ Addz.
Q\Q2



6. Systems of Ordinary
Differential Equations

The system of ordinary differential equations

oy = fi(t, 1, T2y .0y Tn),
xh = folt, 1, T2y ...y Tn),
.’ﬂ/n = fn(t,$1, T2y vy xn)

or, in short,
o' =f(t,x), telICR, z=ux(t):I—R"

where f is a map from a domain 2 C R x R™ into R™, needs not have
solutions defined on the entire interval I, even in the case 2 = R x R™ and
f smooth. For instance, see [GM1], for n = 1 all solutions of ' = 2% are
of the form z(t) = 1/(c—t), ¢ € R, thus defined either for ¢t < cort > c. If
flt,z) : Q@ C R™ — R™ is continuous in ¢ and locally Lipschitz in €, then

the Picard-Lindeldf theorem says, see [GM3], that the Cauchy problem

{x’ = f(t,),

l‘(to) = X

has a unique local solution, indeed on a maximal interval containing ¢( in
the sense that the trajectory (¢, x(t)) reaches the boundary of 2. Actually,
local solvability holds for continuous functions f, but uniqueness does not
in general. Finally, under the assumption of the Picard—Lindel6f theorem
the solution depends continuously on the initial datum, see [GM3], and,
as we saw in Chapter 5 Section 5.3, f depends in a C* way on the initial
datum if f is of class C*.

In this chapter we discuss a selection of classic results from the basic
theory of ODE with the partial motivations of illustrating structures and
techniques we have introduced. Of course, we refrain from any attempt of
completeness and systematicity both for reasons of space and because this
would lead into the theory of ODE and the theory of dynamical systems
that have their autonomous development.

M. Giaquinta and G. Modica, Mathematical Analysis: An Introduction to Functions 309
of Several Variables, DOI: 10.1007/978-0-8176-4612-7_6,
© Birkhduser Boston, a part of Springer Science + Business Media, LLC 2009
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6.1 Linear Systems

a. Linear systems of first-order ODEs
If for f: 1 xR™ — R"™ we have

|f(t, )| < a(t)]x] + b(t)

where a(t) and b(t) are bounded and continuous functions in I, then every
local solution of 2’ = f(t, ) extends as a solution in the whole interval I,
see [GM3]. In particular, for every (to,x0) € I x R™, the system of linear
differential equations in normal form

a’ = A(t)x +b(1), A€ CO(Iv Mn,n(R))v be CO(Iv R™),

has a unique solution x(t) = x(t; g, ¥¢) defined on I, of class C'!, and such
that z(to) = zo. In other words, if we denote by S € C(I,R") the set of
solutions of &’ = f(t, z),

S = {y € CY(I,R™) |y is a solution of 2’ = f(t,x)}

and by F : R" — S the map that associates to the initial data xo at time
to the unique solution x(¢; to, o), we infer that F is well defined, injective,
and onto.

In the linear homogeneous case,

= A(t)z, A € C%I, M, .(R)), (6.1)

F is also linear, hence we can state the following.

6.1 Proposition. The space S of all solutions of the linear system (6.1)
1s a real vector space of dimension n.

6.2 Definition. We say that a map t — Z(t) € My ,(R), t € I is a
fundamental system of solutions of (6.1) if Z(t) has as columns n solutions
of (6.1) that form a basis for the space S of all solutions of (6.1).

Again from the linearity of F, we infer at once the following.

6.3 Proposition. A map t — Z(t) € M, ,(R), t € I, is a fundamental
system of solutions of (6.1) if and only Z(t) has as columns n solutions of
(6.1) and det Z(s) # 0 at some to € I (and therefore det Z(s) # 0 at every
s € I); in matriz notation

Z'(t)=A)Z(t) Vtel,
det Z(s) #0 Vs e 1.
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In the linear case, for every t,tg € I also the map zg — x(t,;to, Zo)
is injective and linear from R™ onto itself; therefore there is a nonsingular
matrix W (¢, to) such that

1’(t; t(), xo) = W(t, to)xo = W(t, to)x(to; t(), $0), (62)

called the transition matriz (from the value of zy at “time” to to the value
of 2 = W(t, tg)xg at “time” t). By definition

Wi(s,s)=1d
and for every j = 1,...,n, the j-column w’(t) of W(t,s), 7 = 1,...,n
solves the Cauchy problem
wl (t,s) = At)wi(t, s),
w!(s) = ej,

(e1, €2,..., ey) being the canonical basis of R™. Therefore we infer that
for fized s € I, t — W(t, s) is the fundamental system of solutions of (6.1)
for which W (s, s) = 1Id,

{Wt(ta 8) = A(t)W(t), (63)

Wi(s,s) = Id.

According to (6.2) the map ¢t — Z(t) : I — M, , is a fundamental
system of (6.1) if and only if

Z(t) = W(t, s)Z(s).

In particular, we may compute W (¢, s) from a given fundamental system
of solutions t — Z(t) as

Wit s) = Z(t)Z(s)"! Wt sel (6.4)

since in this case Z(s) is invertible.

6.4 Proposition. Let W (t, s) be the transition matriz associated to A(t).
Then we have:

(i) W(t,t) = 1d for allt € I.
i) W(t, s)W (8,7’) =W(t,r).
) W(t,s)~t = W(s,t).

) We have

(i
(iii

(iv

AW (t, s)
ot

— AW, 5), 8VV8(St,s) — W, 5)A(s),
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(v) Liouville’s equation holds

gt det W (t, s) = tr (A(t)) det W(t, s),

in particular Abel’s formula holds

t
det W(t, s) = exp </ tr A(7) dT) .
Proof. We leave to the reader the proofs of (i), (ii),..., and (iv), and we prove (v).
Since
W(t+e€,s)=W(t,s) + (t s) e+ o(e)
W(t,5) 4 e AW 8) + old) == (1d-+ cAGYW( ) + o

we have
det W(t + €, s) = det(Id + eA(t)) det W (¢, s) + o(e)
= (1+ etr A(¢t) + o(€)) det W (¢, s) + o(e)
= det W(t, s) + etr A(t) det W (¢, s) 4 o(e)
hence (v). O

6.5 9. Noticing that W(t,s) = W (L, to)W (to, s), prove that W (¢, s) is of class C! in
(t, s).

Either by a direct check or by the method of variations of constants,

that is, looking for a solution of the type u(t) := W(t, s)c(t), ¢ : I —€ R™,
we easily get the following.

6.6 Theorem. The unique solution of the Cauchy problem

{x' = A(t)z + (1),
x(to) = 2o
s given by

x(t) = W(t, to)xo +/t W(t,7)f(r)dr

where W (t, s) is the transition matriz associated to A(t).

Now, define by induction

Wo(t S) = Id (6 5)
Wi (t,s) = [L A(T)Wi(r,s)dr, k>0, '

ie.,
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Wol(t,s) = 1d,
Wi(t,s) = ! A(r)dr,
Wit s) = [ [T [T A(mg) - A(n) dry - -dry, k> 2.

By applying the contraction theorem as for proving existence, see [GM3],
and using the linearity we easily infer the following.

6.7 Proposition. For every interval J CC I, we have
[t —sl*
k!
where ||Alloo,s = sup,cy ||A(t)||. Therefore, the series > poo Wi(t,s)

converges uniformly on the compact sets of I x I to the transition ma-
trix,

(Wi(t,s)| < [JAll% Vt,s € J,

o0

Wi(t,s) =Y Wit s),

k=0

and the following estimate holds

W (t,s)|| < elt=slllAlles vy s e JccT,

b. Linear systems with constant coefficients
Suppose that A(t) commutes with

t
B(t, s) ::/ A(r)dr
for every t € R and fixed s. For instance, this happens if A(t) and A(7)
commute for all ¢t and 7,
(A1), A(T)] := A(H)A(T) — A(T)A(t) = 0,

in particular when A(t) := A is a constant matrix.
If A(t) and B(t,s) commute for every ¢ and fixed s, then

9 ok _ 1pk—1 oB _ 1pk—1
8tB (t,s) = kB (¢, ) ot (t,s) = kB (t,5)A(t)

and we infer by induction from (6.5) that Wy (t,s) = \B¥(t,s) Vk > 0,
hence

Bk (t,s)

1
k!

'</StA(7')d7'>k:eXp(/:A(T)dT)

WE

W(t,s) =
k

Il
<

(6.6)

I
WE
T =

i
o
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The exponential of a matrix:
(i) eA =32 AT = limy_co (Id+ }IA)W.
(i) [[er|| < ellAll.

-1
(ili) If AB = BA, then eAB = Be#, eATB = ¢AeB) (eA) —e A dotA -

? o dt
Aeth.
(iv) If B is invertible, then eBAB™! _ BcAB-L,
(v) deteA =etr A,
hEAK

(vi) daexp (A)(H) =3, 150 @;}ﬁw (= He® if AH = HA).

Figure 6.1. Some properties of the exponential of a matrix, see Chapter 1 and [GM3].

Therefore for systems with constant coefficients, A(t) = A, we conclude
W(t,s) = elt=5)A
Notice that this implies that
Wi(t,s) = W(t—s,0)

and by (6.4)
Z(t)Z(s)"' = Z(t — 5)Z(0)~!

for every fundamental matrix Z(t) of ' = Az. These formulas can also
be proved by direct computation. As a consequence of Theorem 6.6 we get
the following.

6.8 Corollary. The unique solution of the Cauchy problem

{x’(t) = Ax(t) + f(t),

(to) = o
s given by

¢
z(t) = et Ay 4 / e(=9A 1 (5) ds.

to

c. More about linear systems

Consider a linear system with constant coefficient 2’ = Az where A €
M, »(R). By a change of variables © = Py, it tranforms into the equivalent
linear system ¢y’ = P~'APy with coefficient matrix B := P~!AP that is
similar to A. Of course, if we are able to find the solutions of 3’ = By,
then the solutions of the original system are given by x(t) = Py(t), that is

A = Pe!BP 1,
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For instance, if (uy, ug, ..., u,) is a basis of R™ made by eigenvectors
of A, then

diag (A\1,...,\,) =P AP

with P = |:U1‘u2‘ e \un} Therefore, we find

A — exp (thiag (A1, Aoy )\n)P‘l)
—Pexp (tdiag (M Aoy /\n))lr1
= Pdiag (eMf e ... eMHP!

- [uleAlt\uQe)‘zt\ e \une)‘"t} Pl

6.9 Example. We can find the same result by noticing that x(t) = e*u solves x’ =
Az with initial data (0) = u if u is an eigenvector of A with associated eigenvalue

A. Therefore, if (u1, ug,..., un) is a basis of eigenvectors of A with corresponding
eigenvalues A1, A2,..., Ap, then the matrix

Z(t) = [eAltul ‘ehtug ‘ ‘e’\"'tun]
is a fundamental matrix for ' = Ax with Z(0) = [ul |ua | ... \un}, hence

A =W(t,0) = Z()Z(0) "t = Z@H)PL.

In the general case, one considers A as a complex valued matrix and
uses one of its Jordan canonical forms.

Let A1, Aa,..., Ax be the distinct eigenvalues of A with relative alge-
braic multiplicities m1, ma, ..., my. For every 7, 1 < i < k, let p; be the
dimension of the eigenspace relative to A;. Then, see [GM3], there exists a
linear change of basis P € M,, ,(C) such that J := P~!AP has the form

Jia 0 0 ... 0

J
S| o 2 0 0
0 0 0 ... Jip

wherei=1,...,k, j=1,...,p; and



316 6. Systems of Ordinary Differential Equations

i if J; ; has dimension ¢; ; =1,

if ‘gi,j = dlme > 1.

A1
Ai

If 3’ = J;; = (\) has dimension 1, then e’ = ¢ Instead, if J' = J; ; is
one of the blocks of dimension ¢ > 2,

A1 0 0

0 X 1 0
J =

0o .. 0 X 1

0 0 0 A

then
J' = AId+ N, Nij = 0iv1,5-
Since N and Id commute, we have
e otATd IND A IND

On the other hand, since

(N}, = {mm itk < ¢,

0 itk>¢
we have
> 1 ‘1
N _ E_ k
€ _Zk!N _Zk!N ’
k=0 k=0
hence
t2 t£71
1 ¢t
2 (—1)!
-2
0 1 t
(¢—2)!
exp (1) = eM N = M
0 0 1 t
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In conclusion, we have

exp (tA) = PeP ! (6.7)
with
etdia 0 e 0
N 0 etJi2 0
0 0 . et‘]k‘»Pk

We observe that every entry of the matrix e!* has the form

k
ij (t)exp (Ajt)

where p;(t) is a polynomial of degree at most p; —1 and A1, Ae,..., A, are
the eigenvalues of A. It follows that for every p > max(RA;, RAa, ..., R\,)
there is a constant C), such that

‘exp (tA)‘ < Cpe', 0<t< o0
In particular, we infer the following stability result.

6.10 Theorem. Suppose that all eigenvalues of A have negative real part.

Then every solution of ¥’ = Ax converges to zero when t — +o0o. Indeed,

if max;—1.,(R\;) < —o < 0, then there exists a constant C, such that
lz(t)| < Cpe™ 7", t > 0.

6.11 9. Let z(t) solve ' = Az + f. Prove that z(¢) does not grow more than expo-
nentially at 400 if f does not grow more than exponentially at +oo.

6.12 9. Let Z(t) be a fundamental system of solutions of the n X n first-order system
of ODE v/ = Av, A € My »(R). Prove that

det Z(t) = det Z(to)exp (/t: tr A(T) d‘r)

for all ¢,to € I. [Hint: Use Abel’s formula.]
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6.1.1 Higher-order equations

a. Higher-order equations and first-order systems

A linear differential equation of order n in normal form,
u™ + a1 ()u"Y o ag (D 4 ao(t)u = f(1), (6.8)

is equivalent to a system of linear differential equations of first-order in
the unknown v := (u, v/, ..., u™ V). Indeed, if u solves (6.8) and we set

v=(v1, Va,..., vp) = (u,u, ..., u"V), (6.9)

then v solves the system

v = vy,
V) = va,
o
v, = —ao(t)vg — a1 (t)vy + -+ — an—1(t)vn_1 + b(t)

that has the vector form

o' =At)v+ f(t) (6.10)
with
0 1 0 0
0 0 1 e 0
A= ... (6.11)
0 0 0 . 1
—ap(t) —ar(t) —az(t) ... —an—1(t)
and

()= (0,0,...,0,b(t))"
Conversely, if v : I — R™ solves (6.10) with A as in (6.11) and f(t) =
f(t) = (0,0,...,0,b(t))T, then the first component u := vy of v solves
(6.8) and v = (u,’, ..., u""V).
Therefore we can apply the theory of systems of linear first-order equa-
tions to represent the solutions of an equation of order n.

6.13 Proposition. Let W(t,s) be the transition matriz of the system
(6.10), then the solutions of (6.8) are given by

u(t):ZW1j(t,t0)cj+/ Winlt,)f(r)dr,  c=(c1,...,cn) € R™.
=1 fo

(6.12)
In particular, if f(t) = 0 Vt, then the space of solutions is an n-dimensional
vector space.
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If uy, us, ..., u, are n solutions of the homogeneous equation
u™ 4 a1 (™Y £ a4 ao(t)u =0 (6.13)

associated to (6.8), then the columns of the n x n-matrix

uy Uz ... Uy
Z(t) = uf ul) ceeoul (6.14)
uﬁ"*” u(gnfl) Y )

are solutions of the system v' = A(t)v. Therefore the following claims are
equivalent

(i) w1, ug,..., u, are linearly independent functions that solve (6.13),
(ii) the columns of Z(t) are linearly independent V¢,
(iii) Z(t) is a fundamental system of solutions of v' = Awv,
(iv) det Z(top) # 0 for some to € I.

In this case uy, ua, ..., u, form a basis for the vector space of the solutions
of (6.13). The function w(t) := detZ(¢) is called the Wronskian of the
solutions w1, ug, ..., Up.

6.14 9. Let ui, u2,..., un be n solutions of the homogeneous equation (6.13) and let
w(t) := det Z(t) as in (6.14). Prove that w/(t) = —an—1(¢)w, hence

m@:w@k@<—1}w4@mﬂ.

b. Homogeneous linear equations with constant coefficients

When the coefficients ag,...,a,_1 are constant, we can compute a basis
of solutions of the homogeneous equation

u™ +a, 0V 4 p a4 apu=0 (6.15)

in terms of the roots of the characteristic polynomial
n
p(A) == Z ap\F.
k=0

But, it is more convenient to work with complez-valued solutions of (6.15).

6.15 Theorem. Let \1, Ao, ..., \; be the distinct roots of the characteris-
tic polynomial p(A) of (6.15) with multiplicity, respectively, r1, ra, ..., Tk,
so that Zle r; =n. Then the functions

thert 1<h<wmr, 1<i<k,

form a basis of solutions for the homogeneous equation (6.15). In particular
the vector space of solutions of (6.15) has dimension n.
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Proof. Let ' = Ax be the n x n first-order system associated to (6.15). One shows,
proceeding for instance by induction on the dimension n, that p(A) = det(AId — A),
so that the roots of p(\) are precisely the eigenvalues of A. Denote by u; 1,...u;p; a

basis of the eigenspace associated to A; and, for j = 1,...,p; by £; ; the dimension of
the Jordan block associated to u; ;. Then A = PJP~! and from (6.7) we infer that
Pet?

is a fundamental system of solutions of ' = Az. Recall that

etdin 0 0
3 0 etdi,2 . 0
0 0 etJrpy
and
2 i1
1 t
2 (€5 — 1)!
i =2
0 1 ¢
(bi5 —2)!

exp (tJ;,;) = eMit

0o 0 ... O 1
Therefore the n functions in the first row of PetJ,

ui(t) := (Pet‘])%, i=1,...,n (6.16)

k3

form a basis of solutions for (6.15). Since e is a block-triangular matrix, (6.16) rewrites
as
u1(t)
C | =Cy)
wn (t)

where y(t) denotes the vector made by the functions in the first rows of the Jordan
blocks

'l
th11 t1p1
At At A1t At At At
y(t)::(el,tel,...,e e 7...,...,el,tel,...,€ e
1,1 Lpy:
4
th2,1 2,02
ekﬁ,te’\ﬁ,...7 eAQt,...,...,e’\Qt,z‘/e’\Q"’,...7 er2t
la1! £2,p,!
0 Ly
t°k.p1 tkpg T
e’\Qt,te’\Qt,... e’\Qt...,...,ekkt,tekkt,..., ekkt>

’ | |
Zk,py ‘ekka'
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and
Ci1 0 0
C.— 0 Ci,2 0
0 0 oo Cropy

where each block is triangular with the same constant in its diagonal.

Since u1, w2, ..., u, are linearly independent, C is nonsingular and the components
of y(t) are linearly independent, too. In particular, for every ¢ = 1, ..., k there is a unique
Jordan block corresponding to A;, hence p; = 1, ¢; 1 = r; and the functions

therrt, 1<h<ry 1<i<k, (6.17)

are the components of y, hence are linearly independent. Finally, since C is nonsingular,
the functions in (6.17) are solutions of (6.15). O

c. Nonhomogeneous linear ODEs

Now let us consider the nonhomogeneous equation
u™ 4 ap w4 a4 agu = b(t) (6.18)

As we have already solved the corresponding homogeneous equation
(6.15), it suffices to find a particular solution.

6.16 Theorem (Duhamel’s formula). Let v(t) be the solution of the
homogeneous equation (6.15) with initial data

w(0) =0, v/ (0) =0, ..., u""D(0) = 1.

solves (6.18) with initial data

u(0) =0, v/ (0) =0, ..., u""Y(0) =0.

Proof. Let 2’ = Az + f(t) be the linear system of first-order associated to (6.18). The
last column of W (¢, 0) := e!® solves 2/ = Az with initial value z(0) = (0,0,...,0,1)T,
and the first component of z, x!(t) = W1,(t), solves the homogeneous equation (6.15)
with initial data

u(0) =0, w'(0)=0, ..., u» D) =1,

so that v(t) = Wi,(t) Vt. Since W (t,s) = W (t—s,0) = e(!=)A the result follows from
(6.12). 0
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6.2 Stability

In this section we consider autonomous systems of ordinary differential
equations, i.e., systems of the type

' = f(x) (6.19)

where f : R™ — R"™ is a smooth vector field, possibly defined in an open
domain 2 C R™. Clearly, those systems are invariant by time-translation,
and every solution describes in ¢ an orbit or trajectory that can be inter-
preted as the path of a particle that moves with velocity f(z) at the point
x; finally, for every € R™ there is an orbit going through it. The whole
family of orbits of (6.19) is sometimes called the flux generated by f.

We are interested in local and global behavior of the whole family of
orbits more than on each orbit, i.e., as one says, we want to look at (6.19)
as a dynamical system. Then, we should expect in general, see [GM2],
sensitive dependence from the initial conditions, strange attractors, chaotic
behavior, etc., and even an introductive study would not be possible both
for space reasons and as it would force us to deviate too much from our
path: we refer the interested reader to any of the many monographs about
ODE’s and dynamical systems.

Here and in the next section, we confine ourselves to illustrating some
classical results relative to 2 x 2-systems, or, as one says in physics, with
one degree of freedom, with the goal of showing absence, in this case, of
chaotic behavior. Such a chaotic behavior appears instead for 3 x 3-systems,
but we shall not dwell on this.

6.2.1 Critical points and linearization

As we saw in Chapter 5, in a neighborhood of a point xy for which
f(xo) # 0, the orbits of the system (6.19) are trivial, meaning that they
are diffeomorphic to a bundle of parallel straight lines.

6.17 Definition. A point o € R™ for which f(z) = 0 is called a critical
or equilibrium point for (6.19).

If 2 is a critical point, then the constant vector x(t) := x¢ is a solution
with orbit the point xg. In physics, critical points correspond to equilibrium
states: For the pendulum,

0" + isin@ =0,

that is equivalent to the system

/
T = T2,
ry = —9sinxy,
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Figure 6.2. On the left: (a) A nodal point asymptotically stable with A1 < A2 < 0, and,
on the right (b) a nodal point unstable with 0 < A1 < Aa.

the equilibrium points are (n7,0), n = 0,+£1,42,....

We begin by classifying the behavior of the orbits of the linearization
of a 2 x 2-system in a neighborhood of a critical point. Such a linearization
in general has the form

/!
{x = az+by, (6.20)

y =cx+dy

where ad — be # 0. The behavior of its orbits near zero is classified by the

a b

eigenvalues A1, Ao of the matrix A := < d)' In fact, a linear isomor-

c
phism of R? transforms the system (6.20) in one of the following canonical
forms in the variables (&, 7).

(i) Nodal points and saddle points. They correspond respectively to real,
distinct, and nonzero eigenvalues of the same sign and to real, dis-
tinct, and nonzero eigenvalues of opposite signs, Ay < 0 < A2. In both
cases the canonical form is

¢ =M¢,
’I]/ = /\27].

(ii) Degenerate nodal points. They correspond to a double eigenvalue.
There are two possibilities:

(a) Rank (a —A p b )\) = 0. In this case, the canonical system is
c —
§=X¢,
n = An.
(b) Rank (a —A d b )\) = 1. In this case, the canonical system
c _

takes the form
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{6’ = “$Pe 4,
77/ _ a-;—dn.

(iii) Centers. They correspond to purely imaginary eigenvalues. In this
case, the canonical system takes the form

{5’ = a& -,
n' = B¢+ om.
(iv) Foci. They correspond to complex conjugate eigenvalues with nonzero

real part.

6.18 Definition. We say that a critical point xq for the system x’ = f(x)
is stable if for every open neighborhood U(xg) of xo there exists another
open neighborhood V(xg) C Ul(xzo) of xo such that every orbit passing
through V(xo) at to remains in U(xg) for all t > to.

We say that xo is asymptotically stable if it is stable and there is
an open neighborhood W (xg) of xo such that every orbit through W(xo)
converges to xog when t — 00.

An isolated critical point that is not stable is said to be unstable.

Now, consider the nonlinear 2 X 2-system

{x/ = Plzy), (6.21)
y/ = Q(:c,y)

and assume that (0,0) is a critical point, and actually that
Pla,y) = az + by + o(V/a? + 1),
Qz,y) = cx +dy + 0(\/962 + y2)

with ad — be # 0. Then the following result, which we state without proof,
holds.

N7

Figure 6.3. A saddle point (always unstable) A1 < 0 < Aa.
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(a

Figure 6.4. On the left: (a) A asymptoticallly stable with A < 0, and on the right: (b)
a degenerate nodal point unstable with A > 0.

6.19 Theorem (Linearization theorem). Suppose that (0,0) is a fo-
cus, or a nodal or a saddle point for the linearized system. Then the be-
havior of the orbits of (6.20) and (6.21) is similar, meaning that the orbits
are stable (respectively, asymptotically stable or unstable) for both systems.

Notice that nothing is stated for centers of degenerate nodal points. In
fact, in both cases a small perturbation of the coefficients of the linearized
system moves the eigenvalues out of the imaginary axes or, respectively,
separates double eigenvalues, modifying the nature of the critical point. In
this case, the higher-order terms are decisive to establish stability.

6.2.2 Lyapunov’s method

A different approach to determine the stability of a nonlinear suystem
is due to Aleksandr Lyapunov (1857-1918); the idea behind it being the
following classic result of Lagrange: The equilibrium position of a conser-
vative mechanical system is stable if and only if its potential energy has a
local minimum at this point.

Figure 6.5. The case of conjugate complex eigenvalues: respectively, from the left, (a)

R < 0, (b) RA =0, and (c) RA > 0.
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6.20 Example. The equation of motion of a one-dimensional conservative system with
a potential energy U is

1 dU
mx’ = — ,
dx
or, equivalently,

x] = w2,

dUu
mzh = — (z1)

dzxq

where z(t) = z1(t). If we introduce the function total energy

1 1
H(zi,z2) := (U(acl)—l— x§)7
m 2
the equation of motion of a one-dimensional conservative system with a potential energy
U takes its Hamiltonian form, see [GM5],

, OH
T = (3317332)7
Oxa

oOH
xy=— " (z1,22),

ox1

and one easily finds that the orbits that lie on the level sets of H are closed lines that
retract to zero if U has a minimum at 0. Therefore, 0 is a stable equilibrium point.

We begin with a few simple remarks coming from the existence and
unicity theorems for the Cauchy problem for ODE, see [GM3]. We leave
the details to the reader.

(i) The orbits of the system 2/ = f(x) through a noncritical point cannot
reach in finite time a critical point, i.e., if x(t) is a solution and
x(t) — xo when t — tg, then z( is not a critical point.

(ii) An orbit of &' = f(z) through a noncritical point has no self-
intersections, except when it is a simple and closed curve, correspond-
ing to a periodic solution.

Let z(t) be a solution of 2’ = f(z) and let V : R”™ — R be a scalar
function. We have

LV () = VV (@) fa(),

and it is convenient to set
V*(x) = VV(x)e f(z).

6.21 Theorem (Lyapunov). Let 0 be a critical point for x’' = f(z).

(1) Suppose that there exist r > 0 and V : B(0,r) — R with V(0) = 0,
V(z) > 0 for x # 0 for which V*(x) < 0 Va € B(0,r). Then 0 is a
stable critical point. Moreover, if V*(0) =0 and V*(x) < 0 for x # 0,
then 0 is asymptotically stable.
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Figure 6.6. Illustration of the proof of Lyapunov’s theorem.

(i) If there exists V : B(0,7) — R with V(0) = 0 and either V(z) > 0
for all x # 0 or V(x) < 0 for all x # 0 and if, moreover, in every
neighborhood of 0 there exists x # 0 such that sgn'V(z) = sgn V*(x),
then 0 is an unstable critical point.

Theorem 6.21 applies to many interesting situations that we are not
going to specify. But, of course, it also has limitations. It does not tell
us how to construct the function V or find V', often called a Lyapunov
function of the system; it provides us with only sufficient conditions and,
finally, it gives no estimate of the region of asymptotic stability. Further
inquiries are needed and could be done, but we will not dwell on this topic.

Proof. The idea of the proof is contained in Figure 6.6. Formally, we proceed as follows:

(i) By assumption there is r > 0 such that
V(z) > 0Vz € B(0,r)\ {0} and V*(z) < 0Vz € B(0,r).

For 0 < e <r we set
= in V(x).
pei= min (z)
Trivially pe > 0 and, by the continuity of V', there exists § > 0 such that V(z) < pe for
all |z| < 6. Now we shall show that for |zg| < § the solution z(t; o) of 2’ = f(z) with
2(0;20) = xo is well defined for every ¢ > 0 and |z(t)| < e Vt.
Let [0,t1[ be the maximal interval of existence of z(¢;xo). Since ;tV(:r(t)) =
V*(x(t)) <0, we have

0 < V(z(t)) <V(zo) < e for 0 <t <ty

hence |z(t)| < eVt € [0, t1[, because of the definition of p.. Now we claim that t; = +oo.
Otherwise, there is to such that |z(t2;z0)| = € hence

pe < V(x(ta;20)) < V(o) < pe,

a contradiction.

To prove the second part, it suffices to show that z(¢;z9) — 0 as t — 400, or,
equivalently, V(x(t;z0)) — 0 as t — +oo. If not, since t — V(z(t;z0)) is monotone,
there is 7 > 0 such that V' (z(t;z0)) > n > 0 for all t > 0. If 0 < 61 < r is such that
V(z) < n for |z| < 01, then |z(t;z0)| > 61 Vt. We set

pi=_min_ (=V*(z)),

= mi
s1<|z|<p
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then g > 0 and

V) = V@) 2 a frt>0

By integration we finally get V (z(t)) < V(zo) — pt, which is absurd for ¢ large.
(ii) Suppose V*(z) > 0 on B(0,r) and, without loss of generality, |V (z)| < M for some
M > 0 on B(0,r). If V(z) > 0, we choose § > 0 so that V(z) < V(z) if |z| < §, and
we denote by z(t; z) the solution of ' = f(z) with z(0;z) = z defined in its maximal
interval [0, ¢1[. Since ddtV(z(t; z)) = V*(z(t;2)) > 0, we have

V(z(t;z)) > V(z)
from which z(t,xz) > & Vt € [0, ¢1[. Therefore, if we set

*:= min V*
= din ),

we have p* > 0 and
V(a(t; ) > V(@) + u't.

On the other hand, ¢; cannot be 400 as, otherwise, we would have V (z(¢,x)) — +oo,
which contradicts |V (z)| < M. Consequently, there exists t2 such that |z(t2,z)| = r. In
this way we find a sequence of points that converges to zero whose orbits leave B(0,r)
in finite time, i.e., 0 is an unstable critical point. O

6.22 9 Nonlinear damped oscillator. Let p: R? — R and g : R — R be continuous
functions such that p(u,s) >0, wq(u) > 0 for all (u,s) € R? and

y
/ q(u) de — +oo as |y| — oo.
0
Prove the following.
(i) the solutions of the homogeneous equation
e +p(z,2")z’ + q(z) =0
remain bounded in time, i.e., there exists K = K (x(0),z’(0)) such that |z(¢)| +
|2’ (t)] < K Vt > 0.
(ii) For all zg, 1 € R, the Cauchy problem
z" +p(z,2")z’ 4 q(x) =0,
z(0) = zg, 2/(0) = 21
has a unique solution.
[Hint: Consider the Lyapunov function

e 2 (t)
V(t) = 2(t) +/0 p(u) du.]

6.3 Poincaré—Bendixson Theorem

In this section we deal with the behavior of orbits of first-order differential
systems in the plane; in particular, we shall see that no complications such
as infinitely many periodic orbits, invariant Cantor type sets and many of
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the phenomena common to map iterations or to difference systems, or dif-
ferential systems in 3 or more dimensions can occur for differential systems
in the plane. The reason for that is in the Poincaré—Bendixson theorem,
which states that, outside the stationary points, the most complicated or-
bit that a planar system can have is an orbit converging when t — +o0
and t — —oo to a closed orbit.

After a few preliminaries in Section 6.3.1, we prove the Poincaré—
Bendixson theorem in Section 6.3.2, and finally, in Section 6.3.3 we shall
discuss the behavior of the orbits of a differential system on a torus without
critical points.

6.3.1 Limit sets and invariant sets
From now on, we shall assume that for every p € R? the solution &(t; p) of
{5’ = £(9),
£0)=p

exists for all ¢ € R. We denote by ~(p) the orbit of p,
Wp) = {@ | o = €(tsp), ~o0 < t < +o0},

and with vT(p) and v~ (p) respectively the positive and negative semiorbit
through p,

() i= {z] v =&(tp).0 < t < 400},
7 (p) == {:c ‘ x=¢(tp),—00 <t < 0}.

We say that a point ¢ belongs to the w-limit or positive limit set of w(7)
of 7 if £(tx;p) — ¢ for some sequence {tx} such that ¢, — +oo; similarly,
q belongs to the a-limit or negative limit a(~y) of ~y if y(tx; p) — ¢ for some
sequence {t;} such that t, — —oo .

It is easily seen that the w-limit and the a-limit of v are given respec-
tively by

wp)=) U&tp)  ap) =) U&p).

TER t>T1 TER t<71
Finally, we say that M C R? is an invariant (respectively positively
invariant) set for the system & = f(€) if v(p) € M (respectively v+ (p) €
M) for all p € M. An orbit is invariant by definition.

6.23 9. Prove the following.
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(i) For the system

or, equivalently, for the equation z’ = z, the w-limit is empty, and the a-limit is

{0}'
<CE> ( Y ) (1 2 y2) (:E) ,
Yy -z Yy

(ii) For the system
the w-limit of all trajectories, except the O-trajectory, is the unit circle.

6.24 Proposition. We have:

(i) w(p) and a(p) are closed and invariant. For all ¢ € w(p) we have

v(q) C w(p); in particular, w(q) C w(p) and a(q) C w(p).

(i) If vT(p) (respectively, v~ (p)) is bounded, then w(p) (respectively,
a(p)) is nonempty, compact, and connected, and dist ({(¢;p),w(p)) —
0 ast — +oo (respectively dist (£(t;p), a(p)) — 0 as t — —o0).

Proof. (i) The closure is trivial. Let ¢ € w(p) and ¢t € R. There exists {¢}, tx — +oo,
such that &(tx;p) — g. It follows that £(t + tg;p) = £(¢; €(tk, p)) — £(t;q) because of
the continuous dependence on the initial data, hence the orbit through ¢ is contained
in w(p).

(ii) Let us prove the claim for the w-limit. If vT (p) is bounded, clearly w(p) is bounded,
hence compact. In particular, since w(p) is made of limit points of y* (p), it is nonempty.
Finally, we trivially have

dist (£(¢, p),w(p)) — 0 as t — +oo.

It remains to prove that w(p)) is connected. If it is not connected, we can find two
compact sets K1 and K3 such that w(p) = K1 UK2 and K1 N K2 = @, and, consequently,
two disjoint open sets U; and Usz such that K1 C U; and Ko C Us. Since

dist (E(t,p),w(p)) — 0 as t — +o0,

~(t;p) € Up UUs for t large. Since v(t;p) € Ur and «(s;p) € Uz for some t, s, it follows
that the set {z = v(t;p) | t large} is not connected, and this is absurd. O

By using Zorn’s lemma one can show the following.

6.25 Proposition. Fvery compact and invariant set contains a minimal
mvariant set.

6.26 Example. The circle {r = 1} is an invariant set for the system in (ii) Exer-
cise 6.23 that in polar coordinates reads as

6" =sin?0 — (1 — )3,

r=r(l-r),
and the minimal invariant sets in {r = 1} are 6 = 0 and 0 < 7.

Finally, we prove the following.
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6.27 Proposition. If K is a positively invariant set and K is homeomor-
phic to the unit ball, then K contains at least a critical point.

Proof. For any 71 > 0, consider the map K — K taking p € K to &(71;p). From
Brouwer’s fixed point theorem there is p1 € K such that £(71;p1) = p1, hence a periodic
orbit of period 7. Similarly, for 7, > 0, 7 — 0 as m — 400, we find p,, with
&(Tm; Pm) = Pm, and we may assume that p,, — p*, by taking a subsequence. For all ¢
and all integers m, there exists an integer km (t) such that kp, (£)7m <t < km (¢)Tm +Tm
and &(km (t)Tm;pm) = pm for all ¢, since £(¢, pm) is periodic of period 7, in ¢t. We
therefore find

1€t p™) — ™| <€ ™) — €& pm)| + [6(E pm) — Pml| + [Pm — P
=6t p") — EEGpm)| + [E(E — km (D) Tm; pm) — Pml| + [Pm — D7,

and, the right-hand side being infinitesimal as m — oo, we conclude £(¢;p*) = p*, i.e.,
p* is a critical point.

6.3.2 Poincaré—Bendixson theorem

6.28 Theorem (Poincaré—Bendixson). Let p be a point in R? such
that the solution {(t;p) of & = f(§) is defined for allt > 0 and is bounded.
The following holds.

(i) Either w(p) is a closed orbit, or for all g € w(p), f vanishes on w(q).
Consequently, if w(p) does not contain any zero of f, w(p) is a closed
orbit; moreover,

(a) either v+ (p) = w(p),
(b) orwp) =vT(@) \ 7 (), i.e., v (p) spirals w(p).

(il) Similarly, either a(p) is a closed orbit, or for all ¢ € a(p), f vanishes
on a(q). Consequently, if a(p) does not contain any zero of f, a(p)
is a closed orbit; moreover,

(a) either v~ (p) = a(p),
(b) or a(p) =~ (p) \ v (p), i.e., v~ (p) spirals from a(p).

The following lemmas are useful to prove Theorem 6.28.

6.29 Lemma (Monotonicity). Let I C R? be a transversal segment to
fIfE(E) is a solution of & = f(§) that meets I in three points, A; = &(t;)
with t1 < ty < t3, then As is in between Ay and As in I.

Proof. The set £([t1,t2]) union the segment of extreme points A1 and As forms a closed
curve in R2. From Jordan’s theorem, this curve bounds a region U. The vector field f
along I either enters or exits the region; by possibly changing sign to f, we can assume
that it enters. Then, {([t2,00[) lies in U and the part of I \ Az containing A; is on the
boundary of U or outside U. Therefore, A3 is on the connected component of I\ As
that does not contain Aj. 0O

6.30 Lemma. Let I be a transversal segment to f and let A € I. For all
€ > 0 there exists r > 0 such that every orbit that at time t = 0 is in
OB(A,r) goes through I in a time to with |to] < €.
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Proof. We may assume that A is the origin and I is along the z-axis. If £(¢; (z0,y0)) =
(z(t,z0,90), y(t, To,yo)) is the trajectory through p := (zo,yo), then by assumption

?f; (0,0,0) # 0, since the z-axis is transversal to the trajectory at y(0,0,0) = 0. The
implicit function theorem yields the result. O

6.31 Lemma. Letp € R™ and let I be an open segment that is transversal
to f at p. Then I Nw(p) contains at most a point.

Proof. Since z € w(p), there exists a sequence {t;}, t; — oo such that £(¢j; p) — z. On
the other hand, since z € I Nw(p), for any € > 0, we can find a neighborhood Ve of I
such that every point in V¢ flows to I in a time less than ¢, by Lemma 6.30. Therefore,
we find {#/;} with t; — +oo such that £(t;p) € I and §(t}; p) — z. But by Lemma 6.29,

f(t;;p) — z monotonically. Thus I Nw(x) cannot contain more than one point. O

Proof of Theorem 6.28. Let p be as in the claim, ¢ € w(p) and z € w(q) with f(z) # 0.
We can find a segment I. transverse to f. We take a sequence {t;j} — oo such that
&(tj59) — =z, and moving along the flow, we find a sequence {t;} with t;. — +o00,

€(tj5q) € Iz, and £(t};q) — ¢. Thus, ~vF(q) intersects I, in particular

0#~T(q) NI Cwlp)nls.

Since I. Nw(p) contains at most one point by Lemma 6.31, vt (q) intersects I, at a
unique point that must be z since z € w(q)NI. C w(p)NI.. Hence, there exists ¢, s € R,
t > s, such that £(t;q) = £(s;q) = 2. If we set 7:=t — s, we have

z=&(1+s79) = &(1;6(5;39)) = (73 2),

i.e., v+(q) is periodic of period 7.

It remains to show that w(p) = v4(q). We notice that v (q) is closed, since it is
periodic; hence w(p) \ v (q) is open in w(p). If w(p) # v+(q), we find a sequence of
points {zn} C w(p) \ 7 (q) such that z, — 2 € vT(q). Since w(p) is invariant, the
orbits through z, are all contained in w(p); moreover, moving along the flow, we find
{yn} with yn € w(p) NI, and y, — z. But Lemma 6.31 yields y,, = z for large n, hence
zn € 1 (q) for large n, a contradiction. O

The Poincaré—Bendixson theorem can be used to prove the existence
of periodic solutions of an autonomous system 2’ = f(z) in the plane,
provided one is able to find a domain © C R? possibly invariant and
without critical points.

6.3.3 Systems on a torus

In this section we deal with the trajectories of a first-order system

¢ = ®(p,0),

(6.22)
0" =6(e,0)
where ® and © are doubly periodic given functions with

D(p+1,0)=(p,0) = D(p,0 + 1),
O(p+1,0) =0(p,0) =0(p,0+1),
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Figure 6.7. Jurgen Moser (1928-1999)
and a book by Vladimir Arnold
(1937- ) on ODEs.

®(x,y) and O(z,y) are continuous in R? and never zero, hence bounded
and bounded away from zero. Moreover, we shall assume that for every
given initial condition, (6.22) has a unique solution. Since ® never vanishes,
t — ¢(t) is strictly monotone, hence invertible. Therefore, the trajectory
of every solution ¢t — (¢(t),0(t)) of (6.22) is the graph of a function that
we denote by 8 = () and solves the first-order equation

g __ O(p,0)
dp = A(p,0), Ap,0) = B(p, 0)° (6.23)
Of course,
Alp+1,0) = A(p,0+1) = A(,6) (6.24)

and A(f, o) is bounded and bounded away from zero. In particular the
orbits 6 = 0(y) are defined for all ¢ € R.

By identifying the opposite sides of a square of size 1 in the plane (¢, 6),
we may interpret the system (6.22) as a system of differential equations
on a flat torus.

6.32 9. Suppose ® =1, © = w constant, hence A(yp, 0) = w. Prove that the orbits are
closed, equivalently, the solutions of (6.23) are periodic, if w is rational. Prove that the
orbits are dense in the torus if w is irrational.

6.33 9. Suppose A(yp,0) := sin 276. Prove that § = 0 and 6 = 1/2 are two closed orbits
and that every orbit through 6y with 0 < 6p < 1 has 6 = 1/2 as w-limit and 0 = 0 as
a-limit.

Every orbit goes through the meridian C := {(¢, 0) | ¢ = 0}, therefore,
it suffices to restrict to the initial values (0,&), & € R. Let 0(p, &) be the
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solution through (0,&). On account of uniqueness 6(¢p, §) is increasing in &
for every fixed ¢ and

0(p, & +m) =0(p, ) +m,  Vpel,
0(m,0(n,&)) = 0(n,0(m,&)) = 0(m+n,§) Vn,m € Z, ¥¢ € R.

In particular, the map 7 := R — R, given by & — 6(1,¢), is continuous
and increasing, hence a homeomorphism of R, and

) =¢  TE) =&(m,€), T =TMTM(E)),
for all n,m =0,+1,4+2,....
6.34 Theorem. The limit, called the rotation number of (6.22),
b= lim 0(n;&) _ . T

n—oo n n—o00 n

)

exists and is independent of £&. Moreover, p is rational if and only if a
power of T has a fixed point, i.e., if and only if (6.22) has a periodic orbit.

Proof. For 0 < ¢,& <1, we have
0(p;€—1) =0(p, € = 1) <0(p,8) < O(p, £ +1) =0(p,§) + 1;
this implies that p is independent of £&. If 0 < £ —m < 1, m € N, we have
(0, 0) < 0(,§) —m < 6(,0) + 1,
0(0,0) =1 < 0(p,§) —£ < 6(,0) + 1,
in particular,
0(m,0) —1 < 0(m, &) — & <0(m,0) + 1,
nf(m,0) —n < 0(nm,0) < nb(m,0) +n,
nf(—m,0) —n < 0(—nm,0) < nb(—m,0) +n,

from which we get

‘Q(nm, 0) 0(m, 0)‘ - 1
nm m = |m|’

‘H(nm, 0) 0(n, 0)‘ - 1
nm n ~ |n|

and, finally,
‘G(n,O) B G(m,O)’ - 1 n 1 .
n m “n|  |m]
The existence of the limit p and the estimate
0(m, 0)
o=

m

1

| <

Im|
now follow at once.

If T™¢ = &, then there exists an integer k such that 8(m, &) = £ + k and

. 0(nm, &) . E+nk  k
p= lim = lim E
|n|—o0 nm |n|—00 mm m

i.e., p is rational. Conversely, suppose p = k/m and that 7™ has no fixed point, in
particular, 8(m, &) # £+k. Suppose 6(m, §) > £+ k VE € |0, 1], equivalently, let a > 0 be
such that O(m, &) —&—k > a > 0VE € [0, 1]. For all ¢ € R we deduce §(m,{)—(—k >a
and, iterating, 0(rm, &) — & > r(k + a) Vr. Dividing by rm, and letting r — oo, we
conclude p > 7’; + ,, a contradiction. O
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Figure 6.8. The orbits of the pendulum equation.

6.35 Theorem. If the rotation number p of the system (6.22) is rational,
then every orbit of (6.22) on the torus is either periodic or converges to a
closed curve.

Proof. Since p is rational, there exists a closed trajectory ~ that intersects every merid-
ian of the torus T'. Therefore, T'\ « is equivalent to an annulus I" and the differential
system is equivalent to a differential system on I' without critical points. The result
then follows from the Poincaré-Bendixson theorem. O

One can carry on the analysis to cover the case of irrational rotation
numbers. For every £ € R, i.e., for every point P = (0,€) in the meridian

{(p,0) | p =0}, we set
D)= {T"¢|nez} c R

and denote by D(£)" the set of limit points D(£). We state the following
without proof.

6.36 Theorem. Suppose the rotation number p is irrational. Then the set
F := D(&) is independent of £ € R and is invariant under T, T(F) = F.
Moreover, only one of the following two situations can occur

(i) (ErcobiCc CASE) F =R,
(ii) F is a Cantor type set, i.e., F' has no isolated points and its closure
has no interior point.

Finally, in the case that T has continuous first derivative, T > 0 and T
has bounded variation, then F = R.

For further information the reader is referred to one of the monographs in
the final bibliographical remarks.
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Figure 6.9. The trajectories of z(¢) = (asin(vyt+ ¢), Bsint) with « =9, 8 = 8 and from
the top-left (a) ¢ = 0, v = 1/2, 1/3, 2/3, 1/4, 3/4, 1/5. (b) ¢ =7, v = 1/4, 3/4, 1/5,
2/5, 3/5, 4/5.

6.4 Exercises

6.37 9. Find the general integral of the equation

y = =y
T+ 2y

6.38 9. The solutions of
2

I
y=a4 1+ 22
are globally defined in R. Find their asymptotic development when x — +o0o0 modulus
o(1/x) terms.

6.39 4. Let f : R™ — R be of class C2(R). Prove that, if V£(0) = 0 and Hf(0) < 0,
then 0 is a point of stable equilibrium for the system 2’ = V f(z).

6.40 9. Let A € My »(R) be a nonnegative symmetric matrix. Prove that the behavior
of every solution of 2’ = Ax in a suitable orthonormal basis is a simple harmonic
motion. When n = 2, the trajectories of the solutions of z/ = Az form the so-called
Lissajous figures, see Figure 6.9.

6.41 9. Consider the equation
2
V3

2’ =3 — 2+ Asint, \)\|<3

Prove the following.
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(i) If a(t) is a solution in [0, 7] with |x(0)| < 1/+/3, then |z(t)] < 1/v/3 Vt € [0, T.
(ii) For all o with |zo| < 1/+/3, there is a solution of the Cauchy problem in [0, +oco[
with initial condition z(0) = z¢ in [0, col.
(iii) There is a periodic solution with period 2.

6.42 9. Consider the differential system

a' = —y+ (22 +y?)z,

(6.25)
y =z 4+ @@ +y?)y

and its linearization
!

r =Y,
Y=z
that has the periodic solutions z(t) = x(t) +iy(t) = iAe’*, A € C. Prove that (6.25) has

no periodic solution near the origin. [Hint: Notice that jt ;(:):2 +12) = (z2 +y?)*)]
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—— degenerate, 323
—— focus, 323
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— value, 264
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— inverse function, 49

— Jensen, 218

— Lagrange multiplier rule, 269

— Lebesgue, 85

—— differentiation, 79

—— dominated convergence, 84

— linearization, 325

— Liouville, 175

— local invertibility, 62, 243, 264

— locally constant rank, 280

— Lusin, 70, 90

— Lyapunov, 326

— Marcinkiewicz—Zygmund, 37

— mean continuity, 91

— mean value, 29, 31, 60

— Mittag-Leffler, 206

— monotone convergence, 73

— Montel, 220

— Morera, 175, 179, 220

— open mapping, 221

— Picard, 191

— Poincaré-Bendixson, 331

— Rademacher, 81

— rectifiability of vector fields, 263

— residue, 195

— Riemann mapping, 223

— Riemann’s extension, 188

— Rouché, 218

— Sard, 264

— Schwarz, 27, 61

— Stokes, 154

— submersion, 257

— Taylor’s formula, 33

— Tonelli, 77

— total convergence, 82

— total derivative, 24

— unique continuation, 176

— Vitali, 220

—— differentiability of absolutely
continuous functions, 81

—— differentiability of monotone
functions, 81

— Weierstrass, 220

— Whitney, 26

transformation

— inversion in a sphere, 54

— Mobius, 222

vector field, 19, 138, 262



348 Index

— conservative, 142
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